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Abstract: This paper introduces the conception of fuzzy gamma-m-normed linear space in accordance with the
theory of fuzzy n-normed linear space and it is proved that in a finite dimensional fuzzy gamma m-normed linear
space, fuzzy m-normed linear spaces are the same, up to the fuzzy norm equivalence. Also the paper introduces
fuzzy gamma-2-normed linear spaces, fuzzy right gamma-m-normed linear spaces and its properties and fuzzy
gamma-m-normed linear space which can be analyzed by using the fuzzy n-normed linear space. The paper uses
an applications with examples for algebraic operations of fuzzy set theory. The most important concepts fuzzy
gamma ring, fuzzy gamma divison ring, fuzzy gamma vector space, fuzzy gamma ring have already been
introduced. Using these concepts. Using these concepts it initiated the fuzzy Gamma-m-normed linear space and
suggested a theorem for the gamma norm function which is continuous. So far the earlier research has been done
in the general t-norm in a fuzzy n-normed linear space and proven that if t-norm is chosen other than “minimum”
then the decomposition theorem of a fuzzy norm into a family of crisp norms may not hold. The paper identified
completeness of fuzzy gamma m-normed linear space and constructed a norm function and satisfies the axioms
of it fuzzy gamma m-normed linear space and additionally provided an example with proof in which a sequence
is a Cauchy sequence and converges sequence in fuzzy gamma m-normed linear space if and only if it is Cauchy
sequence and Convergence sequence in completeness of fuzzy gamma m-normed linear space. This paper
originates the notion of completeness, and produces some results on it in fuzzy Gamma-m-normed linear space.
Also a necessary condition and theorem for completeness of a sequence in fuzzy gamma m-normed linear space
is suggested.

Keywords: fuzzy gamma ring, fuzzy division ring, fuzzy gamma vector space, fuzzy gamma linear space,
fuzzy gamma normed linear space, fuzzy Gamma-2-normed linear space, fuzzy right gamma-m-normed linear
space,

1. Introduction:

In 1987 the notion of a Gamma-ring which is more generalization than a ring was introduced by
N.Nobusawa[1],and W.E.Barnes was developed the concepts in gamma-ring such as prime and primary ideals,
gamma homomorphism’s. after that many mathematicians determined the some interesting results on gamma-ring
in accordance with concepts of Barnes and Nobusawa.[2] Gahler was introduced the theory of 2-norm,n-norm
on a linear space[3] Bag and Samantha [4] introduced the notion of fuzzy norm on a linear space subsequently
theory of fuzzy norm on a linear space[5,6,7]. First time A.K.Katsaras[8,9] introduced the concept of fuzzy
normed linear space. M.Demirci [10,11] interposed the notion of fuzzy equality and smooth group by using fuzzy
binary operations. The Fuzzy n-normed linear space introduced by AL.Narayanan and S.Vijayabalaji
[12,13,14,15,16] and Reddy, B. S.[17,18] proposed the concept of Fuzzy anti n-normed linear space and provide
some results convergence sequence and Cauchy sequence in fuzzy anti n-normed linear space. The notion of n-
normed left gamma-linear space is convection by S Kalaiselvan and S.Shivaramakrishnan [19]. All the authors
inspired by Lotfi A. Zadeh [20] in his fuzzy set theory.

Motivated by the previously mentioned theory, we present the concept of fuzzy gamma-m-normed linear spaces,
denoting the convergent and cauchy sequence within these spaces. Additionally, we confirmed a few of the
findings.
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2. PRILIMANARIES:

2.1. Definition: An illustration of the degree to which each input contributes is provided by the characteristic
function. Every processed input is assigned a weight, the functional overlap between the inputs is defined, and to
ascertain their impact on the fuzzy output sets of the final output conclusion, the rules employ the input
membership values as weight factors. A function that meets our needs for ease of use, speed, simplicity, and
efficiency can be defined as an arbitrary curve whose shape we can describe. This function is then defuzzed into
a crisp output that powers the system. In the continuous unit interval [0,1], where the end point values "0" and "1"
denote different degrees of membership, Professor Zadeh expanded the concept of binary membership.

2.2. Definition: Fuzzy sets theory is an extension of classical set theory and elements have varying degree of
membership a logic based on two truth values. If U is the universe of discourse, a set F is said to be fuzzy set in
F if there exists a function  p: F —[0,1] and it is denoted by a set of ordered pairs as F={(u, u(w))/ u €U }

2.3. Definition: Suppose U is a discrete and finite universe of discourse the fuzzy set F is written as
F=p (w)/wtp (wn)/urtp (w)/wt........ =>u m (w)={(we, p(uo)) / ue €U }
F

2.4 .Definition: Suppose U is a continuous and finite universe of discourse the fuzzy set F is written
asF= f[U up(2e,) ,here the summation and integration signs indicate the collection of all elements 4« in the universe

of discourse U along with their associated membership values p_(1¢)

2.5.Example: U={H'=Finland,H>=Luxembourg,H3=Thailad,H*=India,H’>=Turkiya,H*=Ukraine,H’=Zimbabwe,H
8=Afghanistan } is the universe of discourse of all countries then

(i) Let fuzzy set F; represents ‘“Ranking in the World Happiness Report” if fuzzy set represented as F
={(Finland,1.00), (Luxebourg,0.94),(Thailad,0.60),(India,0.14),(Tukiya,0.33),(Ukraine,0.29),(Zimbabwe,0.07),
(Afghanistan , 0.00) } or F; ={( H!, 1.00), (H2, 0.94), (H3, 0.60), (H% 0.14), (H5, 0.33), (HS, 0.29), (H’, 0.07),
(H?, 0.00) } also it can be represented in summation form

F1=1.00/Finland+ 0.94/Luxembourg + 0.60Thailad + 0.14/India + 0.33Turkiya
+ 0..29/Ukraine+0.07/Zimbabwe+0.00/Afghanistan Or
F, =1.00/ H'+0.94/ H? + 0.60/ H*+ 0.14/ H* + 0.33/ H® + 0.29/ H®+ 0.07/ H’ +0.00/ H®

(i) Let fuzzy set F» represents “Ranking in the Human Development Report ” then the fuzzy set represented as
F,={(Finland, 0.99), (Luxembourg, 0.89),( Thailad, 0.82),(India, 0.30), (Turkiya, 0.76), (Ukraine, 0.48),
(Zimbabwe, 0.17), (Afghanistan , 0.05) } =={( H', 0.99), (H?, 0.89), (H?, 0.82), (H*, 0.30), (H5, 0.76),

(H%, 0.48), H’, 0.17), (H0.05) } also it can be represented in summation form
F»=0.99/Finland+0.89/Luxembourg + 0.82/ Thailad + 0.30/India + 0.76/ Turkiya

+ 0.48/Ukraine+0.17/Zimbabwe +0.05/Afghanistan
=0.99/ H'+0.89/ H? + 0.82/ H+ 0.30/ H* + 0.76/ H® + 0.48/ H*+ 0.17/ H” +0.05/ H?

2.6. Definition: If U is the universe of discourse, a set Fiand F; fuzzy sets with characteristic functions p_ ()

and p (u) respectively the fuzzy set operations are defined as given bellow

(1) Union: the union of two fuzzy sets Fiand F is defined as

e rz ()= ey (1) V () =max { (1), () }, for all €U

(2) Intersection: the intersection of two fuzzy sets Fiand F; is defined as for all « € ,
Hrin 2 (W)= (1) A pp (w)=min { p (w), p(w) }

(3) Compliment: the compliment of F is denoted by F€ and it is defined as Hee(u)=1- p ()
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(4) Algebraic Sum: the sum of the two fuzzy sets p_ (1) , pp,(w)is p, (@) +u () it is defined as

Brr+rz () = pg () + pp (00)- p (1) Jup, ()

(5)Algebraic Product: The product of the two fuzzy sets is p. (w).p, () it is defined as

Prirz (W)= pp (1) pp,(u)

(6) Bounded Sum : the bounded sum of the two fuzzy sets p_ (1) , (1) is p, (W)Bu,,(w) it is defined as
trigrz (w)=min {1, p. (1) + p(u)}

(7) Bounded difference: the bounded difference © of the two fuzzy sets p_ (w), p.(u)is p, () Op(u) itis

defined as ptpr o, (14)= max {0, p, (1) - (1)}

Table -1. Outcomes of the operations on fuzzy sets.

