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1 Introduction

Let ¥(3) be normalized analytic function expressed as follows
YQR) =3+ by3% + by3z*+... (1.1)

where 3 €D and D = {3:3€ Cand |3| < 1}.

We denote the class of all such functions as A4 and we focus on the subclass S of A, which is characterized by
S = {i € A: ¢ is univalent in D}.

It is well-known result that any function i that belongs to S possesses an inverse function ™! which can be
represented in the following manner:

YW =w I, daw. (12)

such that Y~2(Y(3)) =3 for 3€ D and YWY (W) =w for w € D, with |w| < po(¥) and p,(¥p) =

Furthermore, the inverse function ¥ ™1, as given in (1.2) can be rewritten as

1
7

Fw) =yt (w) =w — byw? + (2b% — b;)w® — (5b3 — 5b,b; + b)w*+.... (w € D) (1.3)

The bi-univalent functions introduced by Lewin [13], which are defined as analytic function Y within the unit
disc D, where both 1 and its inverse 1! are univalent in D. This category of functions is symbolized by o.
Examples of functions that are classified in ¢ include

P:3) = %_3. Y,(3) = —log(1 —3), Y3(3) = %log (1—:) However the function is included in the class

S but not belong to o.

(1-3)2

For integers n > 1 and q = 1, the q* Hankel determinant given by

bn bn+1 bn+q—1
Hq(n) - Eb’ﬂ.+1 .b’ﬂ.+2 ‘ %’n+q—2 (b1 — 1)
bn+q—1 bn+q—2 e bn+2q—2

The properties of Hankel determinant can be studied in [18].
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Let the operator 3: A — A defined by the equation
SWQR)) =3+ Xn=z tnbnd" (1.4)
where 3 € D and t, € C.

The concept of Te-univalency associated with an operator was established by Abd-Eltawab[1] which is a
extension and generalization of the idea of bi-univalency of the function class defined in (1.4) on D. Let Js be
the class of all functions given by (1.4) that are univalent in D. Every Sy € I has an inverse defined as ().

S HUGVE) =3
and
SPEW W) =w (Wl < po(Sw)i po(SY) 2 5)
where
(SY)7E(W) = w — tyh,w? + (2t2b3 — tsby)w® — (5t3b3 — Stytsbybs + tyby)wh+....

If both I and (JP)~! are univalent in D, the function 1 given by (1.1) is Te-univalent in D associated with
3. Let 3, be the class of all function given by (1.1) that are Te-univalent in © and associated with J

Note that for Jip = 1P we have J, = o and if t, # 1 for some n, then
SPYESFW) =w + 2(t; —t3)b2 wi+...= w

For function 3 given by (1.1) and y is given by
X®) =3+ Y=z cn3™

The Hadamard product of ¢ and y is defined by
(¥ *x)3 = 3+ Ln=z bncn3™ = (x * ¥)3.

For complex parameters py, [y, i3,...- g and V1, Vo, V3. Ve (vi# 0,-1,-2,....,j =12,..... ¢) the

generalized hypergeometric function ;. is defined as follows

n
(Hl)n----(#q)n%_ (3 € D)

Vn-(Ven n! ’

a T (U oy s - Mgy V1, V2, Vs, e V5 3) = 2n=0

where q,¢ € Ny:= N U {0} with ¢ +1 > q and (y),, is the shift factorial(or Pochhamber symbol) defined in
terms of the gamma function T, by

() _F(V+n)_{1, lf n=0
" ry W@y +1D...(y +n-—-1), forn€ N

corresponding a function
%(ul,uz,....,uq;vl,vz, ..... Ve 3) =3qic(ul,uz,....,yq;vl,vz, ..... Vs 3) (eD) (1.5)
Dziok and Srivastava [6] investigated that a linear operator is defined as
®(uy, gy ooy hgi Vi, Vs ee e V)i A — A
defined as the following: Hadamard Product
G, o) hgs V1 Vo) ene VIYR) = Ty oy Hgs V1 Vs e Vi 3) * ()
where § is defined as (1.5), and q,¢ € N, with ¢+ 1 > q.
If Y € A is given by (1.1) then
(U1, s g V1 Voo oo, VW(R) = 3+ X Tuluas vilbng"™ 3 €D)  (1.6)

where
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. _ (n-1-(Bgdn-1 1
Lalwivil =00 vons a7

