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Abstract: This paper introduces the conception of fuzzy gamma-m-normed linear space in accordance with the
theory of fuzzy n-normed linear space and it is proved that in a finite dimensional fuzzy gamma m-normed linear
space, fuzzy m-normed linear spaces are the same, up to the fuzzy norm equivalence. Also the paper introduces
fuzzy gamma-2-normed linear spaces, fuzzy right gamma-m-normed linear spaces and its properties and fuzzy
gamma-m-normed linear space which can be analyzed by using the fuzzy n-normed linear space. The paper uses
an applications with examples for algebraic operations of fuzzy set theory. The most important concepts fuzzy
gamma ring, fuzzy gamma divison ring, fuzzy gamma vector space, fuzzy gamma ring have already been
introduced. Using these concepts. Using these concepts it initiated the fuzzy Gamma-m-normed linear space and
suggested a theorem for the gamma norm function which is continuous. So far the earlier research has been done
in the general t-norm in a fuzzy n-normed linear space and proven that if t-norm is chosen other than “minimum”
then the decomposition theorem of a fuzzy norm into a family of crisp norms may not hold. The paper identified
completeness of fuzzy gamma m-normed linear space and constructed a norm function and satisfies the axioms
of it fuzzy gamma m-normed linear space and additionally provided an example with proof in which a sequence
is a Cauchy sequence and converges sequence in fuzzy gamma m-normed linear space if and only if it is Cauchy
sequence and Convergence sequence in completeness of fuzzy gamma m-normed linear space. This paper
originates the notion of completeness, and produces some results on it in fuzzy Gamma-m-normed linear space.
Also a necessary condition and theorem for completeness of a sequence in fuzzy gamma m-normed linear space
is suggested.

Keywords: fuzzy gamma ring, fuzzy division ring, fuzzy gamma vector space, fuzzy gamma linear space,
fuzzy gamma normed linear space, fuzzy Gamma-2-normed linear space, fuzzy right gamma-m-normed linear
space,

1. Introduction:

In 1987 the notion of a Gamma-ring which is more generalization than a ring was introduced by
N.Nobusawa[1],and W.E.Barnes was developed the concepts in gamma-ring such as prime and primary ideals,
gamma homomorphism’s. after that many mathematicians determined the some interesting results on gamma-ring
in accordance with concepts of Barnes and Nobusawa.[2] Gahler was introduced the theory of 2-norm,n-norm
on a linear space[3] Bag and Samantha [4] introduced the notion of fuzzy norm on a linear space subsequently
theory of fuzzy norm on a linear space[5,6,7]. First time A.K.Katsaras[8,9] introduced the concept of fuzzy
normed linear space. M.Demirci [10,11] interposed the notion of fuzzy equality and smooth group by using fuzzy
binary operations. The Fuzzy n-normed linear space introduced by AL.Narayanan and S.Vijayabalaji
[12,13,14,15,16] and Reddy, B. S.[17,18] proposed the concept of Fuzzy anti n-normed linear space and provide
some results convergence sequence and Cauchy sequence in fuzzy anti n-normed linear space. The notion of n-
normed left gamma-linear space is convection by S Kalaiselvan and S.Shivaramakrishnan [19]. All the authors
inspired by Lotfi A. Zadeh [20] in his fuzzy set theory.

Motivated by the previously mentioned theory, we present the concept of fuzzy gamma-m-normed linear spaces,
denoting the convergent and cauchy sequence within these spaces. Additionally, we confirmed a few of the
findings.
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2. PRILIMANARIES:

2.1. Definition: An illustration of the degree to which each input contributes is provided by the characteristic
function. Every processed input is assigned a weight, the functional overlap between the inputs is defined, and to
ascertain their impact on the fuzzy output sets of the final output conclusion, the rules employ the input
membership values as weight factors. A function that meets our needs for ease of use, speed, simplicity, and
efficiency can be defined as an arbitrary curve whose shape we can describe. This function is then defuzzed into
a crisp output that powers the system. In the continuous unit interval [0,1], where the end point values "0" and "1"
denote different degrees of membership, Professor Zadeh expanded the concept of binary membership.

2.2. Definition: Fuzzy sets theory is an extension of classical set theory and elements have varying degree of
membership a logic based on two truth values. If U is the universe of discourse, a set F is said to be fuzzy set in
F if there exists a function  p: F —[0,1] and it is denoted by a set of ordered pairs as F={(«, p(«)) / « €U }

2.3. Definition: Suppose U is a discrete and finite universe of discourse the fuzzy set F is written as
F=p (v lurtp (wa)wrtp (ua)lust....... =>u m (w)={(we, P(ue)) f uc €U }
F

2.4 .Definition: Suppose U is a continuous and finite universe of discourse the fuzzy set F is written
asF:f[U ug(2e,) ,here the summation and integration signs indicate the collection of all elements 4« in the universe
of discourse U along with their associated membership values (1)

2.5.Example:U={H'=Finland,H?>=Luxembourg,H3=Thailad,H*=India,H>=Turkiya,H5=Ukraine,H’=Zimbabwe,H
8=Afghanistan } is the universe of discourse of all countries then

