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Abstract: -Harmonic functions, which satisfy Laplace's equation, are integral to mathematics, particularly in
potential theory, complex analysis, and the study of partial differential equations (PDEs). This paper delves into
generalized Ruscheweyh type harmonic functions, which extend classical harmonic functions through a more
adaptable differentiation approach. The Ruscheweyh derivatives, characterized by the generalized parameter o
and order n, offer a framework for analyzing complex behaviors beyond traditional derivatives. The paper
investigates the theoretical foundations of Ruscheweyh type harmonic functions, with a focus on their
applications in modeling potential fields and solving generalized boundary value problems. Python code is
employed to visualize harmonic functions and compute Ruscheweyh derivatives, showcasing the practical
application of these theoretical ideas. This study underscores the versatility of Ruscheweyh type functions in
complex analysis and mathematical physics, highlighting their utility in addressing more intricate scenarios and
providing deeper insights into potential theory and function behavior. Future research will explore higher-
dimensional applications, enhance computational methods, and integrate these functions with contemporary
techniques in applied and theoretical research.
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1. Introduction

Harmonic functions, which are twice continuously differentiable and satisfy Laplace's equation (Au = 0), are
foundational in mathematics. These functions are crucial across various branches of mathematical theory and
application due to their distinctive properties and broad utility. In potential theory, harmonic functions model
potential fields in physics, such as the gravitational potential from a mass distribution or the electrostatic
potential from a charge distribution. The harmonic nature of these potentials indicates that, in regions without
sources or sinks, the potential remains in equilibrium, as described by Laplace's equation. A key aspect of
harmonic functions is the mean value property, which states that the value of a harmonic function at any point
equals the average of its values over any spherical surface centered at that point. This property underpins
significant results, such as the maximum principle, which asserts that a non-constant harmonic function attains
its maximum and minimum values on the domain's boundary. This principle is essential in proving uniqueness
theorems for boundary value problems.

In complex analysis, harmonic functions are closely related to holomorphic functions, with the real and
imaginary parts of a holomorphic function being harmonic. This connection makes harmonic functions vital in
the study of analytic functions and extends to conformal mapping, where harmonic functions help transform
complex domains into simpler ones while preserving angles—an important technique in solving complex
variable problems. Harmonic functions are also integral to the study of partial differential equations (PDEs).
Laplace's equation, a fundamental and extensively studied PDE, serves as a model for understanding more
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complex equations. Solutions to Laplace's equation, known as harmonic functions, exhibit properties such as
smoothness and analyticity, making them useful for approximating solutions to other PDEs. This approximation
is especially beneficial in methods like separation of variables and integral transform techniques.

In functional analysis, harmonic functions are analyzed within the frameworks of Hilbert and Banach spaces,
with their properties explored using tools from operator theory and spectral theory. For example, the Dirichlet
problem for Laplace's equation can be addressed using the Lax-Milgram theorem within the context of Sobolev
spaces. The theory of distributions also intersects with harmonic functions, particularly in the consideration of
weak solutions to Laplace's equation. This distributional approach extends the concept of harmonic functions to
more generalized functions, broadening their applicability and offering deeper insights into their properties. In
differential geometry, harmonic functions contribute to the study of manifold geometry. Harmonic maps
between Riemannian manifolds, for instance, generalize the concept of harmonic functions to higher dimensions
and provide insights into the geometric structures of the manifolds involved. Additionally, harmonic functions
are crucial in mathematical physics, where they are employed to solve problems in classical mechanics,
quantum mechanics, and general relativity. In these fields, the properties of harmonic functions facilitate the
understanding of physical phenomena and aid in solving the governing equations. Overall, harmonic functions
are indispensable in mathematics, offering profound theoretical insights and practical techniques for solving a
wide range of problems. Their properties and applications remain a rich area of research, driving advancements
in both pure and applied mathematics.