To simplify the notation, we write:
(6(Auluu2"""#q;vliv2v """ ,Vg)ll) = 6q,§[#1;vl]w

Let i?’c represents the class of functions given by (1.6) that are univalent in D. Every function & [uy;v,]y €

T [uy; v4] has an inverse, g = (6qlg[y1;v1]w)_1 defined as [14]

3(Ggclumlv®@®) =3 GED),

and

Gy el vilpaw) =w, (1wl < po(Gq,liy; viIw)andpo (G clu; vilp) = 7)

where

aw) = (Gqlmivily) ™ W)
=w — G [ug; vi]byw? + [2(0 [pg; vi)?bF — Ty vilbslw®
~[5(C [u1; viD)?b3 — 5Ty [y vilTs[pg; vilboby + Talpg; vilbalw* +. . (1.8)
and T, [uq;v4] is given by (1.7). A function ¥ given by (1.1) is said to be Te-univalent [1]in D associated with

operator &, [py;v1]. If both &, [uy;vi]Yp and ((ﬁq_c[,ul;vl]lp)_l are univalent in D. Let T°[uy;v;] be the
class of all functions given by (1.1) that are Te-univalent in D associated with &g [u1;v4].

Note that for ¢ = 2,¢ =1, yu; =v; = cand , = 1 we have T¥°[c,1;¢] = o and if T, [uy;v;] # 1 for some
n, we have

(ﬁq,g[ﬂl;Vl]lp(@q,g[#livl]%(w)) =w + 2[[3[ug;v4] — (I [.U1FV1])2]b22W3+ ----- = w.
where § is given by (1.3).

In 1985, Horadam and Mohan [9] defined the Horadam polynomials ¢, (x) = ¢, (v, §;1,m) by the following
recurrence relation:

On(x) = lxpu_1(x) + me,_,(x),forn > 3. (1.9
with intial values

01(x) =y, 9,(x) = 6 xand p5(x) = 16 x* + my.(1.10)
Further, the generating function of Horadam polynomial is

O(x) = Do ga(0)3™ ™t = L

1-1 x3— m32’

In this paper, the argument of x € R is independent of the argument 3 € D; that is x # R(3). By giving values
for y, 6,1l and m the Horadam polynomials leads to several known polynomials as follows:

*If y=6 = I = m =1, we get Fibonacci polynomials F, (x)

eIfy=2andé = |l = m =1, we get Lucas polynomials L, (x).

sIfy=m=1andé§ = | = 2, we get Pell polynomials P, (x).

*If y=6 = 1l=2and m =1, we get Pell-Lucas polynomials Q,,(x).

sIfy=6 = —m=1and [ = 2, we get the Chebyshev Polynomials T,,(x) of the first kind.

*If y= —m = 1andd = [ = 2 we get the Chebyshev Polynomials U, (x) of the second kind.
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For more information see [2, 3, 4, 5,9, 10, 12, 15, 16, 17, 19].
2 Basic Preliminaries and Lemmas

Definition: A function ¥ € ¢ is said to be in the class T [uy; vy, P(x)] if it satisfies :
Ggclesvily () ’
(1= p) =1 4 p (Bl viW@) < @) +1-y  GED) (1)

and

1-p) 24 pg'(w) < d(x,w)+1—y (WED) 2.2)

“wo
where g(W) = (O ¢[p1;v1]¥) "' (W) , < means subordination and 0 < p < 1.
Lemma 2.1 [11] Let k,j € R and x,y € CIf |x| <rand|y|<T,

] , 2\klr, if |kl=j
k+ j)x + (k — s{ . . J
G+ =y < 5l =

Lemma 2.2 [7] Suppose that P is the set of all analytic functions of the form

pR) =1+ X0, ap3”

satisfying R(p(3)) > 0,3 € C and p(0) = 1. Then |a,| < 2 n=123,.... For any value of n = 1,2,3...,

this inequality is sharp. For example the function a(3) = 1—2 is equal for all n.