(i) Let fuzzy set Fi represents “Ranking in the World Happiness Report” if fuzzy set represented as Fi
={(Finland,1.00), (Luxebourg,0.94),(Thailad,0.60),(India,0.14),(Tukiya,0.33),(Ukraine,0.29),(Zimbabwe,0.07),
(Afghanistan , 0.00) } or Fy ={( H?, 1.00), (H?, 0.94), (H?3, 0.60), (H* 0.14), (H5, 0.33), (H®, 0.29), (H’, 0.07),
(H®,0.00) } also it can be represented in summation form

F1=1.00/Finland+ 0.94/Luxembourg + 0.60Thailad + 0.14/India + 0.33Turkiya
+ 0..29/Ukraine+0.07/Zimbabwe+0.00/Afghanistan Or
F1 =1.00/ H'+0.94/ H? + 0.60/ H3+ 0.14/ H* + 0.33/ H5 + 0.29/ H%+ 0.07/ H” +0.00/ H®

(ii) Let fuzzy set F, represents “Ranking in the Human Development Report ” then the fuzzy set represented as
F={(Finland, 0.99), (Luxembourg, 0.89),( Thailad, 0.82),(India, 0.30), (Turkiya, 0.76), (Ukraine, 0.48),
(Zimbabwe, 0.17), (Afghanistan , 0.05) } =={( H%, 0.99), (H? 0.89), (H?3, 0.82), (H* 0.30), (H®, 0.76),

(H8, 0.48), (H’, 017), (H%0.05) } also it can be represented in summation form
F»=0.99/Finland+0.89/Luxembourg + 0.82/ Thailad + 0.30/India + 0.76/ Turkiya

+ 0.48/Ukraine+0.17/Zimbabwe +0.05/Afghanistan
=0.99/ H'+0.89/ H? + 0.82/ H3+ 0.30/ H* + 0.76/ H® + 0.48/ HS+ 0.17/ H” +0.05/ H®

2.6. Definition: If U is the universe of discourse, a set Fiand F; fuzzy sets with characteristic functions p_, ()
and p_,(u) respectively the fuzzy set operations are defined as given bellow

(1) Union: the union of two fuzzy sets Fiand F» is defined as

Hrrur2 ()7 My (10) V g (ae)y=mad i (1), 1 (u0) 3, Tor all w €U

(2) Intersection: the intersection of two fuzzy sets Fiand F- is defined as for all « € ,
Hrinrz ()= Hey(10) A pg(w)=min { g (w) , U, (w) }

ompliment: the compliment of F is denoted by F* and it is defined as p_c(«)=1- 1 _(2
(3)C li h li fFisd d by FC and it is defined co(u) ()
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(4) Algebraic Sum: the sum of the two fuzzy sets p_ () , P, (w) is P, (w) +1,(w) itis defined as

Hrirrz () = Wy (w) + U, (0)- B () M, (1)

(5)Algebraic Product: The product of the two fuzzy sets is p_ (). L, () it is defined as

trirz (W)= Mg, (1) K, (w)

(6) Bounded Sum : the bounded sum of the two fuzzy sets P (u) , () is W (), («) it is defined as
trierz (W)= min {1, p () + p, (1)}

(7) Bounded difference: the bounded difference © of the two fuzzy sets p_, (u) , P (w) is P, (w) OY,(w) itis

defined as pp;or, (w)= max{0, p,(u) - K, (u)}

Table -1. Outcomes of the operations on fuzzy sets.

Hl H2 H3 H4 H5 H6 H7 H8

lrors | 100 | 094 | 0.82 | 030 | 0.76 |0.48 |0.17 | 0.05

Urinrs | 099 |0.89 |0.60 |0.14 | 033 | 029 | 007 |0.00

e, 0.00 | 0.06 | 0.18 0.70 | 0.24 | 052 |0.83 |0.95

lriers | 1.00 | 0.99 [ 0928 [0.39 | 083 |0.63 |0.22 |0.05

Urira | 0.99 | 0.83 | 049 |0.04 | 025 | 013 | 0.01 | 0.00

Upigrz | 1.00 | 1.00 | 1.00 |0.44 [1.00 | 0.77 | 0.24 | 0.05

Uriorz | 0.01 | 0.05 | 0.22 0.16 | 043 | 0.18 | 0.10 | 0.05

2.7.Definition: Let F¢ be any group and mapping Uec : Fc —[0,1]is called fuzzy subgroup

if forall f,1, f,2€ Fg

(1) b - f2) =min L (F0) M (F2) 3

(2) Meg((F2) )= g(F)

(3) Let f e be the identity element of fuzzy group Fg such that uFG((f,,)s Heg(Foe) for all f,€ Fo
2.8.Definition: Let Fris fuzzy additive abelian group, and Fr be any additive group the mapping

Z g Fr X Fr xFr — Frand it is defined as  Zx(fr1, f,,fr2)= fr1.f,.f2  such that Fgis called as fuzzy Gamma
ring if it satisfies the following properties let for any fr1, f2 fr3, EFrand f,; fo and f, € Fr