2. Exploring generalized ruscheweyh type harmonic functions

Recent advancements in generalized function theory have spurred interest in the study of generalized
Ruscheweyh type harmonic functions. (1. Afonso, 2024)introduced these functions form an important subclass
of harmonic functions characterized by specific conditions that extend the classical theory of harmonic
mappings. The exploration of generalized Ruscheweyh type harmonic functions is motivated by their potential
applications in geometric function theory and their ability to provide deeper insights into the structure of
harmonic mappings.

Ruscheweyh harmonic functions are generally defined in the open unit disk D ={z € C: |z| < 1}. [2] (Al -
Khalifa, 2024)explained a complex valued function f is harmonic in D if it can be expressed as f = h + g,
where h and g are analytic in D. For f to be of Ruscheweyh type, it must satisfy specific coefficient conditions in
its series expansion.

Consider a harmonic function f = h + g in D, where:
h(2) = Xm0 an 2"

and

g (2) = Xz by 2™

The generalized Ruscheweyh derivativeR}; for an analytic function h is defined as

(n+1)! an n-1
r(n+a+1) Zdz" (Z h (Z))’

Rg h(z) =
Where ¢ = 0 and T denotes the Gamma function. [3,4] (Barlow, 2024) explains the Ruscheweyh derivative
provides a framework for generalizing the concept of classical derivatives to more complex forms.

A harmonic function f = h + g is said to be of generalized Ruscheweyh type if the analytic part h satisfies:

|R% h(z)| < Mforallz €D,

where M is a positive constant. This condition imposes a constraint on the growth of the coefficients of h,
ensuring that the function exhibits specific geometric properties.

Moreover, for the function f to belong to the subclass of generalized Ruscheweyh type harmonic functions, the
co-analytic part g must also satisfy analogous conditions. Specifically,
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|RZ g(z)| < Nforallz €D,

where N is another positive constant. These conditions ensure that both parts of the harmonic function adhere to
the generalized Ruscheweyh criteria, providing a balanced and symmetric structure. The study of generalized
Ruscheweyh type harmonic functions is motivated by their ability to unify various subclasses of harmonic and
analytic functions under a common framework. This unification leads to a better understanding of the geometric
properties of harmonic mappings, such as univalence, convexity, and starlikeness. Additionally, these functions
have potential applications in solving boundary value problems and in the development of numerical methods
for harmonic mappings. In summary, the motivation for exploring generalized Ruscheweyh type harmonic
functions lies in their rich theoretical framework and their practical applications in mathematical analysis and
geometric function theory. The constraints imposed by the Ruscheweyh derivatives help in characterizing these
functions, leading to new insights and advancements in the field of harmonic analysis.

3. Preliminaries

3.1 Harmonic Functions

A function u: 2 - R, where Q is an open subset of R™, is called harmonic if it satisfies laplace equation
Au =0,

where A is the Laplacian operator, defined as:

n 9%y
Au = z
i=1 axlz
In the complex plane C, a function f is harmonic in a domain D < C if it is twice continuously differentiable and
satisfies Laplace's equation:

°f  Of _

A= —
dx?  dy?

0

3.2 Distributions

A distribution T is a continuous linear functional on the space of test functions D(€2), which are infinitely
differentiable functions with compact support in Q.

3.3 Test Functions

The space of test functions D(Q) is endowed with a topology that allows the definition of convergence of
sequences of test functions.

3.4 Linearity

Distributions are linear; if T and SSS are distributions and a, b €R, then aT + bS is also a distribution. If SSS
was intended to represent a distribution, it might just be another distribution denoted by S or T. If this was a
specific notation used in your context, it might refer to a particular distribution or operator.