Lemma 2.3 [8] Suppose that P is the set of all analytic functions of the form
PR) =1+ X7, a,3" satisfying R(p(3)) > 0,3 € C and p(0) = 1. Then
2a, = a? + (4 — ad)y
4as = af +2(4 - af)ayy — (4 — a)ayy® + 2(4 — af)(1 = |y1*)3
for some y,3 with |y| < 1,|3] < 1.
3 Coefficient Bounds
Theorem 3.1 If 1 as defined in (1.1) is in TZ*[uy; vy, @(x)]. Then
b < et G.1)

= TolugviWI@2p+1) (8 x+1)+p2]6 x—[16 x2+my](p+1)?|

1 S5x |
(2p+1)  (p+1)2 "

|6 x|
|b3| = T3lp;val (32)
and

1126 x3+Imxy +mx6| 5x2682
[3p+1|Talp1;v1] 2|(p+1)(2p+1)|T4lp1;v4]

(3.3)

Iba] <
Proof. Let ¥ € T [uy;v,, @(x)]. Then
Gg,clpi;val !
(1= p) LD 4 oG [ IR = P, cED+1-y  GED) (4)

and

(1=p) "2+ pg (W) = (xdW) +1-y (WED) (35)
where g(W) = (Og ¢[u1; v1 1Y) " (W) is given by (1.8).

Where a, € P as follows:
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1+c(3)
a® =1,

—1+a13+a23 +a33 +..

=c3) =21 GeDd) (36

a(z)+1

and

1+d(w) _
BR) = T—aw) 1+ﬁ1W+ﬁ2W +ﬁ3W +..

1
= d(w) = ﬁxiu weD) (37

From (3.6)and (3.7)

() =S+ (ﬂ_a_%)3z + (%_%+“_§)33+.... (3.8)

2 4 2 2 8

and

dw)=Lw+ (E-Byyz (BBl Byay 0 (o)

From (3.8) and (3.9)

O(xc) +1-y=1+2q;+ ["’2(")( ay — 7) T ]3 +.. (3.10)

and
2
O dw) +1-y=1+28p .y 4 [20 (g, By 2B p2ly2y 31
2 2 4
Also
® [ 5 ] 12

(1= p) 2D 4 oG [t P E)' = 1+ (0 + D,y vi1by3

+(2p + Dl [ug;v11b33% + Bp + D[y vi1baz®+. . (3.12)
and

g(w)

1- )— +pg' (W) =1—(p+ D [ug;vilbw + 2p + 1)(2(F2[M1:V1]) bz - F3[/#‘1'1/11173)W
—(Bp + D53 [#1FV1]3b23 = 50, [ug; vi T [pg; vilby bs + F4[H1FV1]b4)W3+---- (3.13)
From (3.10), (3.11), (3.12) and (3.13)

(o + D luvilb, =22a;.  (3.14)

2
2p + D[y vilbs = 22 (@ - 2) + 2842 (3.15)

€3 @) i @)
(3p + 1)1—‘4[#1;1/1]174 = %(a3 — a1, + T) + —— (p3 X aq (az - %) + %a%. (3.16)

and
—(p + Dlugvilb, = 222, (3.17)
2p + D@ [as D)2 — Tl vilbs) = 22 (g, - 2) 4+ 202 (3.1g)
~(3p + V(W [1; v:1)*b3 — ST [ug; Vil s [y vi1bybg + Tyl valby) =
lﬂz(x) (ﬂ — BBy + ) <P3(X) 239 g (.32 ) Pa(x) Bl- (3.19)

8
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From (3.14)and (3.17)
a, = -, a? =p?and a3 = -3 (3.20)
Squaring and adding (3.14)and (3.17)

200 + D2 (Glusva )b = 22 @2 + 7). (321)

Implies

2 2 2
2 _ _ es(™)(@ithr) 320
2 8(p+1)2(T2[ug;v1 )% (3.22)

Adding (3.15)and (3.18)
42p + D) (lug; viD?bF = @2 (x) (@7 + B2) + (93(x) — @2 (x))af. (3.23)
Applying (3.20) in (3.22)

5 4(p+1)2(Talp1v1)?b3
= 3.24
o P3(x0) (3.24)

In (3.23), replacing a?

— 2 . 232
4(2p + V(111 vi1)?bE = 9, () (@ + ) + LN Tl 2,

5 (x)

Thus

3
p2 = 93 ()(az+B2) 305
2 7 4@alpvaD?[2p+ D93 (0~ (p+1)2 (93 (1) 92 ()] (3.25)

Applying Lemma 2.2 and using (1.10)
|b,| < 16 x|V18 x|

T T2luivalVII@p+1)(8 x+1)+p2]8 x~[16 x2+my](p+1)?|

Subtracting (3.18) from (3.15)