(1) Za(Fra+fra, by, r3) = Za(fra, T, 82)+ Za(fr2, Ty ,Fr3)
(2)Z (1, By 14812, 52)=Z e(Fr1, By 1, Fr2) + Za(Fr1, 12, Fi-2)
(3) Za(fr, Ty, frotfirs) = Za(fry, Ty Fr2)+ Zo(fra, Ty Fi3)
(4) Za((Fr1, F1,8r2), T2, Fr3) = Za(frra, Ty, (Fr2, Ty, F3))

2.9.Definition: Let ngy be any non-empty fuzzy sub set of fuzzy Gamma ring Fr is said to be fuzzy left ideal
of Fr if it satisfies the following properties as fuzzy Gamma if for all

fr1, fro T3, €EFr and f,€ Frsuch that

(1) Hag(fri-fr2) Zmin{ugy(fr1), Hogfr2) }
(ll) l.lzg(frz +fr1' f4'*2) = Hzg(fml)
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(iii)ugg(ffzf«,(ffﬁ‘ffs)-ffz f«/f4"3) = Hy’;{(frl)

2.10. Definition: Let (Fv,+, X) is a vector space over a field v and mapping pwv: Fv —[0,1] is a fuzzy set of Fv
is said to be fuzzy vector subspace of Kv if it satisfies the following properties for all f»1, f»o €Fv and £. € Kv

(1) ufor, foz ) Zmin { po(for), uv(fez ) }

(2) W((fer)?) = pv(for)

) H(#w fo1) = pv(fen)

2.11.Definition: If pv: Fy —[0,1] isa fuzzy vector subspace of Fv over a field Kv if and only if
W (#vifer,+ £oofor ) =min { po(for), pv(fe2) 3 for all foq, fo2 € Fy and for all o1, £02 € Kv

2.12. Definition: If the fuzzy Gamma-ring and Fp have an identity element and just one non-zero ideal, then they
are referred to as division fuzzy Gamma-rings.

2.13. Definition: Let Fv is fuzzy vector space if f,,( )=V for all me .« then a mapping II.,.I: Fv — [0,1] is
said to be a fuzzy norm on the soft vector space Fv if |I.,.I| is satisfies the following properties

) Il 1= 0, for all £, € Fv

@) Il fr 1 =0 &F,; =0

B) Il . foull=| o] Il f11l, for all £,; € Fv and for every soft scalar 4. €Xv
DN for + Foall <Ufoy I+If2 0, forall f7 \firo€ Fv

The fuzzy vector space F with fuzzy norm |I.,.Il on Fv is said to be a fuzzy normed linear space and is denoted by
(Fv II.,.Il, 4. (1),(2),(3) and (4) are called to be fuzzy norm axiom .

2.14. Definition: Let Fp be a fuzzy division Gamma-ring possessing identification land let (Fv,+) be a fuzzy
abelian group. and the  function Zv :Fpx Frx Fv — Fv and it is defined as Zv(fy, f,,fa) = fv. f,.fa then Fv is
called as a right fuzzy Gamma-vector space over Fp if the following properties holds for every fy1, fv2 € Fy, far,
fi» € Fp and fyl ,fyz and fy € Fr

(Fy 'Vl) (fv1+ va, fyafdl) = Z(fV17 fyyfdl)'l' ZV(fV2| fy:fdl)
(Fy 'Vz) (fvl,fy yfdl yde) = Z(fV17 fy 7fd1)+ ZV(va fy fdz)
(Fy-V3) (fur, fy1,Ta, f12,f02)) = Z((Fur, F1,fan,), Fo.fa2)

(Fy-V* (fu, fy,1) = fia, for some f, €Fr, the elements f,1, fi2 are called fuzzy vectors in Fv, fa, fo2 are called fuzzy
scalars in Fp.

2.15.Definition: The unit closed interval [0, 1] and I; be any closed sub-interval of [0,1] and is defined by
Ii=[If I T where 0< Iy < If* <1 suppose C[0,1] be the set of all closed sub interval of [0,1]

thatis C[0,1]={ I/ li=[If If*], Ir, <" and Iy ,If* €[0,1]}

2.16.Definition: Consider F be any set and a mapping F':F—(C[0,1] and the set is represented as

{F'(H= [F-(f) ,F*(H) F- ,F™ are fuzzy subsets of F ,F(f) < F"(f), for all f € F } and this set is also called as
interval-valued fuzzy subset of F.

2.17. Definition Let (Fv,+,X) is a vector space over a field v with dimension m and p is a fuzzy subset of Fv
such that Hv(kvl fvl,+ Rov2 f4r2) >min { p-V(fvl)y |J-V(fv2) } y for all fvl, vaE Fv and for all &Ul, fvy €Ky

2.18. Definition: Let AF be a binary operation and is mapping from [0,1]x[0,1] to [0,1]

that is AF :[0,1]x[0,1] —[0,1] is said to be continuous triangular-norm or t-norm if it satisfies the following
axioms

(i)AF is associative and commutative
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That is for every ' 2, f € [0,1] such that AF ((f* ), %)= AF (f* (%, %)) and

AT (f1 )= AF (f2 1)

(i) AF is continuous

(iii) AF (1 ,1)= f for all f € [0,1]