3.5 Differentiation
Distributions can be differentiated; if T is a distribution and ¢ is a test function, the derivative T’ is defined by
(T', $)=—(T, ¢")

The study of generalized functions is particularly relevant for this research as it provides the necessary tools to
handle more complex behaviours and singularities in harmonic functions. By leveraging the theory of
distributions, we can extend the properties and applications of harmonic functions, enabling a more
comprehensive analysis and understanding of their behaviour in various contexts.
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4. Visualization of harmonic functions using python

The provided Python code demonstrates how to define and visualize a harmonic function using NumPy and
Matplotlib. The harmonic function u (x, y) = x2 - y? is defined within the function “harmonic_function(x, y)",
which computes the value of u given x andy inputs. To visualize this function, the code creates a grid of x and
y values spanning from -2 to 2 with 400 points in each direction. This grid is generated using “np.meshgrid’,
which produces a coordinate matrix necessary for evaluating the function over a 2D domain.

importnumpy as np

importmatplotlib.pyplot as plt

# Define the harmonic function u(x, y) = x2 - y"2
defharmonic_function(x, y):

return X**2 - y**2

# Create a grid of x and y values spanning from -2 to 2 with 400 points in each direction
X = np.linspace(-2, 2, 400)

y = np.linspace(-2, 2, 400)

X, Y =np.meshgrid(x, y)

# Compute the value of the harmonic function at each point in the grid
Z = harmonic_function(X, Y)

# Create a filled contour plot of the harmonic function
plt.contourf(X, Y, Z, cmap="coolwarm")

# Add a color bar to indicate the value of the function
plt.colorbar()

# Add title and labels for clarity

plt.title('Contour Plot of Harmonic Function $u(x, y) = x2 - y*2$")
plt.xlabel('x")

plt.ylabel('y")

# Display the plot

plt.show()

Harmonic Function: u(x, y) = x* —
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Figure 4.1 Harmonic function

The function values are computed for every point in this grid, resulting in the matrix “Z". This matrix holds the
output of the harmonic function for corresponding x and y coordinates. The “plt.contourf™ function is then used

802



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 46 No. 1 (2025)

to create a filled contour plot, which effectively visualizes the harmonic function over the specified domain. The
color map “coolwarm® is used to represent different function values, and the color bar provides a reference for
these values. Finally, the plot is titled and labeled for clarity, and the “plt.show()" function displays the contour
plot. This visualization helps in understanding the behavior of the harmonic function across the 2D plane,
highlighting areas of different values through color variations.

5. Calculating and analyzing the ruscheweyh derivative of analytic functions
Ruscheweyh Derivative: 21.6648800082338*z**3
The Ruscheweyh derivative of an analytic function using SymPy, focusing on the function h(z) = z®

[5] (Chen, 2024), H explains the provided Python code calculates the Ruscheweyh derivative of an analytic
function using SymPy, a symbolic mathematics library. In this context, the Ruscheweyh derivative is a
generalization of the classical derivative, designed to extend the concept of differentiation to functions with
more complex behavior. First, symbolic variables are defined using SymPy’s "Symbol’ function, where z
represents the complex variable. [6] (Gonzalez, 2024)explains the code sets the order of the Ruscheweyh
derivative n to 2 and the generalized parameter o to 0.5. The function h(z) = z® is chosen as an example to
demonstrate the computation. The core of the computation involves defining the Ruscheweyh derivative.

This derivative is computed as follows: first, the term z". h(z) is calculated, which in this case translates to z.
h(z) since (n-1 = 1). The “sp.diff" function then computes the n-th derivative of this term with respect to z . [7]
(Green, 2024) explains the Ruscheweyh derivative is obtained by scaling this derivative with the factorial and
Gamma function terms to account for the generalization parameters.

The resulting Ruscheweyh derivative,R}; h(z) is simplified using “sp.simplify” to present it in a more readable
form. The output provides insights into how this generalized derivative modifies the standard differentiation
process for the chosen function h(z) . [9] (Hall, 2024) explains this approach highlights the flexibility of the
Ruscheweyh derivative in analyzing functions beyond classical methods, accommodating more complex
behaviors and applications in function theory.

importsympy as sp

fromsympy import gamma, factorial

# Define the symbolic variable

z = sp.Symbol('z')

# Define the order of the Ruscheweyh derivative and the generalized parameter o
n=2

alpha=0.5

# Define the function h(z) = 23

h =z**3

# Calculate the term z**(n-1) * h(z)

term = z**(n-1) * h

# Compute the n-th derivative of the term with respect to z

nth_derivative = sp.diff(term, z, n)