H! H? H3 H* H3 HS H’ H8

Uriors | 1.00 | 0.94 [0.82 [030 |0.76 | 0.48 | 0.17 | 0.05

Urpinrz | 099 (089 [060 [0.14 [033 029 [0.07 |0.00

Hpe 0.00 | 0.06 | 0.18 0.70 | 024 | 0.52 | 0.83 | 0.95

Lriers | 1.00 | 0.99 [ 0928 [039 [0.83 |0.63 | 022 |0.05

Lepz | 099 (083 [049 [004 [025 [0.13 [0.01 [0.00

Upigrz | 1.00 | 1.00 [ 1.00 |0.44 [1.00 [ 0.77 | 024 |0.05

UF1OF2 0.01 | 0.05 | 0.22 0.16 [ 043 | 0.18 | 0.10 | 0.05

2.7.Definition: Let Fg be any group and mapping prc : F6 —[0,1]is called fuzzy subgroup

if for all fgl, fgz € Fg

(1) ppg(or - £2) Zmin { p(f1) . (£2) }

(2) “’FG((fyl)-l)z MFG(fyl)

(3) Let £, be the identity element of fuzzy group Fg such that uFG((fg)S Hpg(fe).for all f,€ Fg
2.8.Definition: Let Fr is fuzzy additive abelian group, and Fr be any additive group the mapping

Z g Fr X Fr XFr — Fr and it is defined as  Zg(fr1, f,f2)= frr1.f,.f2  such that Fr is called as fuzzy Gamma
ring if it satisfies the following properties let for any {1, fr» fi3, EFrand fy1 fip and f, € Fr

(1) Za(Eri+Era, L, fr3) = ZalEr1, £, 52)+ Za(fra, £, ,£r3)
Q)Za(Er1E1HE0,Er2)=Z a(Er1,F1,Er2)+ Za(Er1, £2,E2)
(3) ZalEr1,E fratErs) = Za(fr1, £ Era)+ Zalfr1, £ £r3)
(4) Zal(Er1, £1,52), £2,53) = Za(Fr, £1,(Fr2, £ ,£2))

2.9.Definition: Let Lgy be any non-empty fuzzy sub set of fuzzy Gamma ring Fr is said to be fuzzy left ideal
of Fr if it satisfies the following properties as fuzzy Gamma if for all

f/y'l’ fro f-3, EFr and ny Frsuch that

(1) pegfri -fr2) Zmin{pegfr), pedtr) }
(1) pegfro+r- £2) = pey(tr)
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(iii)l,lyfj(fwﬂfy(frl+f4"3)-f4"2 fyffr}) = Hy’;{(frl)

2.10. Definition: Let (Fv,+, X) is a vector space over a field Xv and mapping pv: Fv —[0,1] is a fuzzy set of Fv
is said to be fuzzy vector subspace of K'v if it satisfies the following properties for all fy1 fvo €Fv and £+ € Kv

(1) p(for, fo2 ) Zmin { po(for), pw(fe2 ) }

() w((For)™) = pr(fer)

() W(#v fo1) = po(for)

2.11.Definition: If pv: Fv —[0,1] is a fuzzy vector subspace of Fv over a field Kv if and only if
Wo(Lvifor + £vofor ) Zmin { pv(fe1), pv(fe2) },for all fu1 foo € Fy and for all £v1, £vr € Kv

2.12. Definition: If the fuzzy Gamma-ring and Fp have an identity element and just one non-zero ideal, then they
are referred to as division fuzzy Gamma-rings.

2.13. Definition: Let Fv is fuzzy vector space if f,;( #)=V for all m€ . then a mapping |I...Il: Fv — [0,1] is
said to be a fuzzy norm on the soft vector space Fv if [|.,.[l is satisfies the following properties

()l 211> 0, for all ;€ Fy
@) Il fo1 11 =0 =F,; =0
B3) Il . frll=| £o| Il f11I, for all £,; € Fy and for every soft scalar £« €Ky

DN for + Foall <Wfi I+IF N, for all £y ,fpz€ Fy

The fuzzy vector space F with fuzzy norm ||.,.Il on F» is said to be a fuzzy normed linear space and is denoted by
(Fv II.,.lI, 4. (1),(2),(3) and (4) are called to be fuzzy norm axiom .

2.14. Definition: Let Fp be a fuzzy division Gamma-ring possessing identification land let (Fv,*) be a fuzzy
abelian group. and the function Zv :Fpx Frx Fv — Fv and it is defined as Zv(fy, f,fq) = .. f,.fa then Fv is
called as a right fuzzy Gamma-vector space over Fp if the following properties holds for every fii, fi» € Fv, fai,
fy € Fp and fyl ,f«,z and f«, € Fr

(Fy 'Vl) (fvl+ fv2, fy,fdl) = Z(fVU f“/afdl)+ ZV(fVZ’ ﬁ/’fdl)
(Fy-V?) (fo1,fy . fa1 f) = Z(fo1, £ fa)+ Zv(fi, £ fr)
(Fy-V3) (f1, Ty1,Ta1, £2,f2)) = Z((For, T1,Ta1,), f2,fa)

(Fy-V* (fu1, fy,1) = fi1, for some £, €Fr, the elements f,1, f,, are called fuzzy vectors in Fy, fa, fa are called fuzzy
scalars in Fp.

2.15.Definition: The unit closed interval [0, 1] and I; be any closed sub-interval of [0,1] and is defined by
I1 = [If I ] where 0< Iy < Ij* <1 suppose C[0,1] be the set of all closed sub interval of [0,1]

thatis C[0,1]={1;/L=[If "], Ir, <L and Iy ,Ij* €[0,1]}

2.16.Definition: Consider F be any set and a mapping F:F—C[0,1] and the set is represented as

{F'(f)= [F*(f) ,F*(f))/ F* ,F'* are fuzzy subsets of F ,F"(f) < F(f), for all f € F } and this set is also called as
interval-valued fuzzy subset of F.

2.17. Definition Let (Fv,+,X) is a vector space over a field K'v with dimension m and p is a fuzzy subset of Fv
such that HV(&U] fvl,+ o fvz) >min { HV(fvl), HV(fvz) } , for all fy1, fvo€ Fy and for all /&01, fovr € Kv

2.18. Definition: Let AF be a binary operation and is mapping from [0,1]x[0,1] to [0,1]

that is A :[0,1]x[0,1] —[0,1] is said to be continuous triangular-norm or t-norm if it satisfies the following
axioms

(1)AF is associative and commutative
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That is for every f' 2, £2 € [0,1] such that AT (! ,2), %)= AF (! ({2, *)) and

AF (f1 )= AT (£ 1)

(ii) AF is continuous

(iii) AF (f' ,1)= f'for all f' € [0,1]

(iv) AF (f!,f2) < AF (£ ,*) whenever ! <f>and f2) <f*, forall {' 2,3 ,f*€ [0,1]

2.19. Example: We have two examples of continuous t-norm A" (f' ,£2)= ' .£2 AF (! ,{2)= min {f' ,2}.
2.20.Remark: For any f' ,f2 € (0,1) with f' > {2 there exists £ ,f*€ (0,1) such that A" (f' ,£) > £ and
for any f* € (0,1) there exists £ ,f € (0,1) such that A" (£ ,£) > f* | AF (f! ,£}) > £

2.21. Definition: Let F; linear space over a fuzzy field F a real valued function |,...,I: FL X Fp —[0,1] and it
satisfies the following properties

(1) W1 vol=0 if and only vyi, v are linearly independent over F.

(2) Vi vial=lvea veal

(3) v kvial=klve viol

(4) e Vot visl < ey vial+Hve visl

Is called the soft m-norm on Fr and the pair (Fy, I..,.1) is called the fuzzy 2-normed linear space.
2.22. Definition: Let Fr be a real vector space over with dimension m over a field F a real valued
function I.,...,.I: Fr —[0,1] and it satisfies the following properties

(1) We1vi2, Vi35. . .,Vim-1, Viml= 0, if and only if vy vi2, Vi3,...,Vim-1, Vim are linearly independent over F.
(2) Wr1 V2, Vi3, ., Vim-1, Vil 1s invariant under any permutation.