(iv) AF (f ,f2) < AF (P ) whenever f! <f®and f2) <f*, forall f! ,f2,f f*e [0,1]

2.19. Example: We have two examples of continuous t-norm AF (f! ,f2)=f .f2 AT (f! ,f2)= min {f! ,f2}.
2.20.Remark: For any f! ,f2 € (0,1) with f! > f? there exists f* ,f*€ (0,1) such that AF (f* ,f3) > f2 and
for any f* € (0,1) there exists f° ,f € (0,1) such that A" (f° ,f6) > f*, AF (f* ) > 2

2.21. Definition: Let F linear space over a fuzzy field F a real valued function |I,...,I: FL X F_ —[0,1] and it
satisfies the following properties

(1) v vi2l=0 if and only vy1, vi2 are linearly independent over F.

(2) ||Vr1,Vr2||:||Vr2,Vr1||

(3) ||Vr1,er2||:k||Vr1,Vr2||

(4) e viot visl < v vl + vy visl

Is called the soft m-norm on F_ and the pair (Fy, I..,. 1) is called the fuzzy 2-normed linear space.
2.22. Definition: Let Fr be a real vector space over with dimension m over a field F a real valued
function I.,...,.I: Fx —[0,1] and it satisfies the following properties

(1) i viz, vi3,...,Vim-1, viml= 0, if and only if vi1 vi2, Vi3,...,Vim-1, vim are linearly independent over F.
(2) Vi1 vi2, Vi3,. . .,Vim-1, Viml is invariant under any permutation.

(3) lviaviz,via . . .,vim-1, kviml=klvi1 vi2, Vi3 ,...,Vim-1, Viml

(4) ”Vrl,Vrz, Vi3 ,...,Vrm-1, Vim+ V’r "S "Vrl,Vrz, Vr3,...,Vrm-1, Vrm"+"Vr]_,Vr2, Vi3,...,Vrm-1, V’rm" |S Ca.”ed the m-norm on FLF\
and the pair (Fg, I.,....,. 1) is called the m-normed linear space.

2.23.Definition : Let Fy be a linear space in a field F,Fuzzy m-normed linear space is defined as a fuzzy subset
Fa of Fy X Fy X...X Fy X Fy (m-times)x(-o0,o0) and the pair (Fv,Fx).

Fv X Fv X...X Fy X Fy (m-times)x(-o0,00) is referred to as a fuzzy m-norm on Fv if and only if.
(1) Fa(for ,fu2 fus,..., fumt ,fum ,F)=0 , for all fi € (-o0,00).

(2) Fa(fur ,fv2 ,fvs,..., fumt ,fum ,F)=0 if and only if fu1 ,f2 fus,..., fuma ,fum , are linearly dependent if for all f; >0,
and f; €(-o0,00)

(3) Far(fur ,fu2 ,fua,..., fums ,fum ,Tt) is invariant under any permutation of fuy ,fv2 ,fus, ..., fuma ,fum ,ft.

(4) FN(fvl ,fv2 ,fv3;---, fvm—l ’ fAfvm ,fl): FN(fvl ,fv2 ,fv3,~~-,fvm-l ,fvm ,ft, l:_tl), where fA €eF
A

(5) Far(fur ,fu2 ,fua,.., fuma Fumet fumz fut o) > min{ Far(fur fv2 fus,..., fuma Fume JFua), Fav(for Jfuz Jfus,. .o, fumas  Fuma
,ftz)}

(6) F(fv1 ,fv2 ,fus,. .., fum1 ,fum ,T¢) is @ left continuous and non-decreasing function of f; € (-o0,00) such that

F(fvl ,fv2 ,fv3,---, fvm—l ,fvm ,ft) =0.
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2.24.Definition: Let (Fy,l.,....,.I) be a fuzzy m-normed linear space and a sequence {f, .};=; in (Fv,l.,......I) is
said to convergence to f.eFv if for every €>0 there exists appositive number M such that

lim [1(for s foz s B foroa s fur = £ 11 =0
Thatis lim Il (f1 ez s fusy s forr o for) 156y

2.25. Definition: In a fuzzy m-normed linear space (Fv,l.,....,.I) a sequence {f,.};%,is said to be Cauchy sequenc
if if for every & >0 there exists appositive number M such that I(fy1 ,fv2 ,fus,..., fur1 fur -fue) I< & ,whenever r ¢
> M. And it is represented by l}m (o1 £z s fuzy ooy fore1 s for — £i) |1=0.

rf—o0

2.26. Definition: The fuzzy m-normed linear space (Fv,l.,....,.I) is said to be complete if every Cauchy sequence
is convergent in it.

2.27.Definition: Let Ev be subset of fuzzy m-normed linear space (Fv,l........I) and is said to be bounded if there
exists a positive real constant 1 such that

I(evt ,ev2 ,Ev3,-. ., €ur-1 ,ewr) I<n for all ey ,evz ,evs,..., Eur-1 ,ewr€ Ev.