P2(0)(@2—B2) | (Talpua;va)?bd
= 3.26
3 7 4@2p+1)Talugval [3lp1vq] ( )
_ 2 2
3 (pZ(x)(aZ BZ) <P2(x)0‘1 (3'27)

T 4@p+DTalpgva] | 4(p+1)2Tslugve]
Applying Lemma 2.2 and using (1.10)

|8 x| I 1 5x I
(2p+1)  (p+1)2 "

By removing (3.19) from (3.16)

bs| <
D5 T3lu1;v1]

@2(x)(az—B3) [p3()—p2(x)]a1(az+B2)

4

T 4B3p+DTalpgva] 43p+1)Talu1:v4]
53 (a1 (az—B2) [02(0)—293 () +@a(x)]a} (3.28)
16(p+1)(2p+1)T4lp1;v1] 8(3p+1)Tylpy;v1] ’

Applying Lemma 2.2 and using (1.10)

[1268 x3+Imxy+mé x| 562 x?2
[3p+1|T4[p1;v1] 2|(p+1)(2p+1)|Talpa;v4l

|bs| <

The proof of theorem 3.1 is completed.

The subsequent statements are merely corollaries associated with the specific instances of Horadam

polynomials.
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Corollary 3.2 If 1 given by (1.1)is in T*[uy; vy, F,(x)]. Then
2

T TolusvalVI@-p ©)p x+@+p2)x—(p+1)?|

| x| 1 x
bs| < )
Ibs| < T3lpg;vql] | 2p+1)  (p+1)2 |

|x3+2x| 5x2

|Dy| <
[3p+1|Talug;vi]  2|p+1]12p+1|Talp1;v1]

Corollary 3.3 If 1 given by (1.1) is in TZ*[u;; vy, Ly (x)]. Then
2

<
T TalpvilVI@—p 0)p x+(1+p2)x—2(p+1)?|

| x| 1 x
bs| < )
Ibs| < T3lu1;v1] | (2p+1)  (p+1)? |
|x3+3x| 5x2
| Dyl

T I3p+1Talurval - 2lp+1li2p+1Talpgval’
Corollary 3.4 If 1 given by (1.1) is in T¥*[u;v4, P,(x)]. Then
2| x|/12 x|

|b2| < 2 2
T2 lp1viVI(A-p x)4p x+(1+p2)2x—(p+1)?|
2| x| 1 2x
|bs| < — | 5 |-
T3lug;va] " (2p+1)  (p+1)
4x|2x%+1 10x2
|by| < 2

T 13p+1Talurva]  p+1l12p+1ITa[pg;v4]
Corollary 3.5 If 1 given by (1.1) is in T¥*[uy;v4, @, (x)]. Then
|b2| < 2| x|y/12 x|

T2lp1viVI(1-p x)4p x+(1+p2)2x-2(p+1)?|

2| x| 1 2x
bs| < .
D] T3lpgv1] | (2p+1)  (p+1)2 |
|by| < 2x|4x2+3| 10x2
4

T 1Bp+1Taluval - 1p+1l12p+1 Ty lpgsval
Corollary 3.6 If ¥ given by (1.1) is in T [us;v4, T (x)]. Then
ENE]]

b,| < :
1D T2 lp1viVI(A-p 0)2p x+(1+p2)x—(1+2p)x2+(p+1)?|
|x] 1 x
bs| < .
D5 T3lu1;v1] | (2p+1)  (p+1)? |
x|4x2-3| 5x2
| Dal

T Bp+1Talpgval  20p+1]12p+ 1T pgva ]
Corollary 3.7 If 1 given by (1.1) is in T [us; vy, U, (x)]. Then
|b| 2| x|/|2 x|

<
T TaluvilV|(1=p x)4p x+(1+p2)2x+(p+1)2|

2| x| 1 2x
bs| < .
D] I3lu1;v1] | 2p+1)  (p+1)2 |
4x|2x%-1] 10x2
|Dy| <

T 1Bp+1[Tylugve]  |p+1112p+1ITalpg;ve]

4 Fekete-Szego Inequality for the class TI*[uy; vy, @(x)]
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Theorem 4.1 If Y given by (1.1) is in T*[uy; v4, @(x)] . Then for some 1 € R

1

416 x||A i Az ——
b. — 1 b2| < | 4] f 1Al 4T3[p1;v1]12p+1|
| 3 n 2| = |6 x| I,f | | 1