(3) Ve vi2, Vi3 -+, Vime1, KVeml=KlIVe1 Vo, Vi3 .. . ,Vim-1, Viml

(4) Ve V2, Vi3 oo o Vim-1, Vimt Ve IS e Vi2, Vis oo Vimet, Vil Ve Vi, Vis ..., Vim-1, Vil 1s called the m-norm on Fr
and the pair (Fz, I.,....,.1) is called the m-normed linear space.

2.23.Definition : Let Fy be a linear space in a field F ,Fuzzy m-normed linear space is defined as a fuzzy subset
Fa of Fv x Fv x...x Fv X Fv (m-times)x(-00,00) and the pair (Fv,Fa).

Fv x Fy x...x Fy x Fy (m-times)x(-o0,00) is referred to as a fuzzy m-norm on Fv if and only if.
(1) Fav(fr1 ,f2 ,f3,..., fomet ,fum ,f)>0 , for all f; € (-00,00).

(2) Fx(fu1 2 ,f3,..., fim-1 ,fum ,f)=0 if and only if £y ,fi2 ,fi3,..., fim-1 ,fum , are linearly dependent if for all f; >0,
and f; €(-00,00)

(3) Fn(fu1 ,fu2 ,fu3,. .., fom-1 ,fum ,fi) is invariant under any permutation of i1 ,fi2 ,fi3,..., fum-1 ,fum ,fi
(4) FN(f\’l afV2 afV3a‘ ces fvm-l 5 fAfvm 9ft): FN(fvl ,fv2 ,fv39~ “es fvm-l ,fvm ,ft, l:_tl), where fA €F
A

(5) Fw(fur ,f2 603, ., fumet Lfvmit fome Lfut fi2) = min{ Fa(fi1 ,£2 ,£03,. .., fum-1 ,fumi Lf0), Fa(for ,f2 ,603,. .-, fomer ,fome
aftZ)}

(6) F(fu1 ,fu2 ,fi3,..., fum-1 ,fum ,fi) is a left continuous and non-decreasing function of f; € (-00,00) such that

1:(fvl ,fv2 ,fv3,---, fVm-l ,fvm ,ft) :O~
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2.24.Definition: Let (Fv,l.,....,.I) be a fuzzy m-normed linear space and a sequence {f, };=; in (Fy,l.,....,.I) is
said to convergence to fVEFv if for every €>0 there exists appositive number M such that

ll_)rg) ”(fvl 'fvz 'fv3' e fvr 1 ' v) ” =0
That is rlm I (o1, f02 5 fogs eees formt s for) I= £,
2.25. Definition: In a fuzzy m-normed linear space (Fv,l.,....,.I) a sequence {f,.};=is said to be Cauchy sequenc

if if for every & >0 there exists appositive number M such that I(f1 ,2 .63, ., Tt fur -fue) I< & ,whenever r,0
> M. And it is represented by l}m (o1, £z s fuzy ooy fore1 s for — £ip) |[=0.
rf—o0

2.26. Definition: The fuzzy m-normed linear space (Fv,l.,....,.I) is said to be complete if every Cauchy sequence
is convergent in it.

2.27.Definition: Let Ev be subset of fuzzy m-normed linear space (Fv,l.,....,.I) and is said to be bounded if there
exists a positive real constant 1| such that

"(evl ,€v2 ,Cv3,. .., Cyr-l ,evr) ”Sﬂ for all ey, ,v2 ,€v3,..., Cyr-1 ,€vrE Ev.

2.28.Definition: Let (Fy,l.,....,.I) be a fuzzy m- normed linear space for any (fv1 ,fv2 ,fi3,..., fim-1 ,fvm) € Fv, then
set {(fv1 ,fv2 ,13,..., fum-1 fvm) € Fr /II(fvl 3,..., fum - f0) I<p} is called an open ball center at f,o with radius p
and it is represented as By(fvo)= {(fv1 .2 ,f3,. .., fum-1 ,Evm) € Fv /I(fu1 ,fi2 ,fi3,..., fum - fuo) I<p}

Similarly we can define a closed ball
p(fVO) {(fvl v3, vm 1 fvm) FV /"(fvl v3, vm vO) ||<P}

2.29.Definition: In the fuzzy m-normed linear space (Fv,l.,....,.I) a sequence {f,,};=,is called bounded or norm
bounded if there is a constant 1) such that that I(fy1 ,fi2 ,fus,..., fur1 ,fir) I< 7, for all r.

2.30. Remark: Every convergent sequence is Cauchy and norm bounded in the fuzzy m-normed linear space
(Fv,l.,......0.

2.31.Theorem: Let (Fv,l.,....,.I) be a fuzzy m-normed linear space and let {f,.}s2; and {f',.};>; be two Cauchy
sequences in (Fy,l.,......I such that I(fy1 ,fi2 ,fv3,..., for1 JE0) 1> £

I ,fv2 3,0y Purr ,w) I— £, as r—oo Let {K, };2; be a sequence in Ky where Kv is being the field of
scalars be such that ky—kyo as r—oo then the following axioms holds:

F-D I fa £y, fnf, f3 £, fu 2 w) - £y, asr—o
(F 2) ”(fvl v3-,~ fvr-l N kvr fvr) |— kv .fv , aS I—00.

(F-3) Let {f,.}32; and {f',.}?2; be two Cauchy sequences in (Fv,l......,.I) and {k,,}*>; be a Cauchy sequence in
then {f,. + 'y }32; and {k,.f,.}%, are also Cauchy sequence in (Fy,l.,....,.I).

Proof: (1) We have
I( fo1 £, fo 200, s 203, e £y (£ 20 ) IS £31 ,f32, fus,. . foe -y I
I(fv1,fv2,fv3 5. .o,y )I—0,a8 T—00,

Since lim I (fy1, 2, fuz, o) foroq, for — £) =0 and
Tr—00
ll_)rg " (fvl 'fvz tfv3' fVr 1 ' v) " =

Hence I( fu1 £fv1 , fia 2, fi3 203, fr 20y [o1£, £, | as r—o0.
(2) Given that ky—kyo as r—o0 = |ky-kyo|—0, as r—oo then there exists a constant A such that |k..| <A for all r.

Now we consider
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"(fvl 5fV2 ,fv3,~ “ey fvr-l 5 kvr fVr' kv0 va)": ||(fvl ,fv2 ,fv3,‘ ey fvr-l 5 kvr fvr‘ kvr fVO+ kvr va‘ kvO va)": ||(fvl ,fv2 ,fv3,- ey fVr-l 5 kvr
(fvr' fv0)+ (kvr - kvO )fVO)"

< I 62 B3, Bt Ko (B f0)) I I(fo1 ,E02 803,05 fort 5 (Ker - koo ) o)l
ke | 1(fo1 602 603,05 for 5 form f0))IH ke = kol 1(Fu1 B2 L6035 o, fort, Tuo)l
A I o 2 s, B, T f0)IH [Ker - kool 1(f01 L2 L3, . o, B, £10)l—0 as r—oo0.
So I(fu1 ,fv2 ,fu3,..., furt , Kor fir) 1= kyo .fuo , as r—o0.
(3) We have ||(fy1,f02,f3) o) fore1, for — foe) || =0, as r,£ = oo And
N(E o1, f vz vz s fyrmt s for — fye) || 0,88 7, > o0
Therefore ||(fy; + {1, foz + vz, fog + oz, v forg For1, for + o — (Gor + £700)]I
<[CEr oz s fums s formn s for = fo) I (Fun L Ev2 v Fyrmg  Fyr = Fup) 1208 7, £ — 00
This implies that {f,. + 'y }7>; is Cauchy sequence in (Fv,l.,....,.I)

Since {k,}7=; be a Cauchy sequence of scalars in K, the scalar field is complete and {k,.};%; is convergent
sequence and hence {K, };=; is bounded.

Also we consider
I (fvlﬂ va , fv3' ey fvr—1 , kvrfvr - kv{’fv{’) =1 (fvl ’ fV2 ’ fv31 REN] fVr—1 , kVrfvr - kvffvf + erfV‘f -

kvrfvi’) ”: ”(fvl ) fv2 'fv3' R fvr—l ’ kvr(fvr - fv{’)) ”7L ”(fvl 'fvz ) 1:v3' -, fvr ) (kvr - kvi’)fvf) ”SHkV”Jr ‘er -
ke | I (fvl 'fvz 'fv3' ---'fvr—l 'fv{’) [1]—0, as r,f—>

-1

Since {ky}72, is bounded and {f,,};=,is norm bounded

Hencef{k, f, };2; is a Cauchy sequence in (Fv,l.,....,.I).