2.28.Definition: Let (Fy,l.,......I) be a fuzzy m- normed linear space for any (fu1 ,fv2 ,fus,..., fum1 ,fum) € Fy, then
set {(fv1 ,fv2 ,fus,. .., fuma ,fum) € Fv /I(fu1 ,fv2 fus,..., fum - fuo) I<p} is called an open ball center at fyo with radius p
and it is represented as B,(fvo)= {(fv1 ,fv2 ,fua,..., fum1 ,fum) € Fv /I(fur ,fv2 ,fus, ..., fum - Two) I<p}

Similarly we can define a closed ball
Bo(fvo)= {(fv1 ,fv2 fus,..., fums Fum) Fv /I(fur JFz fis,. .., fum - Tuo) I<p}

2.29.Definition: In the fuzzy m-normed linear space (Fv,l.,....,.I) a sequence {f,,}s>,is called bounded or norm
bounded if there is a constant 1 such that that I(fv1 ,fv2 ,fus,..., fur1 ,fur) I< M, for all r.

2.30. Remark: Every convergent sequence is Cauchy and norm bounded in the fuzzy m-normed linear space
(Fv,l.,......0).

2.31.Theorem: Let (Fv,l......,.I) be a fuzzy m-normed linear space and let {f,.}s>, and {f',.}>>, be two Cauchy
sequences in (Fy,l.,....,.I) such that I(fv1 ,fv2 ,fus,..., furs fur) 1> fy

(i ,fv2 ,fs,..., Purer ,Tw) I— £y, as r—oo Let {k,}22; be a sequence in Kv where Kv is being the field of
scalars be such that kyv—kyo as r—oo then the following axioms holds:

(F-D) I fuuxfv1, foxfy2, fustfys,.. fr2y) I— fy£fy , as r—oo
(F-Z) ”(fvl f ,fv3,~--, furt, Kur fvr) I— kv .fv , A4S I—00.

(F-3) Let {f,.}>2; and {f',.}>, be two Cauchy sequences in (Fv,l.,....,.I) and {k,.}>, be a Cauchy sequence in
then {f,. + ', }22; and {k,.f,.}>, are also Cauchy sequence in (Fv,l.,....,.I.

Proof: (1) We have
"( fvl if’vl ’ fv2 if’vz ’ fv3 if’vB 90 -,fvr if’er‘ (fv if’v ) "S(”( fvl 1fV2 ) fv3,- . -,fvr 'fv I+
"(f’vl,f’vz ,f’VS PR .,f’vr'f’v)"_)o,as I—00,

Since lim || (f,q,fy2,fo3, o formq . for — £5) 11 =0 and
Tr—0
ll_)rg I (fvl ’ f'VZ ’ I:'v3' ey f‘Vr—l , I:,vr - I:,v) =0

Hel’lce “( f\/]_ :tf,vl y f\/2 :tfvz y f\/3 ifvs 5o .,f\/r :tf’\/r "—)f\/ :tf’\/ , aS I—00,
(2) Given that kyv—kyo as T—0 = |kyr-Kvo|—0, as r—oo then there exists a constant A such that [ky,| <A for all r.

Now we consider
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||(fV1 fuo ,fv3,--~; furt , Kur fur- Kvo fvo)": "(fvl o ,fv3,..., fur-1 , Kur fur- Kur fuo+ Kur Tuo- Kuo va)": ||(fv1 2 ,fv3,..., fur-1, Kur
(f\,r- fv0)+ (kvr - kvo )fVO)"

<I(fu fv2 fus,e.o, ot ke (Fur- Fo))IH 1(Fur fu2 Fus,. o, Fura, (Kur - ko )foo)l
<k | 1(fv1 ,fv2  Fua,. .., fura , Fur- fuo)) I+ [Kur - kol I(Fur ,Fu2 JFus,. .o, furt , Fuo)l
< A I(Fun fuz Fuss . Fura, Fu- fo)) I+ [Kur - kol 1(Fuz ,fuz Jfus,. . o, furt , Fuo)l—0 as r—o0.
So I(fur ,fv2 ,fus,..., fur s kur fur) I— Kvo .fuo , as r—o0.
(3) We have ||(fy1,fva » Fozs woes fyrt » fur — fop) | =0, as 7, £ — oo And
N(E o1, f vz vzr s fyrmt s for — fye) || 0,88 7, > o0
Therefore ||(f,; + o1, foz + vz, fog + oz, v forg o1, for + or — (G + /00|l
<[CEr oz s fums s formn s for = fo) I (Evr L Ev2 v Fymg  Fyr = Fup) 1208 7, £ — 00
This implies that {f,. + ', }7%, is Cauchy sequence in (Fv,l......,.I)

Since {k,};>, be a Cauchy sequence of scalars in K, the scalar field is complete and {k,.};=; is convergent
sequence and hence {k,};>, is bounded.