T3lug;vallzp+1| = 4T3[ug;v4]12p+1]

where
82 x? 1 n

A - . 41
Al = 4|[(2p+1)(8 x+1)+p2]8 x—(p+1)2(18 x2+my)| | Talugvil  (T2luavi])? | “.D

Proof. From (3.26)

_ 2 _ _9200)(az—B2) (T2lpa;v1])
bs =mb; = 4(2p+1)T3[pq;v4] [ I3luqsval ] bz

Using (3.25)

_ 2 _ 1 _ 1
bs =1 bz = ¢2(x) {(A(n' P+ 4(2p+1)F3[M1:V1]) @+ (A(”’ p) 4(2p+1)1“3[u1;vl]) 52}

Where

2
A, p) = $3(x) 1 n
(1. P) = Do+ D a0 )] [rg[ul:vﬂ (rz[ul:vlnz]

Using Lemma 2.1

418 x||A| if Al > -

4T3[pq;v1]12p+1]
16 x|

. 1
—_ i Al <
T3luq;vi]12p+1] folal

4T3[pg;v1]12p+1]
Corollary 4.2 If ¥ given by (1.1) is in T*[us;v;, F,(x)]. Then

. 1
> -
41x[1A] if 1al= 4T3[ug;val12p+1]
x| . 1
S 1 B i <
T3lug;vall2p+1| fo1Al= 4T3[pq;v1]12p+1]

Ibs —n b3 <

|bs —n b3| <

Where

x? | 1 n
lp x(2—p ) +x(14+p2)=(p+ 12| Tslugival  (Tzlurva])?

1Al = I

Corollary 4.3 If 1 given by (1.1) is in TX*[uy; vy, L, (x)]. Then

1

4]x||A i ANl>2—m——
b b2| < | ” | f | | 4T3[uq;v1]12p+1|
| 31 2| = x| f | | 1
S o B i D S—
T3lpsvil|2p+1] aT3[pqg;v1]12p+1]
Where
x? 1 n

1Al = I I

l[p x(2—p X)+x(14p3)~2(p+1)?| | Tslurva]  (Talurival)?

Corollary 4.4 If 1 given by (1.1) is in T*[uy; vy, P, (x)]. Then
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1
8|x||A if |Al2—-——
by — b2|< Ix114] f 14l 4T3[pq;v1]12p+1]
3 — N0 = 2|%| if |A] < 1
T3lug;velI2p+1] T 4T3[uq;vq]12p+1]
Where
jA] = = L1
T [4p x(1-p 0)+2x(1+p2)~(p+1)?| ' Talugva]  (TalpgvaD2

Corollary 4.5 If 1 given by (1.1) is in T*[uy;v4, @, (x)]. Then

1

, | BIXIIAL i Al = e
|b3—‘r]b2|S 2l lf |A|<%
T3[p1;v1lI2p+1| T 4T3[pvall2p+1|
Where
A] = = ] ~ G|
[4p x(1-p 0)+2x(1+p2)=2(p+1)?| ' T3lug;va]  (TzlpavaD?

Corollary 4.6 If 1 given by (1.1) is in T [us; vy, Tp(x)]. Then
. 1
> -
41x[1] if 1Al= 4T3[ug;v1l12p+1]

if 1Al < .

T 4al3[pgvell2p+1|

|b3_77b22|S

x|
T3luq;vi]12p+1]
Where

_ x? 1 n
Al = 4[p+1D(A-x)+p2(1-2x)]x+(p+1)?| | Talugvel  (Taluasvi])? l

Corollary 4.7 If 1 given by (1.1) is in T*[uy; vy, U, (x)]. Then

1

8|x||A i Al 2 ——7
|b _ b2| < I || I f I I 4F3[#1;V1]|2p+1|
3 nozl= 2|x| if |A|< 1
T3lug;vall2p+1|  4T3[ug;valizp+1]
Where
8] = B s — |
T 4p x(1-p x)+2x(1+p2)+(p+1)2| ' Talugva]l  (TalpgvaD2

5 Second Hankel Determinant for T2%[u,; vy, ®(x)]

Theorem 5.1 If 1 given by (1.1) is in TX*[uy;v,, @(x)] . Then

J(x,2); B, > 0and B, > 0
max{L J(xZ)}- B,>0and B,< 0
2 @p+12(Taluava )2’ <V )7 ! 2
|b2b4_b3| < 8§22

PR P — Bi<0Oand B, < 0

(p+1)2(T3[u1;v1])?