2.32. Remark: The norm function is continuous as it follows by 2.31.Theorem.

2.33 .Example: Let (Fv,|.,....,.I)be a fuzzy m- normed linear space. We define continuous t-norm

AF (1 ,2)=11 .2 |, AF(f! ,f2)=min {f! 2}, for all f! ,{2 € [0,1].

It f,.5..f, .t
FV (fvl,fv2,fv3,A“,fvm-lgfvm,ft) =
£+l (E, f f nf )

v12Tv22 Sv30t 9t vm—1% Tvm

then the set

S={( Fv, Fv (fu1 ,fi2 ,fu3,.._fum-1 ,fum ,0))/ (f1 ,fv2 .63, fum-1 ,fom ,T) € FvM } is a fuzzy m-normed linear space.
Proof: (1) Obviously for every fi € (-o0,00) such that Fv(fii ,fi2 ,fi3.. fum-1 ,fvm ,£)>0.

NE f.f £
(2) Fv (fvl,fVZ,fv3,...,fvm—1,fvm,ft):O = vi? v vm_] vm) =0
f+0(E,,f ., T

oI (E, 0 nf, £ ) 120

v12Tv29 Fv3oee

< {1,602 0, fum-1 ,fum  are linearly dependent if for all f; >0, and f; € (-00,0)

I (E, s Fogneena o g T U W (FysFogs Fogneees s T |

v127v227v32 9 vm—1% “vm v127v22 7 v32 3 yvm—1% “vim
(3) Fv (fvl,fVZ,fVS,,,,,fvm-l,fvm,ft):

E 0 (F, f ot £ £l (F, f o ot £ I

v12 V22 Tv32 9t vm—1% Tvm v12 V2o Tv3oet

on

Hence it is invariant under any permutation of fy; ,fi2 ,fi3,.. fim-1 ,fvm ,fi .

i
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(4) FV (fvl ,fv2 ,fv3,,,,,fvm-1 , fAfvm,ft) — " (fvl s fV2 Y fv3 9""fvmfl > fAfvm) "
£+ (E f f ot EE I

v12 V29 v390 9t ym—1?
ORI COP% PO SOOI oS o U R GO APUS OO WY |

v Tv25 Tv3otte

f+ 1 (£ f o fumn B I £y (b fof £

v12 V22 Tv320 9t vm—1% Tvm
A

=Fv (fu1 ,f2 .3, fom-1 L fvm 1, %), where fA€F
A

(5) Without loss of generality we consider that

FV(fvl 5fV2 ,fv3,.. fvm-l ,fvml ,ftl) S FV(fvl ,fv2 ,fv3,...,fvm-1 ,fvm2 ,ft2)

" (fvl’fVZ’fv3 ""’fvm—l’fvml) " < " (fvl’fVZ’fVB ""’fvm—l’fva) "

= <
T O S SRS S Y R S T Y N Y Y

v12Tv2o T30t

= £, 0 (£, Fopeens oo B YEHI(EEysEopef B V(s Eon £ ) 1]
<E N (E, oyt B I (E Fops Fopes o o £ VI (E, L E o fpf, ) 1]

vl

=, 0, f oy f o W NS E N (E, L F o, L EL )

V1> Tv29 v39° ot vm—12

= £ N (F,,f sl B Y=, U nf, L E )I=0 ()

V1o Tv25 Fv39ce

Now we consider,

Fv(fur .2 .83, fumat Bt fume Lfut f2) - Fv(for L6z .63, fomet S fim1 L)

0, f gy o+ £, )l (RGNS 8 A A Y |

v12 V2o V30t ot vm-1?

@ —
£+ £, 0 (E s of 4 £ £ 0 (et W)l

v12 V2o V30t ot vm-10

SME Lt E 4 £ I+ (E, gl o ) 1=

I (E, £ s et s B NIE + S0 1 (£, f s st o £y + £i00) 11

v12Tv2o T30t

< £, O, 1,1 f Y MEEs PRETC VTS (PP IFTIRRS SNIEPS i) JERSS (2)

vl> v32° o tym—12
From (1) and (2) we obtain
1:V (fvl ,fv2 ,fv3,---, fvm»l ,fvml+ fVm2 ,ftl"" ftZ) - 1:V(fvl ,fVZ ,fv3,---, fVm-l ,fvml ,ftl)EO

Hence 1:V(fvl 02 0, fomet S fomit fomz St t ﬁz) > mm{ FV(fVl S0 .0, fomet L fumi ,ftl), l:V(fvl o2 B fyma
Sfim2 ,f)}

(6) Clearly F(fu1 ,fi2 ,f13,.. ., fum-1 ,fum ,ft) is a left continuous and non-decreasing function of
fi €(-0,00) such that
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N(E st £

v12 Tv227v32 9T vm—1® Tvm

moo £+ (f ,f,,f f_ £ )

v12 V2o Tv39t 9t vm—1% Tvm

11111120 1:V(fvl ’ 1:v2 ’ Icv3' R 1:vm—l ’ fVm ’ ft)

2.34. Definition: A sequence {f,};>, in fuzzy m-normed linear space S is said to be convergent to f, if given that
8>0, 6 €(0,1) and f >0 there exists appositive number M such that

F.(f,.f,.f f ..t —f,.f) < o forall m=M.

V12 7v22 V39009 Fym—1% T vm

that is im F, (f,,f ,,f 5., £, £ —f,.f) < & forall m>M.

vI2 V22 5v320 000 Syvm—1° Tvim

2.35. Definition: A sequence {f,.};2; in fuzzy m-normed linear space S is said to be Cauchy sequence if given
that 6 >0,and & in (0,1) and f>0 there exists appositive number M such that
Fy (fu1 ,f2 .43, .., fume1 ,fom —fye ,fi) <& for all m, £ >M.
Fy(f,ff s £, . —f,.f) < & for all m/>M.
that is ’}irileN(f f,.f fofm—f,.f) < o forall m,/>M.

v12Tv227v32t Y Sym-1°

2.36. Theorem: In a fuzzy m-normed linear space S, every convergent sequence is Cauchy sequence.

2.37. Definition: A fuzzy m-normed linear space S is said to be complete if every Cauchy sequence in S is
convergent.

3. MAIN RESULTS AND DISCUSSIONS:
3.1. Definition: Let Fy be a fuzzy right Gamma linear space over Fp a real valued function

l,...,I: FyX Fy —[0,00) is called fuzzy Gamma-2-normed linear space over Fp_ It is denoted by (Fv, Il.,....,. II). if
it satisfies the following properties for every fyi f2€Fv, fai, fwo, fis Fpand f, € Fr

() 1 £41 £ far, fi2 £f2 1=0 & fi1, fi2 linearly independent over Fp

(2) I £y fa1, fs (fo2 ff0)I= 5 11 £ far, fi2 fif2 |, for any f; €Fr

(3) I fu1 £y far, oo fifaa + fus £ T3l <1 £ £y far, foo Bfa I+ £ £ far, fus ffas |

3.2.Definition: Let Fy be a fuzzy right Gamma linear space over Fp a real valued function

l,...,l: FyX Fy X Fy...... X Fy (m-times)x[0,0) is called fuzzy right Gamma-m-normed linear space over Fp if
it satisfies the following properties , for any fii ,fi2,..., fum-1 fum €Fv ,fa1 fo fa3,. .. fam-1, fam €Fp and £, € Fr

(1) 11 £ far, f2 Bfa,.. o fma £ famo1, fom ffam 120 & £i1 ,fa,. .., fim-1 fum are linearly independent over Fp.
2) I £ £ far, f2 Bfao,.. . fomo1 £ fam-1, fum ffam 1=0, is invariant under any permutation of fyi ,fi2,...,fum1 fum .
(3) I fu1 £y far, 2 fifa2,. o fomet £ famet, fs (fom ffam) 1= £ | £1 £ fa1, B2 ffa,. .. fom-1 £y famet, fom ffam |,

for any f; €Fr

(@) | fur £ far, £z £fazs . Bomet £ famet, Fomt Fyfamt + fomz Ffama 1 < 1 f1 £ far, foa €8, o fomet £ Tamets fommt £ fami 141 £y
fy fdl, fv2 fyde,- . ~,fvm-1 fy fdm-l, fvm2 fyfdmz "

It is represented by (Fv, II......,. ll) likewise fuzzy left Gamma-m-normed linear space over Fp can be defined a
similar manner.