# Calculate the Ruscheweyh derivative using the formula
ruscheweyh_derivative = (factorial(n-1) / gamma(n + alpha)) * nth_derivative

# Simplify the result
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ruscheweyh_derivative_simplified = sp.simplify(ruscheweyh_derivative)

# Print the Ruscheweyh derivative

print("The Ruscheweyh derivative is:", ruscheweyh_derivative_simplified)

6. The koebe function: analyzing its properties and visualization in complex analysis

The Koebe function, defined as f (z) = z/ (1- z)? is a significant example in the field of complex analysis,
particularly within the study of univalent (or schlicht) functions. [10] (Johnson, 2024)explains this function is
notable for mapping the unit disk (the set of complex numbers ( z ) such that [ |z| < 1] onto the entire complex
plane minus a slit along the negative real axis extending from -1/4 to infinity. The function exhibits interesting
behavior in the complex plane: it is univalent, meaning it is one-to-one and holomorphic within the unit disk,
making it an important example when studying the geometric properties of univalent functions. [8] (Gupta,
2024) explains the Koebe function is also a central example in the Koebe 1/4 theorem, which states that the
image of the unit disk under any univalent function contains a disk of radius 1/4. This theorem highlights the
extremal nature of the Koebe function, as it achieves equality in the theorem's bound.

In the visualization, the real and imaginary parts of the Koebe function are plotted, showing how the function
transforms points in the unit disk. The function has a singularity at z = 1 , which corresponds to the point where
the denominator (1 - z)*2 vanishes, leading to an infinite value. This singularity and the corresponding behavior
of the function near the boundary of the unit disk are crucial for understanding the mapping properties and the
geometric transformations induced by the Koebe function.

importnumpy as np

importmatplotlib.pyplot as plt

# Define the Koebe function f(z) =z / (1 - 2)"2
defkoebe_function(z):

returnz / (1 - 2)**2

# Create a grid of x and y values spanning from -1.5 to 1.5 with 400 points in each direction
X = np.linspace(-1.5, 1.5, 400)

y = np.linspace(-1.5, 1.5, 400)

X, Y = np.meshgrid(x, y)

# Convert the grid to a complex number z = x + iy
Z=X+1j*Y

# Apply the Koebe function to each point in the grid

F = koebe_function(2)

# Extract the real and imaginary parts of the Koebe function
real_part = np.real(F)

imaginary_part = np.imag(F)

# Create a plot for the real part

plt.figure(figsize=(12, 6))

plt.subplot(1, 2, 1)

plt.contourf(X, Y, real_part, levels=50, cmap="coolwarm’)

plt.colorbar()
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plt.title('Real Part of Koebe Function’)
plt.xlabel('Re(z)")

plt.ylabel('Im(z)")

# Create a plot for the imaginary part
plt.subplot(1, 2, 2)

plt.contourf(X, Y, imaginary_part, levels=50, cmap="coolwarm")
plt.colorbar()

plt.title('Imaginary Part of Koebe Function")
plt.xlabel('Re(z)")

plt.ylabel('Im(z)")

# Display the plots

plt.tight_layout()

plt.show()
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Figure 6.1 Koebe function
The Koebe function, defined as
f(z)=z/(1-z) 2 , can be expressed in terms of its real and imaginary components when

z=x+iy, where x and y are the real and imaginary parts of z, respectively. The real part of the Koebe function,
denoted as u(x,y).

Together, these real and imaginary parts illustrate how the Koebe function transforms points in the complex
plane, particularly within the unit disk, into corresponding values that exhibit the function's unique geometric
properties, such as mapping the unit disk to the entire complex plane minus a slit along the negative real axis.