max{J(x, ap), J(x,2)}; B;< 0 and B, > 0
Where

J(x,2) = 8§2x2 n B1+B;
’ T @p+D2(M3luvi? | 2(p+1)*(2p+1)2Bp+ 1T [ue; vl (Taluava D2 Talpive !
§2x2 B2

(2p+1)2(T3lugvaD? 8By (p+1*(2p+1)2(Bp+ Dl u1ive ] (Taluav4)2Ta g v4 ]

J(x, a0) =
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By =2(p + 1)3(2p + 1)2([Ts[ug; vi)?6 x[(I16 x* + my)(Lx — 2) + & x(m — 1)]
+2(3p + D [ug vi]Talug; v118%x%[(p + D* = (2p + 1)25%x7]
+(5(T3[py; viD? = 4T [y vilTalu; viD (0 + 1D*(2p + D (Bp + 1)67 «3,
and
B, =2(p + 1)3(2p + 1)*(Ts[ug; v11)?6 x[6 x(1 + 21x) + 2my]
—4(p + D*@Bp + 1)6% x?Ty [y viITalpg; vi]
+(5(Ts[p;viD)? = 4T [ vilTalu; viD (0 + 1D?(2p + D (Bp + 1) x°.

Proof. From (3.14), (3.27) and (3.28)

pob. — p2 = L2002(0) = 205(0) + @u ()]0 + D3T3 [usviD? = 03 (0)Bp + D [ug; vo Ty [ug; v4] ”
e 16(p + D*Bp + D [ug; vi ([T lpe; va D)2 Lo [pg; 4] !

02X [@3(x) — @, (x)]af (az + B2) @5 (x)ay (az — Bs3)
8(p + DBp + DI[ug; vilTalps;vil  8(p + 1)(Bp + D [pg; v Ty [ v4]

[5(T; [#1”’1])2 — 4T, [pg; vi 1Ty [y V1]]‘P§ (x)af(az = B2) _ ‘P%(x)(az - 32)2
32(p + 1)22p + D [pg; vi ] (T lpe; vi DT [ug; v4] 16(2p + 1)? (T3 [pug; vi D?

using Lemma[2.3]

(4-ad(x-y)
@y = fp = 2, (5.1)
_ 2
a +p, =D a2 (52)

and

4—a? 4—

2 a(x+y)—

Dy (2 +y2) + L1~ x1)z ~ (1~ [yPwl(5.3)

a3
a’s_ﬂ3:7+ "

for some x,y,z,w with |x] < 1, |y| < 1, |z| < 1, [w| < 1, |ay] € (0,2) and substituting a, — B,, a, +
B, and a; — f5 and after some simplifications

bob, — b2 = @209 (X)(p+1)3 (T3lp1;v1])% =03 () Bp+ D2 [u1;v1 T4 [ug;v4] at
274 3 16(p+1)*(3p+1)T2[11;v1]1(T3[11;v1])2Talug;v4] 1

P2ps@af@-—adx+y) @i@@-adaix*+y?)
16(p+1)(Bp+1)l2[p1;v1ITalp1;va]l  32(p+1)(Bp+1)T2[p1;v1ITalp1;v4]

[5(T3ua;v1)* =4l [aivaTa v lo3 (af(d-aD)(x-y) _ @3 (4-ad)?(x-»)?
64(p+1)2(2p+1)T2 [u1;v1](T3lp1;v1])2Talug;v4] 64(2p+1)2(T3[u1;v1])?

3 () (4—ad)ai [(1-|x[*)3-A-|y|>)w]
16(p+1)(3p+ 1T [11;v4ITalpg;ve] ~

Let @ = @, without any restriction it can be assumed that ¢ € [0,2], & =|x|< 1, & =y| < 1 and
applying triangular inequality,

2 02004 (X)(p+1)3(T3[p1;v11) %03 () Bp+ D2 [pe;valTalpva] 4
|byby — b3| < a
- 16(p+1)*(Bp+1)T2 [11;v1]1(T3[11;v1])2Talur;v4]

P3()a(4—a?) o5 (0)(4-a)a(a-2)(§F+§3)
8(p+1)(Bp+1)2[uy;v1Talurve]  32(p+1)(Bp+1)To[u1;v1 T4 11;v4]

4(p+1)2p+1)(T3[ug;v1)* P2 () @3 () a? (4—a?) (§1+&2)
64(p+1)2(2p+1)(Bp+1)T2[11;v1](T3lp1;v11)?Talpgva]
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(5(T3lu1va)®=4T2 vl Taluva D3 () Bp+D)a? (4—a?)(§1+§2)
64(p+1)2(2p+1)Bp+1)T2[11;v1]1(T3lp1;v1 ) Talps;v1]

P30 (d—a®)?(§1+82)?
64(2p+1)2(T3[u1;v1 )%

That is
|b2by — b3| < Ty(x, @) + To(x, )& + &) + Ts(x, @) (67 + &) + Tu(x, ) (& + &,)?