3.3.Definition: Over Fp let Fy be a fuzzy Gamma linear space a real valued function
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I,....,l: FyX Fy X Fy......... X Fy (m-times)x[0,0) is called fuzzy Gamma m-normed linear space over Fp ifit
is either fuzzy right Gamma-m-normed linear space over Fp or fuzzy left Gamma-m-normed linear space over
Fp

3.4. Definition: Let (Fy, I.,....,. lI) be a fuzzy Gamma-m-normed linear space and a sequence { f,. f, fq.}72; in
(Fv, II.,....,. ) is said to convergence to f; f,, fq € Fv if for every & >0 there exists appositive number M such that
Iy f«, fa1, fv2 fyfdz,. . fy fdr.l,fvrfyfdr —fv fy fd <&

SFo i fy W f —£.£6)1=0

That is Hm (6 £f B Faf, foe oo

Which implies that I (£,f, £, £, £, Tt Fugo o i, fas £ Fi) 1= L6

°*9 Tvr-1 dr—1> Fvry T dr

Where fvl, fy2 fv3,. . -,fvr-l, fyr and f, EFv ,fdl, fdz, fas,.. -,fdr-l, fdr, and fg€Fp , f«, € Fr
3.5. Definition: In a fuzzy Gamma-m-normed linear space (Fv, Il.,....,. 1) a

Sequence { f,, f, f4,}Z; is said to be Cauchy sequence if for every & >0 there exists appositive number M such

that I (£, € £, E o Fiy B oo B By s B £y — £, 6 ) 1< 6

di>*v2 vroysdr

Whenever r,0 >M. and it is represented by

lim I (£, £ £y, £, Fy,, €5 fgsn e By £ 0 L £ E £ — £ ) 1=

dli>*v2 d2>*v3 9 Tvr-1 vroy-dr
r,l—0

Where i, f,, v €EFv , {4, fqp , fa€Fp forr=1,2,3...... and f,€Fr

3.6. Definition: The fuzzy Gamma-m-normed linear space (Fv, Il......,.|l) is said to be complete if every Cauchy
sequence is convergent in it.

3.7. Definition: Let Ev be subset of fuzzy Gamma-m-normed linear space (Fv, I.,....,. ) and is said to be bounded
if there exists a positive real constant o such that

I(evi 1y far,eva £y fa,evs £y fas,. .. €t £y farr v £ fa) <o,
for all ey1 ,ev2 ,€v3,..., €vr1 ,€wr€ Ev, fdl, fd2, fa3,.. .,fdr-l, fdr, and fy €Fp and nyFr

3.8.Definition: Let (Fv, Il.,...... l) be a fuzzy Gamma-m- normed linear space for any (fyi f, fai, fi2 fyfa,....fom1
f«, fdm_1, fvm f«,fdm ) € Fv, then set {( fv1 fy fdl, fvz fyfdz, ---,fvm-l fy fdm_1, fvm fyfdm) (S FV /||( fv1 f«, fd1, fvz fyfdz,...,f\,m_1 fy
fam-1, fom fyfam - fuo £3fa0) I<po} is called an open ball center at fyo f,fqo with radius po and it is represented as

BpO(va fyfd0)= {( fv] fy fd]a fv2 fyde,- . -,fvm—l fy fdm—l, fvm fyfdm) € FV /"( fvl fy fdl, fv2 f"/fd23~ . ~sfvm—1 fy fdm—l:» fvm fyfdm - va
f,fa0) 1<po}

Similarly we can define a closed ball Bpo(fvo fyfdo)z {( fvl fy fd1, fvz fyfdz,. . .,fvm.1 fy fdm.l, fvm f«{fdm) EFV /”( fV1 f«{ fd1,
fv2 fyde, .. ~,fvm—1 fy fdm—l, fvm fyfdm - Ivo fyde) "SPO} Where fvl, fv2 fv3,~ ces fvm—l, fVm and fVO €Fy ,fdl, fd2, fd3,- . ~,fdm-l, fdm,
and fy € Fp and f, € Fr

3.9. Definition: In the fuzzy Gamma-m-normed linear space (Fv, |l.,....,. Il) a sequence { vr yfdr}:ozl is said to be

bounded or norm bounded if there is a constant 1o such that that I( fy; fY far, fv2 Bfa,. . forr £ faer, for Ha) IS M0,
for all fy; , fV]- SV EFy , fui, fd]- , fa€Fp for i,j=1,2,..r, and f,€ Fr

3.10. Remark: Every convergent sequence is Cauchy and norm bounded in the fuzzy Gamma-m-normed linear
space (Fv, II.,....,. D).

3.11.Theorem: Let (Fy, I.,....,. II) be a fuzzy Gamma-m-normed linear space and let {fvrfyfdr}:o=1 and

{ vr yf'dr} be two Cauchy sequences in (Fv, Il.,....,. ll) such that
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I( o1 £ far, B2 £Fans. o foret £ Fat, Bur Bifar ) 1o £ 5y
I(Fo1 £ Par, Fu2 £, oo Pt £ Part, P 500 ) 1> £y 4 , as r—oo.

Let {k,,};2; be a sequence in v where Kv is being the field of scalars be such that ky—ky as r—oo then the
following axioms holds:

(1) ”( fu1 fy fa1 =71 fy a1, f2 f«{ foo =172 fy fa,fs fy fas =73 fy fa3,....0u fy fat v fy f’dr) |— f, fy a7y fy P4, as

I—00

@) I fur £, far, fuz 6802, o Furt £ fart, kel fur £ )) 1= ko(fu 1), as r—o.
(3) Let {fvrfyfdr}::l and {f’vrfyf'dr}:o:1 be two Cauchy sequences in (Fv, I.,....,. ll) and {k,.};>; be a Cauchy
sequence in Fy then {fvrfyfdr + f’vrfyf’dr}oo , and {kvrfvrfyfdr}:o:1 are also Cauchy sequence in (Fy, Il.,....,. II).

r=

Proof: (1) Wehave  Limll (f,, £ £y, £ip £ o £ipun £y £ Fy £ £y —£,££) 1=0 and

yod32°t 0 Syvr—1 Ty dr—12 Tvroy T di

Hm I (F o F o e F o £ - £ F =0
Then which implies that

I CEf £y 8 7 £ Ey 267 E £, £ £ 20 F 0 L, 2 £ f £, —(££5£0 £,

vty dr taly vty vt

S LG 35 V0 % 6 PN 9 s PVRUURRS iR i JRPVS i i Rt i 8 B IR | (f'vlf'yf it f'dz,fﬂf'yf'd},,f

39000 Lyrotbytar-1o fyrty tar y

'Wlf'yf'dr,l,f'wf'yf‘dl_ -f’vf'yf'd) I1—0

asr — oo

Henceyl (£ £ £, £, £, £, £ £ 6 0, £6 £ 20,6 £y £,66, 20 EF I EEF + £ 6,
as r—oo,

(2) Given that ky,—kyo as r—o = |kyu-ky|—0, as r—oo then there exists a constant A such that |k <X for all r.
Now we consider I(fu1 fy fa1, fu2 fifa,. .., for1 £y far1, Ko fir fifar )- kvo(fy ofy0fao)) |

=I(fo1 £ far, fo2 Bfa,.. et £ far1, koo fir ffar)- ko £0 fofa0 )+ kv(fvo £rofao)- kvo(fv ofyofao ) |

S ||(fvl fy fdl, fv2 fyfd2,~ ~-,fvr»l fy fdr-l, kvr( fvr fyfdr' va fyOde)) ||+"(fvl fy fdl, fv2 fyfd2,~ . ~,fvr-l fy fdr-l, (kvr = VO)fV Ofyode )
I<kvl(fo1 £y a1, fi2 ffar,. . forn £ far1, for Bfa- fro fhofa0) M kar - kvol I(fu1 £y £, £2 £if,. . foer £ far1, £ ofyofao) 1<
M (o1 £y far, f2 £fa,.. for £ farr, for ffar o fhofa0) 1+

| kvr - kvo||| (fvl fy fdl, fvz fyfdz,. . -,fvr-l f«/ fdr_1, fv Of«/Ode ) ||—>0 , aS I'—00,
So I(fu1 £, far, fua Ffan, . Fort £ fart, Knl fur Ffar )) 1= kuo(Fy ofofao), as r—oo.