Also we consider

I (fvlﬂ va , fv3' ey fvr—1 , kvrfvr - kv{’fv{’) =1 (fvl ’ fV2 ’ fv31 REN] fVr—1 , kVrfvr - kvffvf + kvrfva? -
kvrfvi’) = ”(fvl ’ fv2 'fv3' RN fvr—1 ’ kvr(fvr - fvi’)) ||+ ”(fvl 'fvz ’ 1:v3' ., fvr ’ (kvr - kvi’)fvf) ”SHkV”"' |ka -

Ky I Il (fvl 'fvz 'fv3' ---'fvr—l :fv{’) ||]—>0, asr,f > o

-1

Since {ky};>, is bounded and {f,}3>,is norm bounded

Hence{k,f,-}72; is a Cauchy sequence in (Fv,l.,....,.I).

2.32. Remark: The norm function is continuous as it follows by 2.31.Theorem.

2.33 .Example: Let (Fy,l.,....,.Ibe a fuzzy m- normed linear space. We define continuous t-norm

AF(F P)= 2 | AF ()= min {f 2}, for all 1 2 € [0,1].

I (f f f )
Fy (fun,fz.fus, fum-1, fum,f) = (. P12 m) then the set

+I (F I

vl v2’ v31 vm -1 vm)
S={(Fv, Fv (fu ,fv2 fua.. fuom1 ,fum ,8)) (fur ,f2 fiz fuma . fum F) € F¥M }isa fuzzy m-normed linear space.

Proof: (1) Obviously for every f; € (-o0,00) such that Fv(fuv1 ,fv2 ,fus,. fum-1 ,fum ,F)=0.

08 OO S Y

fVm'lafVm,ft):O = vl Tv2r

..... f+" (f i v2’ vm—l’fVm)ll =

)l =0

(2) Fv (fvlyfvz,fv3

ol (f

vl’ v3r- vm -1 vm

& fur fv2 fis fuma ,fum  are linearly dependent if for all f; >0, and f; € (-o0,00)

|| (f

(3) FV (f1f2f3 fmlfmft) vl? V2’ V37 vm -1 vm)" _ " (fV].’ v2! V37 vm —17 vm) " —
" (fvl’ V21 v3’ vm -1 vm)II f+" (fvl’ V21 v31 1:vm’ vm-l) "

on

Hence it is invariant under any permutation of fu1 ,fv2 ,fus fuma ,fum .
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(4) FV (fvl ,fv2 ,fv3 44444 fvm-l ,fAfvm,ft) " (fVl’ v2) v37 fvmil’fAfvm) "
f + " (f vl? v2’ v31 fvm—l’fAfvm) "
f " (fvl’fVZ’fVS' ’fvm—l’fvm) " _ " (fv1’ V2! v3""'fvm—1’fvm) "
I A G P A L RN SR S SR
A

=Fv (fu1 ,fu2 ,fs.. fum-1  fum ,ft ) where fA€F

(5) Without loss of generality we consider that
FV(fvl .fv2 .fv3,...,fvm—1 ,fvml .ftl) < FV(fvl ,fv2 ,fv3,...,fvm—1 ,fva ,ftZ)

" (fvl’ V2! v3’ fvm—17fvm1) " " (fvl’ V2! v3’ fvm—17fvm2) "
1:tl_'_ " (fvl’ V2! v3’ 1:vm—l’fvml) " ft2+ " (fvl’ v21 "fvm—l’fvmz) "

:>ft2 " (fvl’ V2! v3’ vm—l’ vml) " +[" (fvli V2! v3’ vm—l’ vml) " " (fv:L’ V21 v3""’fvm—17fvm2)"]

<ftl " (fvl’ V2! v3’ vm 17 vm2) " +[" (fv11 v2? v3’ vm -1 vml) " " (fv11 V2! v3""’fvm—1'fvm2) "]
=T, N (f,, T, Fafm s Fom) IST (P T T o g Tump) |l
= f, I (F 0 F o g for 1 Fr) | —=F I (F o Fop For o o F ) I=0 ()

Now we consider,

Fv(fu ,fv2 fus,e o foma  Fomet fumz fut fo) - Fu(fus fuz Fus,. .o, fumer  fume S Tra)

" (fv11 v2?! v3’ fvm—11fvm1 + fvmz) " _ " (fvl’ v2?! v3’ fvm—l’fvml) "
ft1+ ft2+ " (fvl’ V2! v31 fvm—l’fvml + fvmz) " ftl+ " (fvl’ V2! v3’ fvm—11fvml) "

g [" (f vl? v2' v3’ ’fvm—l’fvml+ fvmz) "][ft1+ " (f AR v2’ v3' fvm—l’fvml) "]_
[" (fvl’ V21 v3’ vm—1’ vml) "][ft1+ f2+ " (fvl’ V2! v3’ fvm—l’fvml + fvmz) "]

<~ ftl U (fvl’ fv2’fv3’ fvm 17 vm2) U ft2 N (fvl’fVZ’fVS’ fvmfl’ fvml) H..... (2)

From (1) and (2) we obtain
FV (fvl ,fv2 ,fv3,---, fvm—l ,fvm1+ fvm2 ,ft1+ ft2) - FV(fvl ,fv2 1fV39~--, fvm»l ,fvml ,ftl)EO

Hence FV(fvl ,fvz ,fv3,---, fvm—l ,fvm1+ fvmz ,ft1+ ftz) > mm{ FV(fvl ,fv2 ,fv3,- cey fvm-l ,fvml ,ftl), Fv(fvl ,fv2 ,fv3,---, fvm—l
Jfumz o)}