= F(§1,¢2)- 54
Where,

T (x a) _ <P2(x)(ﬂ4(x)(l)+1)3(r3[#1;‘/1])2—<P§(x)(3p+1)rz[#1;V1]F4[#1;V1]a4
1 16(p+1)*(3p+1)T2 (w1 V1] (T3[11;v1]) 2T lpg:v4]

P30a-a?)
8(p+1)@Bp+1)T2[pg;v1ITalpgve] —

T (X a) — 4(p+1)(2p+1)(T3[p1;v1D 202 (0) @3 () a? (4—a?)
2\ 64(p+1)2(2p+1)(Bp+1)T2[11;v1 1 (T3[p1:v1 )2 Talug;v4]

(5(T3lu1v1])2 =4l [u1;v1 T lusvi ) 03 () (3p+1)a? (4-a?)

> 0,
64(p+1)2(2p+1)(3p+1)T2[11;v1](Talp1;v1])?Talug;val
2 2
T (0, @) = P} (4-aPa(a-2)
30 Q) = T Ge Ol Tl
2 252
T — P3(x)(4—a’) = <a< 2.
(o) 64(2p+1)2(T3[pg;vaD)? — 0, and 0=ax<2
As we have to maximize F(&;,¢,) in the closed square
C={(1&) 0= < 10<¢ < 1}
Let a =0, a=2and a € (0,2)
When a = 0,
— __ Pi0E+E)’
F@u¢2) = Talx 0) = 4(2p+1)%(T3[pq;v1])?
and in this case F(&;,&,) reaches it maximum at (&;,&,) and
93 (x)

max{F(§,$;):§,$ € [0,1]} = F(1,1) =

2p + D25 [p v D?
When a = 2, F(&,§,) is a constant function.

3 D T\2 g d . .
F =T 2) = Q2094 () (p+1)°(T3[p1;v1]) —(Pz(x)(3p+1)rz[Hl-V11F4[H1-V1]'
(1 82) 1(,2) (p+1)*Bp+1)T2[11;v1](T3[p1;v1])2Talpg;v4]

When a € (0,2),let & +&, =e and §&;.&, = g, then

F(§1,8) =Ti(x, @) + To(x, a)e + (Ts(x, @) + Ty (x, @))e? — 2T5(x,a)g = H(e, 9).
where e € [0,2] and g € [0,1]. Now we have to investigate the maximum of

H(e,9) €0 = {(e,9):e €[0,2], g € [0,1]} (5.5)
Differentiating 5.5 partially,

oH aH
ot T,(x,a) + 2(T3(x, a) + T,(x, a))e = 0 and Yt —2T5(x,a) =0

reveals H(e, g) does not have a critical point in closed square C; and so F(&;,&,) does not have a critical point
in the square Cj.

So F(&,,&,) cannot have maximum value in the interior of closed square. The maximum of F(&;,¢,) on the
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boundary of C; has to be investigated.
For & =0,¢, € [0,1] (similarly for &, = 0,&; € [0,1]) and

F(0,§;) = Ti(x, ) + Ty (x, )&, + [Ts(x, @) + Ty (x, )]§7 = M (&)
Since T53(x, @) + T,(x,@) = 0, we have

M'(&) = To(x, @) + 2[T5(x, @) + T, (x,@)]é, > 0,

which implies that M (&,) is an increasing function. Therefore for a fixed a € [0,2) the maximum occurs at &, =
1 and