(3) We have {fvrfyfdr}:;l and {f’vrfyf'dr}:;l be two Cauchy sequences in (Fy, Il.,....,. II) then I( fi1 £ fai, fiz
£finyesFurnt £ Fars fur e - Fut £fa0) I 0, as 7, £ — o0 and

1Pt £, Pasy £z 6000 fvrt £ Part, Par fPar - Puc 5800 120 Las 7, £ = oo

Therefore I( fur f, fu+fui £, Par ,foa £y fio 002 £, Pz s £ fis +03 £y Pasanosfor fy o £ Far—(Fot £ fae 2000 £,
£a0)l

<I(fur £ far,fo2 Bfaz,. . Bt £ T, for Bfar - foe Bfa) IHI(Ev1 £ Par,fv2 a2, vt £y Car, o §ar - £y £ a) -0

,as r,f >

This implies that {fvrfyfdr + f'vrfyf'dr} , is Cauchy sequence in (Fy, Il........ Il).

r=
Since {Ky };2, be a Cauchy sequence of scalars in Fy the scalar field is complete and {k,};=, is convergent
sequence and hence {K, };>; is bounded.
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Also we consider | ( fi1 £, far,f2 fifa,.. Gt £ faen.kee (Br £ )- koo (Fe ££a0)) |

=1 fu1 £ fa, 62 fifaz,. . 6 £ far1, kee(for ffar )- kor (Foe ffa0)+ ke (fve ffa0)-kve (fve fyfae)) |
< 1 (fa £ faf2 B, o fo £ fam k(B fifar - foe fifa0)) 1+

IC o1 £ far,fv2 fifa2,. . et £ far1, (ko - ke )(Eve i fa0)) |

S'kvr| "(fvl fy fdl:,fvz fyfd2s- . ~9er-1 fy fdr-l, fvr fyfdr - fVE fyfdﬁ) IH'|kvr - kv£ | "( fv1 fy fd1>fV2 fyfd2>~ . ~,fvr-1 fy fdr-l, ,fvf fyfd[) ”_’07
asr,f » o

Since {k,}7=, is bounded and {fvrfyfdr}:ozlis norm bounded .
Hence {kvrfvrfyfdr}::l is a Cauchy sequence in (Fv, Il.,....,. ).
3.12. Remark: The norm function is continuous as it follows by 3.11.Theorem.

3.13. Definition: let Fy Gamma linear space over a field F. A fuzzy subset Fr of

Fv X Fy X...... X Fy Fv (m-times) X (-0,0) and the pair (Fv, Fr) is called fuzzy Gamma-m-normed linear
space and Fy X Fy X......... X Fy X Fy (m-times) X (-o0,00) is called as a fuzzy m-norm on Fy if and only if

(1) FF(fvl fy fdl:fvz fyde:- . ~afvm-1 fy fdm—lyfvm fyfdm ,ft)EO N for all ft [S ('OO,OO)~

(2) Fr(fvl fy fdl,fvz fyfdz,...,fvm_l fy fdm-l,fvm fyfdm ,ﬂ)=0 if and only if fvl fy fdl,fvz fyfdz,. . .,fvm.l fy fdm.l,fvm fyfdm arc
linearly dependent if for all f; > 0, and f; € (-00,00) .

(3) Fr(f1 1y far,fv2 fifa,. . ..fm-1 £ fam-1, fum fifam ,f) is invariant under any permutation of

fu1 £ far.f2 fifa,. . fomat £ fam-1, fom Bfam L fi

(4) Fr(fu f far, B2 Bfa,. . . fomo1 £ famo1, fo (fm £fam) ,£)= Fr(fu £ fa1, o2 Bfa,.. .fom1 £ fam-1, fom Gifam , %) where
fa €F.

(5) Fr(fui £y far,fo2 ffaz,. ., fome1 £ fam-1,fom1 Bfamit fumo fifama , fut fi2) = min{ Fr(f £ far,fio fifa,. ..

Sfomet £y famet,fomt ffam, ), Fr(fo £ fa, b2 ffa,. .., fma £ fam-1,fvm2 fifam2 , fi2)

(6) Fl"(fvlfyfdl’fvzfyde’ .. "fvm—lfyfdm—l’fvmfyfdm’ ft) is a left continuous and non-decreasing function of

fi (o0 such that I (8, Fu1, Fof, fios £a6, faso oo Fon o s o fams £ = 0

d3>+ o Lym-1tydm-1>

3.14. Example: Let (Fv, Il........ ) be a fuzzy Gamma-m- normed linear space. We define continuous t-norm AF
(f',)=11 .22, AF (f! ,£2)= min {f' ,f2}, for all ! ,£2 € [0,1].

[N P S e

vm-1

E.(f, ff,.f ff £ ff f ff ,f)= £ fimrs Fonf, T
R S T OO o JRUROOY S RO o Y

yodl2=v2 d22° 2 “vm-1"y " dm-1> " vm

then the set S={( Fv, F.(f, £ £, f,,f £, - £ f fo oo fans £/ (Bt £ fr, 2 i, fomt i i

1,fvm fyfam , fi) € FyM Y or the set is (Fv,Fr) a fuzzy Gamma-m-normed linear space.

Proof: (1) Obviously for every f; € (0,00)

1 CEf Fups £ e P B Fon, )

I(f £, f 08, £ ff f ff )20 vty dml>_vm_y”dm >
Pyidi ety a2 1y dm-1> oy (IR NG 0 S 0 ROUROS W 16 TS o 08 ||
S F (L Euf £ oooff F s Fonf s £)20.

(2) We have
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(£ f

yodl1

£f oo, B
£+ (6, £y Fof s Fy i By o Fnf F) T

vm-1

£ £ s o B |

m-1°"vm™ 7~ dm

vm-1"y dm-12 “vm™y

B (6,8 £ Tof £ oof s T s £) =0
S £ FrpsesFon o Fonf ) 10

o £y, fuf fp, oof

vm-1

£ fin 1> Lol Loy are linearly dependent if for all f; >0, and fi in (-o0,00) .

vm™ y

W CE s £f B o Fonnsf Fas P ) I

vm' y

(3) FF (fv]f;/fdl > fVnyde L "fVm—lf;/fdm—l 4 fvmf;/fdm 4 ft)

Rt 0 U S S o Y
0 (EE Ly E L f s f 6, £ £F, )
Bl Lo Pl o Eonl P ) = F (6,6 £y T Fipveevs £ Fos Fon £ s £) = 0evne50 O,

TR (B E Eof Fyp Eon o fon £ B )

vm™ y~dm > vm-1
This proves that FF (fvlfyfdl’ fVnyfd29 ....fvm_lf},fdm_l, fvmfyfdm, ft) is invariant under any permutation of
£ fas Tt fs oo s Tl L
(4) Now we assume that LHS

" (fvlfyfdl’fVnyf(ﬁ" . "fvm—lfyfdm—lJkA(fvmfyfdm)) "
LRGN 5 TS S 6 PR (SR % SR QN (i85 o9 ) |

FF (fvlfyfdl 4 vaf;/fd2 2000 fVm—lf}/fdm—l 7kA (fvmfyfdm )7 fl) =

yodl» vm-—1
_ Ky I CEE fy £of fse o o s (B £ | _ I CEE fys £of £ o fo i Fgns (B f F)
ft + kA I (fvlfyfdl ’vafyfdl" : "fvmflfyfdm—l ’(fvmfyfdm) I kft|+ I (fvlfyfdl’fVZf}/de" : "fvm—lfyfdm—l’(fvmf}/fdm) I
A
:Fr(fv1 fy fd1, fvz fyfdz, ........... fvm-l fy fdm-l, fvm fyfdm N %) . where kA in =RHS

(5) Without loss of generality we consider that

f

vml

FF(fvl f'y fdl,fvz fyfd2, ------ ,fvm—l fy fdm—l, fvml fyfdml 5 fs)S FF(fvl fy fdl, f\/2 fyfd2,~ . ~,fvm—1 fy fdm—l, fvm2 f‘yfdmZ 5 ft)
(NG 5 5

P vmflf}/fd f;/fdml) " < ” (fvlf}/fdl 4 fv2f7fd2’ c "fvm—lf;/fdm—l > fvmzf;/fdmZ) "
L0 0% U5 PO 9% 6 VSRS N 6 FTRYS SV i oD ) | ol (Eof £ £ fags - oo Fumms s o fam) |