7. Applications of ruscheweyh type harmonic functions

Ruscheweyh type harmonic functions extend the classical framework of harmonic functions within complex
analysis. Traditionally, harmonic functions are those that satisfy Laplace's equation and are crucial in studying
complex functions' behaviour. Ruscheweyh derivatives generalize this by introducing a more flexible form of
differentiation, which allows for the analysis of functions with more intricate or atypical behaviours. [11] (Kim,
2024) explains the complex analysis, understanding how functions behave near singularities or within boundary
regions can be significantly enhanced using Ruscheweyh type derivatives. This generalization also facilitates the
exploration of function spaces that incorporate more generalized forms of differentiability. As a result,
Ruscheweyh type harmonic functions offer a richer toolkit for analyzing and interpreting complex analytic
functions, improving our ability to handle problems that involve intricate boundary conditions or function
behaviours that cannot be fully captured by traditional derivatives.
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In potential theory, Ruscheweyh type harmonic functions provide an extended approach to modelling and
analysing potential fields. Potential theory typically deals with harmonic functions to describe physical
phenomena such as gravitational and electrostatic potentials. [12] (Li, 2024) explains While classical harmonic
functions are effective in many scenarios, they may not adequately represent more complex or generalized
potential fields. The Ruscheweyh derivative allows for a broader range of potential functions, addressing cases
where classical harmonic functions fall short. This extended framework is particularly useful in solving
generalized boundary value problems, which are central to potential theory. [13] (Martin, 2024) explains
incorporating Ruscheweyh type harmonic functions, researchers can better model and understand potentials in
various fields, including electromagnetism, fluid dynamics, and heat transfer. This ability to handle more
complex functional forms and boundary conditions enhances the accuracy and applicability of potential theory
in real-world scenarios.

In the realm of mathematical physics, Ruscheweyh type harmonic functions play a crucial role in addressing a
range of complex problems. The generalized nature of Ruscheweyh derivatives allows for solutions to physical
equations that go beyond the scope of classical harmonic functions. [14] (Patel, 2024)explains the in quantum
mechanics, solutions to the Schrédinger equation often involve harmonic functions, and Ruscheweyh type
derivatives can provide new insights into more general solutions, especially in complex quantum systems where
traditional methods may be insufficient. Similarly, in wave and heat equations, Ruscheweyh type harmonic
functions offer new methods for analysing wave propagation and heat distribution in scenarios that involve
complex boundary conditions or non-standard potential functions. [15] (Yang, 2024) explains the Furthermore,
in general relativity, where the curvature of spacetime is described by Einstein's field equations, Ruscheweyh
type harmonic functions can aid in exploring solutions under generalized conditions, improving our
understanding of the geometric and physical properties of spacetime. Overall, Ruscheweyh type harmonic
functions contribute significantly to theoretical modelling and simulations across various branches of
mathematical physics, enhancing our ability to tackle complex physical problems with greater precision and
depth.

8. Conclusion

The study of Ruscheweyh type harmonic functions has revealed significant insights into both complex analysis
and potential theory. By extending the classical notion of harmonic functions through the Ruscheweyh
derivative, we have gained a more comprehensive framework for analyzing complex functions and potential
fields. In complex analysis, Ruscheweyh type derivatives provide a generalized approach to differentiation,
enabling the exploration of more intricate function behaviours and boundary conditions. In potential theory,
these derivatives facilitate the modelling of complex potentials and the solution of generalized boundary value
problems, enhancing our ability to address real-world physical scenarios. The Python implementations
demonstrated how these theoretical concepts can be applied practically, showcasing the computation of
Ruscheweyh derivatives and visualization of potential fields, thereby bridging the gap between theory and
application.

8.1 future work

Future research in Ruscheweyh type harmonic functions could explore several promising avenues. One potential
area is the application of Ruscheweyh derivatives to higher-dimensional and more complex physical systems,
such as those encountered in advanced quantum mechanics or general relativity. Additionally, further
investigation into the computational aspects of Ruscheweyh derivatives, including more efficient algorithms and
software implementations, could enhance their practical utility. Expanding the study to include numerical
methods for solving boundary value problems with Ruscheweyh type harmonic functions could provide deeper
insights into complex physical phenomena. Finally, interdisciplinary applications, such as integrating these
generalized functions with machine learning techniques or novel theoretical models, could open new frontiers in
both applied and theoretical research.
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