Max M(&) =MQA) =Ti(x,a) + To(x, ) + T3(x, @) + Tu(x, @) = F(0,1).
For & =1, &, €[0,1] (similarly for &, =1, & €[0,1]) and
F(LLE) =Ti(x,a) + T (x,a) + T3 (x,a) + T,(x, )
+H[To(x, @) + 2T, (x, )18 + [Ts(x, @) + Ty (x, 165 = G(&,).
As Tz(x, @) + T,(x,a) = 0 then
G'(&) =T (x, @) + 2T, (x, @) + 2[T5(x, @) + T,(x,a)]&, > 0.
Therefore G (&;) is an increasing function and the maximum is attained at &, = 1.
Max{F(1,&,); & €[01]} =F(1,1) =Ti(x,a) + 2[T,(x,a) + T3 (x,a)] + 4T, (x, @). (5.6)
Now for each a € (0,2), we have
Ti(x,a) + 2[T,(x, @) + T3 (x, @)] + 4T, (x, @) > Ty (x, ) + T, (x, @) + T3(x, @) + T,(x, a).
Thus

max{F(§1,§;); & €[01], & €[01]} =Ti(x, @) + 2[Ty(x, @) + T5(x,a)] + 4T, (x,@) . Since
M(1) < G(1) for a € [0,2]. we have, max{F (&, ¢&,)} = F(1,1) occus on the boundary of closed square.

Let J:(0,2) — R be the function defined by
J(x, @) =max{F(§y,§)} = F(L,1) =Ty (x, @) + 2[Ta(x, @) + Ts(x, )] + 4T, (x,@).  (5.7)
By putting the values of T; (x, @), T,(x, a), T5(x,a), T,(x,a) in(5.7)

P50 Bia*+4B,a?
@p+1)%(T3lp1vid? - 32(p+1)*(2p+1)2(Bp+1)T2[11;v1] (T3 p1;v1])2Talpg;v1]

Jx,a) = (5.8)

where
By =2(p + 1)*(2p + 1)*(T3[pt1; viD 202 () [04(x) — 2003(x) — 0, (%)]

+2(3p + D[ vilTulu; vilo3 () [(p + D* = (2p + D293 ()]
+[5(Tslpg; v11)? — 4%, [ug; v4 ITa[ug; 4 1] (o + 1D?(2p + D(Bp + 1) g3 (x).

and

B, = 2(p + 1)*(2p + 1)* (T3 [uy; vi )92 (X) [2905(x) + 92 (%)]

—4(p + D*Bp + DL [pg; vilTalpg; vi o3 (x)
+[5(Ts[p; v11)? — 415 [y vaITu[uas va 1] (p + D2(2p + 1) (Bp + 1) g3 (x).

If J(x, @) has a maximum value in the interior of a € [0,2] we have

Bia®+2Bya
8(p+1)*(2p+1)2(3p+1)T2[u1;v1](T3lpt1;v1])2Talpty;v4]

Jxa) =
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As the sign of J'(x, @) depends on the sign of B; and B,, we have the following cases
Result 1: When B; = 0 and B, = 0 we have J'(x, @) = 0. So J(x, @) is an increasing function. Therefore

max{J(x,a); a€(0,2)}=J(x,2)

_ 3 B1+B;
@p+1)2(T3lu1viD? 200+ 1)*(2p+1)2(3p+ 1) [11;v4] (T3 lua;ve )2 Talpg;va ]

Thus Max{ Max{F(§,§,);0<&,86, < 13:0<a<2}=7(x,2)

Result 2:When B; > 0 and B, < 0. we have,

(B1a?+2By)a
8(p+1)*(2p+1)2(3p+1)T2[11;v1](T3lpt1;v1])2Talptg;ve]

Jxa) =

So J'(x,a) = 0 at point @y = ’% which is the critical point of J(x, ).
1

Now

—4B,
8(p+1)*(2p+1)2(3p+1)T2[11;v11(T3p1;v1]1)?Talps;v4]

J"(x,a) = > 0atag.

Therefore « is the minimum point of the function J(x, a). Hence J(x, @) cannot have a maximum.

Result 3: If B; < 0 and B, < 0 then J'(x,a) < 0, therefore J(x, @) is a decreasing function on the interval
(0,2). Hence

2
max{J(x,@)ia € (02} = J(x,0) = G D—m  (59)

Result 4: If B; < 0 and B, > 0 then J"(x,a) < 0 at a,. Hence « is the maximum point of J(x, @) and the
maximum value occurs at @ = @,. Thus

max{J(x,a); a € (0,2)} = J(x, ay)

2 2
J(x' ao) = ;pZ(x) 2 4 2 = 2
2p+1)2(T3lu1;v1]) 8B1(p+1)*(2p+1)2(3p+1)T2[p1;v1](T3[u1;v1D)?Talus;v1]
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