'm—12

dm-1° "~ vml

SN Ay T Fase oo o i€ Tt T, Fam) (£, 6 s £ i s Eonal Fan) 1D

dm-1° “vml
S" (fvlf;/fdl s fv2fyfd2 EAR fvm—lfyfdm—l 4 fVme}/fdmZ) " (fs + " (fvlfyfdl ’ fVnyde’ cee fvm—lfyfdm—l 4 fvmlf}/fdml) ")

(4 £l Fipoes F o

> “vm-1"y dm-1° ~vml

£ L) NS T £ Tof fps o £ i E F s Bl fan) 1

v

S Ly Fof foee o Fonsf, B Pt Fan) | =E5 W CEE B Foaf Fase oo Fon i s Fua Fan) 1.0

dl>*v2 d2°°° > “vm-1 dm-1° “vml
£ Fy s Funa o) =6 1 B o B ot B s Fot B ) 12 0. (1)

Consider again without loss of generality Fr(fui f; fai,f2 fifa,....fm1 £ fam1, fomi Gfamit fome ffamo, ft)-
Fr(fuifyfa,fafyfa,. . .o fom-1, B fam-1, fvmi fy fam1,fs)=

vm—1

e LGN R o o Ve

" (fvlf;/fdl > fVZf}/de 2000 fvm—lf}/fdm—l > fvmlf}/fdml +f\/me}/fdmZ) " _ " (fv]fyfdl 4 fVnyde 20y fvm—lf}/fdm—l 4 fvm]fjvfdml ) "
fs +ft + " (fvlfyfdl ’ vafyde 2t fvm—lfyfdm—l 2 fvmlfyfdml + fvafyfdmZ) " fs + " (fvlfyfdl’ fVnyde’ Tt fvm—lfyfdm—l 4 fvmlfyfdml) "
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f

vml|

[NCEE R N
£ ff, f

vm-1"y " dm-1°

fvfdmfl 4 f

7 vml

£ L) N AT+ I (ELE £ Eof £ f

vml™y

£ £y +Foaf ) D E T £y £f £y

yrd Ty fyfd

£ Fof i+ Fonaf Fi) )

vm-11 7 dm-12 fyfdml)")_ I (fvlfyfdl’f»'Zf;/de’“

vm-1 vml| vm2"y~dm2

*y

(fx+ ” (fvlfyfdl’ f\2fyfd2" * fvm—lfyfdmfl’fvmlf;/fdml) " )[(fs +ft)+ " (fvlf,vfdl’ f\/2f~/fd2"' " fvm—lf;/fdm—l’fvmlfyfdml + f»mlfyfdm2) "]
& fs ” (fv]fyfd]’ fvzfyde"' "fwmf]fyfdm—l’f»m2fvfdm2) ” _ft ” (fvlfyfd]’f\/nyde" '"fvm—lf;/fdmf]’fvmlf,vfdml) " >0
(fs+ " (fvlfyfdl’ fv2fyfd2’""fvm—lf;/fdmfl’fmlfyfdml) " )[(f\+f‘)+ ” (fvlfydefV f,vde’""fxm—lfyfdmfl’fvmlf;/fdml + fvafyfdm2) "]
" (fv]fyfdl 4 fv2f}/fd2 20t fvm—] fyfdm—] 4 fvm]f;/fdml +fvm2f}/fdm2) " _ " (fvlfyfd] s fVnyde’ ot fvm—lf;/fdm—l > fvmlf;/fdm] ) "
fx +ft + " (fvlfyfdl 4 fv fyde’ tee fvm—lf;/fdm—l 4 fvmlfyfdml + fvafyfdmZ) " f.y + " (fvlf;/fdl 4 fVnyde""’ fvm—lf;/fdm—l 4 fvmlf;/fdml) " -
o " (fvlfyfdl’fVnyde" ) "fvm—lfyfdm—l’fvmlfyfdm]+f\m2fyfdm2) " > " (fv]fyfd]’fv2fyfd2""’fvmflfyfdm—]’fvmlfyfdml) "
fs +ft+ " (fvlfyfdl’fVnyde""’fvm—lfyfdm—l’fvmlfyfdml + fvaf;/fdmZ) " f\+ " (fv]fyfdl’vafyde""ﬁfvm—lfyfdm—l’fvmlfyfdml) "

z>Fl"(fvl fy fdl,fVZ fyde,n,fvm-l fy fdm-l, fvml fyfdml+ fvm2 fyfdmZ s fs+ ft)z FF(fvl fy fdl, fv2 fyfd2,~ . ~,fvm-1 fy fdm-l, fvml fyfdml,
£) o )

From (1) and (2) we obtain

FF(fvl fy fdl:fvz f"/fd23"-’fVm—1 fy fdm—ly fvml fyfdml"" fvm2 fyfdm2 5 fs+ ft) > mll’l{ FF(fvl f'y fdl, fv2 fyfd2,~- -,fvm—l fy fdm—lafvml
fyfdml, fs), F1"(fvl fy fdl, fVZ fyde,- . »,fvm-l fy fdm-l,fva fyfdm2 s ft) }

Fof B Bt Fanis Fonal

dm-1> “vm~y dm?>

f).

is a left continuous and non-decreasing function of f; in (-o0,00) such that

1im B (F, £ Fys £ fioeeeoe-Fonsf, Fans funf Fams £

vm-1 m-1°> “vm~y dm?

(6) We have clearly F.(f,,f f,

d1»

W CE o B ol Faseos o i s o, Fa)

dl> “v2 d22° > "vm—1"y dm-1° “vm

1m =
> o (6,8 By Fof B oo Fan s Fun £y

d1> *v2 d2o° > vm-1 dm-1°"vm

3.15.Definition: Let (Fyv,Fr)be the fuzzy Gamma-m-normed linear space , a sequence {fvrfyfdr}::l in (Fv,Fr) is

convergent to f, f,fy if for every 8 in (0,1) and f; in (0,0) there exists appositive number M such that

Bo(F o f £, 0 Lo Fy i By 6 £y = £,6,6,,£) <8, forallr >M

viytdo Tt

= T EL (£, £y £ Fipyeo o Fy o B Fy = £ 6,F) =0

vr=1"y S dr=12 Svr Tyt dr viytdoTt
3.16.Definition: Let (Fv,Fr) be the fuzzy Gamma-m-normed linear space , a sequence {fvrfyfdr}::l in ((Fv,Fr)is

said to be Cauchy sequence if for every d is in (0,1) and f,€(0,0) there exists appositive number M such that
Fr(fwfyfd],fvzfyfdz,. . .,fvr_1fyfdr_|,fvr fyfdr- fvg fyfdg N ﬂ)<5 ,fOI‘ all T ,EEM .
That is rlérﬁr; Fr(fvlf;/fdl’fVZf;/de" .t fyfd f.ff, - fvgfyfdl, f)=0

vr—1 r—1° vty

3.17. Definition: A fuzzy Gamma-m-normed linear space (Fv,Fr)is said to be complete if every Cauchy sequence
in (Fv,Fr)is convergence sequence .