(6) Clearly F(fu1 ,fv2 ,fus,..., fum1 ,fum i) is a left continuous and non-decreasing function of

fi €(-00,00) such that
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. n,,f,,f....f . f )l
r}IngOFV(fvl'fvz 'fv3'---'fvm—1 vam'ft)zllm (Vl val w3 vm-1 vm) =
mo £ 1 (F T Fugrees Fumss Fum) |

2.34. Definition: A sequence {f,}s>=, in fuzzy m-normed linear space S is said to be convergent to f, if given that
§>0, 8 €(0,1) and f >0 there exists appositive number M such that

Fy (£ s Foga e os By o B — £, ) < 8 for all m =M.

v1®*v227v32° 2 fvm-1° “vm

that is lim Fy (£, £, f ..., £, 1ofyr —£,.f,) < & forall m>M.

vm-1°“vm
2.35. Definition: A sequence {f,.};>, in fuzzy m-normed linear space S is said to be Cauchy sequence if given
that 8 >0,and 6 in (0,1) and f>0 there exists appositive number M such that

FV (f\/]_ ,f\/2 ,fv3,. ey f\/m-l ,f\/m —fv£ ,f[) < 6 fOI‘ all m, K ZM.
Fyy (£,5,€ .5, F £, . f,—f,.f) < & for all m|>M.

v1> V2o T30t vm-1>“vm

that is Tim Fy(f,,, 1,5, f £ £ —f,.f) < & forall m1>M.

v1®v2o7v30° s fvm-1° Tvm

2.36. Theorem: In a fuzzy m-normed linear space S, every convergent sequence is Cauchy sequence.

2.37. Definition: A fuzzy m-normed linear space S is said to be complete if every Cauchy sequence in S is
convergent.

3. MAIN RESULTS AND DISCUSSIONS:
3.1. Definition: Let Fy be a fuzzy right Gamma linear space over Fp a real valued function

l,...,I: FyX Fv =[0,00) is called fuzzy Gamma-2-normed linear space over Fp, It is denoted by (Fv, Il.,....,. II). if
it satisfies the following properties for every fu, fv2€Fv, fay, faz, fazs Foand f, € Fr

(1) I fug Fy faz, Tz f,fa2 1=0 < fug, fu2 linearly independent over Fp

(2) 1 f, Tar, fs (Fo2 fyfa)I=fs | fur f, far, fi2 f,f2l, for any fs €Fr

(3) I fur £, faa, fuo f,fax + fug Fy fasl <1 fur f, faa, fuo £ fax 140 fur £, faa, fus o fas !

3.2.Definition: Let Fy be a fuzzy right Gamma linear space over Fp a real valued function

I,...,l: FyX Fy X Fy...... X Fyv (m-times)x[0,00) is called fuzzy right Gamma-m-normed linear space over Fp if
it satisfies the following properties , for any fu1 ,fv,..., fum-1 fum €Fv far faz fas,. .. fom-1, fam €EFp and f, € Fr

(1) 1M fua fy faz, fuz ffaz,...,fom-a Ty famet, fum Fyfam 120 & fu1 [ fuo,..., fuma fumare linearly independent over Fp.
(2) 1fua Ty faz, fv2 fyfaz,...,fom-a Fy fam-1, fum F,fam 1=0 , is invariant under any permutation of fu1 ,fvz,...,fum-1 fum .
(3) Ifua Ty faa, fuo fyfaz,.., Fumet Fy Tama, T (fum fyfam) 1= fo | fur fy far, fuo fyfaz,. . foma Fy fame, fom ffaml

for any f; €Fr

(4) I fvl fy fdl, fv2 fyfdz,- . -,fvm-l fy fdm»l, fvml fyfdml + fvm2 fyfdm2 | < [ fvl fy fdl, va fyfdz,- . -,fvm»l fy fdm-l, fvml fyfdml I-+1 fvl
fy fdl, fv2 fyfdz,- . -,fvm—l fy fdm-l, fvm2 fyfdm2 |

Itis represented by (Fv, Il.,....,. II) likewise fuzzy left Gamma-m-normed linear space over Fp can be defined a
similar manner.

3.3.Definition: Over Fp let Fy be a fuzzy Gamma linear space a real valued function
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L. FyX Fy X Fy......... X Fy (m-times)x[0,o0) is called fuzzy Gamma m-normed linear space over Fp ifit
is either fuzzy right Gamma-m-normed linear space over Fp or fuzzy left Gamma-m-normed linear space over
Fo

3.4. Definition: Let (Fv, Il......,. II) be a fuzzy Gamma-m-normed linear space and a sequence { f,. f, fg }r= in
(Fv, II.,...... ) is said to convergence to f, f, fq € Fv if for every & >0 there exists appositive number M such
that "f\/l fy fd]_, fv2 f«/fdz,. . .,fvr-l f«/ fdr.l,fvrfyfdr _fV fy fd ||< &