3.18. Theorem: Let (Fv,Fr) be the fuzzy Gamma-m-normed linear space and let {fvrfyfdr}:o:1 be a sequence in it

then

(1) A sequence {fvrfyfdr}

f,fa,£)—0, as r —oo.

convergence to f, fifg if and only if Fr(fiifyfar,fiofyfa,. .. foify o, fufi fa-ty

[ee)
r=1

(2) Every convergence sequence is a Cauchy sequence in (Fv,Fr).
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Proof: Suppose a sequence{fvrfyfdr}:o:1 convergence to f,f,fy if fix fi> O,then for any given &in (0,1) there

is a positive integer r > M, such that

F(f,f, £, £,0f, fof £y o T £ — LE£,f) <5, forallr >M

d1> = v2 2209 Fr-l dr=1> Svrtytdr viyrdoTt

= B (£, Fuo Bl £ fuf o T By — .6 £1,8) 0, a5 1 o0,

yod1 vr-1 1% Svrtytdr viyd
that is limFr(fvlfyfdl,fvzfyf&,...,fvrflfyfdrfl,fvrfyfdr,ft) = fvfyfd
r—%
Conversely if for each f,€(0,00) Fr(fiifyfar,fuafyfar, . . ., fe1fyfar1, b fifar £ £,4,£)—0, as  r —oo then for every & in
(0,1)there exists positive integer =M, such that Fr(fyif,fa1,fofyfa,. . ., fora f a1, for fifa- £ ££0,£)<6 , for all r =M,
Hence a sequence {fvrfyfdr}::l is convergence to f, f,fg in (Fv,Fr)
is convergence in (Fv,Fr) and if it is convergence to f,f,fy. Let f; in (0,00)

[oe]
r=1

(2) Suppose a sequence{fvrfyfdr}

and 0< & <1 then we choose & is in (0,1)such that § AF 3<& , since {fvrfyfdr}io:1 is convergence to f, f;fy

Which implies that there exists positive integer r > M, such that

yrdldTv2 O vr—1Tydr=12 Svr T dr

B (£, s £ B oo oo B o Fof B — fvfyfd,%)<5, forallr >M,

We consider that

B (F,F £y £ B oo B o B B By — £F £y, £)

yrdldTv2 e Svr—1Tytdr-10 Tvr V4

= Fr(fvlf f, . f fyfdzn' f ff fff - fvf}/fg1 + fvfyfd _ fvzfyfdg; ft ;‘ft)

yodl> Tv2 vty tdr-10 Tvrt o d

S vr=1"yTdr=12 Tvrt ytdr S Svr—1Tydr-10 STy Td

<R (B By of B By f Fy o £ F F —fvfyfd,%)AFFT(fvlfyfdl,fvzfyfdz,. T O VR A O o

< A'S
<g,dforallr,/>M

Therefore {fvrfyfdr}:ozlis a cauchy sequence in (Fv,Fr).
3.19. Remark: The following examples 3.21.Example and 3.22.Example shows that there may exist cauchy
sequence in the fuzzy Gamma-m-normed linear space (Fv,Fr) which is not convergent.

3.20. Remark: For the following examples 3.21.Example and 3.22.Example consider a fuzzy Gamma-m-
normed linear space (Fv,Fr)as in previous 3.14. Example.
3.21.Example: Let (Fv,Fr)be the fuzzy Gamma-m-normed linear space , a sequence {fvrfyfdr}:l in (Fy,Fr) then
a sequence {fvrfyfdr}:o:1 is a convergence in(Fv,Fr) a sequence {fvrfyfdr}:ozlis a convergence in(Fv, |.,.,. II)
Proof: We have a sequence {fvrfyfdr}:lis also a convergence in (Fv ,Fr)

vliTytdle Tv2 d2>v3 d32° > Fyr—1Ty dr—1° Tvroy T dr

B E(F, £ £y Fyf By T s oo T i B s Furf Far = £ £ F) = 0
I E £y Foaf B By f B Fof £ 6 £

°*9 Svr—1 r—1° " vr

< lim
oo f 4| (£, F, £, Tof £

vm—lf}/fdr—l ’ fvrfyfdr _fvfyfd) "
< lim |l (fvlfyfdl’fVZf;/de" . ..,fvr_lfyfdr_l,fvrfyfdr—fvfyfd) =0
Hence a sequence {fvrfyfdr}::lis a convergence in (Fy, Il.,....,. ).
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oo . .
Conversely we have a sequence {fvrfyfdr}rzlls a convergence in (Fv, I.,....,. )

S lml (F, £, Fuf £ oy £y Fuf Fy-£LF £ 120

I (E £y Foof Fipoenon .

vr—1

i £ £y f Fyef £ £ I
>0 £ (F,F £y Fof £l

vm—lfyfdr—l ’ fvlrf;/fdr _fvfyfd ) "
B E, (£, £ Fy, £ of £ Fuaf Sy oo Fusf £y Buf By — 6 £5,£) =0

1°7v2 2°7v3 d32° 2 “vr-1 dr—1° “vrry T dr

Hence a sequence {fvrfyfdr}:ozlis also a convergence in (Fv, Fr).
3.22.Example: Let (Fv,Fr)be the fuzzy Gamma-m-normed linear space , a sequence {fvrfyfdr}::l in (Fv,Fr)then

a sequence {fy,f,fy, }

:°=1 is a Cauchy sequence in(Fv,Fr) a sequence {fvrfyfdr}:ozlis a Cauchy sequence in

(Fv, Ilyeeensa ).

Proof: Suppose a sequence {fvrfyfdr}:ozlis a Cauchy sequencein (Fv,Fr)

rl,}ir!o Fl' (fvlfyfdl > fVZf}/de LA fvr—lf;/fdr—l > fVrfyfdr - fvlf}/fd,@ > ft) =0
PR o o 8 PO 5 N o o P e ¢ WO LI
o £l (E By ol By oo o o Forl By = Fuef, F) I

yodl» vm-1 r—1% “vry

im I (£, £y £ oo Fo o Fy o £ £y — £ £,) =0

Py ydl> S tvr—1Ty T dr-12 Tvrty
°)
T

Hence a sequence {fvrfyfdr} zlis a Cauchy sequence in (Fy, I.,....,. ).

Conversely we prove that a sequence {fvrfyfdr} is a Cauchy sequence in (Fv,Fr) when it is a Cauchy sequence

oo
r=1

in (Fy, Il.,....,. Il) if for every & >0 there exists appositive number M suchthat

Sl L L, £, f £ f fy o 0,0 —T,0,f,) I< e, wheneverr,/ >M

d22° > Fyr-1"pdr-12 Tvrt T dr
- LCR 3 7005 18 PO o o J i s o 8 o)
TR NS0T S S O SUNO S R O o S S o R |
& [Fe (B, £y £ £y B By o £ £y = £,8,F, £)] < &, wheneverr, £ > M

©t Tvr-1 dr—12 “vr-y~dr

<&, wheneverr,/ >M

Hence a sequence {fvrfyfdr} is a Cauchy sequence in (Fy,Fr).

r=1
3.23.Theorem: In a fuzzy Gamma-m-normed linear space (Fv,Fr),every Cauchy sequence has a convergent sub-
sequence is complete.

Proof: Let (Fv,Fr) be the fuzzy Gamma-m-normed linear space and let a sequence {fvrfyfdr}:o:1 is a Cauchy

sequence in (Fy,Fr).

Let {fvrffyfdrf}:ozlbe a subsequence of {fvrfyfdr}:ozl and it is convergence to f, f, fy .now we need to prove that
the sequence {fvrfyi’dr}:o=1 is convergence to f, f, fy , for this let &in (0,1) and f;€(0,%0), choose § is in (0,1)such
that § AFé<¢ .

Given that a sequence {fvrfyfdr}:lis a Cauchy sequence in (Fv,Fr)that is if for every € in (0,1) and f;€(0,00)
there exists appositive number M such that Fr(fiiffar,fvofyfar,. . . forifyfar1,for ffa- foo fifae , )<, for all r ,€ >M.
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We have the sub-sequence {fvrffyfdrf}::lis also convergent to f, f, fy, there exists a r,0 >M such that

Fr(fv1fyfd1,fvzfyfdz,. . .,fvr.1fyfdr.1, fvc fyfdg -fv fy fd, %ft)<8 for all r ,fEM.

NOW FF(fvlfyde,fVnyde, ‘e ,fvr-lfyfdr-l, fvf, fyfdf, 'fv fy fd, ft) :Fr(fvlfyfdl,fVnyde, e ,fvr-lfyfdr-b fvl’, fyfdl’,'
£, f, fq ,%fﬂr%ft)gFr(fvlfyfdl,fvzfyfdz,. bt fyfarn ey fafy £, £ ,%ft)AF Fr(fufyfafoofyfa,. . fuifyfas, fo ffac £, £ fa
)<8 AFB<e

Therefore a sequence {fvrfyfdr}:ozlis convergence to f; f, fg in (Fv,Fr)

Hence it is complete.
4. Discussion and Conclusion

In this research paper, we convicted the concept of fuzzy gamma ring, fuzzy gamma vector space and
using this also introduced the notion of fuzzy Gamma m-normed linear space and produced a detailed axioms
with theory of fuzzy n-normed linear space. In fuzzy Gamma m-normed linear space obtained some results on
cauchy and convergence sequence. Also provided theorems of completeness sequence and Cauchy sequence in
fuzzy Gamma m-normed linear space. This work can be extended to Banach fuzzy gamma linear space by
introducing the concepts of completeness in fuzzy Gamma m-normed linear space.
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