Tht i im i (Ff o Fof foo Fof Fus oo Fu o o

vr—1

—fff,) =

vry

which implies that 1Ml (Ff fy, Foof Foo Ff fuss oo o fu s FEF) I=ELE A,

vr—1

Where f\/]_' fv2 f\/3'. . .,f\/r-l' fvr and f\/ EFV ,fd]_' f[jzY fd3,. . wfdf-l, fdr' and fd EFD y fy E F]"
3.5. Definition: In a fuzzy Gamma-m-normed linear space (Fv, I.,......II) a

Sequence { f,, f, f4.}2; is said to be Cauchy sequence if for every & >0 there exists appositive number M such

that I (£, F £y, o f Fo fof Frpvnon o FE L FEF —FFF )<

vroy vl

Whenever r,0 >M. and it is represented by

TGN 5 3 0 5 FRN M &

vr—1"y

dr—l’fvrfyfdr _fvffyfdé) " = O

Where f\/r 3 fV{’ ,f\/ EFV y fdr 3 fd[ y fd EFD fOl‘ 1:1,2,3 ...... and fVEF]"

3.6. Definition: The fuzzy Gamma-m-normed linear space (Fv, Il......,. Il) is said to be complete if every Cauchy
sequence is convergent in it.

3.7. Definition: Let Ev be subset of fuzzy Gamma-m-normed linear space (Fv, I......,.II) and is said to be bounded
if there exists a positive real constant o such that

"(evl fy fdl,evz fy de,ev3 fy fd3,- ..y Cyr1 fy fdr—l,evr fy fdr) I < No ,
for all ev1 ,ev2 ,8vs,..., €vr-1 ,8w€ Ev, fa1, fao, Tus,. .., far-a, far, and fg eFp and f,eFr

3.8.Definition: Let (Fv, Il......,. Il) be a fuzzy Gamma-m- normed linear space for any (fu f, fa1, fuz ffa,...,fum1
fY fdm-l, f\/m fyfdm ) € FV, then Set {( f\/l fy fd]_, f\/2 fyde, .. .,f\/m-l fy fdm-]_, f\/m fyfdm) € FV /"( fv]_ fy fd]_, fv2 fyde,- . .,f\/m-]_ f«{
fam-1, fum Tyfam - fvo f,fa0) I<po} is called an open ball center at fyo f,fao with radius po and it is represented as

Bpo(fvo fyfdo)= {( fvl fy fdl, fv2 fyfd2,~ . -,fvm-l fy fdm-1, fvm fyfdm) S FV /”( fvl fy fdl, fv2 fyfd2,~ . ~,fvm-1 fy fdm-l, fvm fyfdm - va
fyfdo) ”<po}

Similarly we can define a closed ball Byo(fvo fyfa0)= {( fv1 fy faz, fv2 fyfa,. .. .fum-1 Ty fam-1, fum Fyfam) €Fv /I( fua f, fas,
vz ffa2, ..., fuma Ty famet, Tum Ffam - fuo Fyfao) 1<po} Where fu1, fuz fus,. .., fuma, fum and fuo €Fv Tur, faz, Tas,. . ., fam-1, fam,
and fq € Fp and fYE Fr

3.9. Definition: In the fuzzy Gamma-m-normed linear space (Fv, Il.,....,. l) a sequence {fvrfyfdr}:;l is said to be

bounded or norm bounded if there is a constant 1o such that that I( fu1 f, fa1, fuz f,faz,..., fur1 F, fara, fur £far) 1< 10,
forall fui, f; fv€Fv , fai, fg; , fa €Fp forij=1,2,.r,and f,€ Fr

3.10. Remark: Every convergent sequence is Cauchy and norm bounded in the fuzzy Gamma-m-normed linear
space (Fv, II.,....,. II).

3.11.Theorem: Let (Fy, Il.,....,. ) be a fuzzy Gamma-m-normed linear space and let {f‘,rfyfdr}:oz1 and

{f’vrfyf’dr}:o=1 be two Cauchy sequences in (Fv, Il.,....,. Il) such that
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"( f\/]_ fy fd]_, f\/z fyfdz,. . .,f\/r-l fy fdr-l, fvr fyfdr ) "—) f\/ fyfd ,
"( f’\/]_ fy f’dl, f’VZ fryf,dz, .. .,f’vr-]_ fy f’dr-l, f’vr fyf’dr ) "_) f’\/fyf’d , aST—00 .,

Let {k,.};2, be a sequence in v where ¥v is being the field of scalars be such that ky—ky as r—oo then the
following axioms holds:

(1) ”( fu1 fy fot w1 fy a1, fv2 f«, foo £ fy a2, fuz fy fiz+v3 fy fa3,.... 0w f«{ Tt vr f«{ f’dr) |— fy fY fg+fy fy 4, as

I—00

(2) ”( fvl fy fdl, fv2 fyfd2,~ . -,fvr-l fy fdr-l, kvr( fvr fyfdr )) I— kv(fv fyfd ) , 4S I—00,
(3) Let {fwfyfdr}:o=1 and {f’vrfyf’dr}:o=1 be two Cauchy sequences in (Fv, II.,....,. ) and {k,.}s>, be a Cauchy

sequence in Fy then {f,,f,fa + f’vrfyf’dr}oo L and {kvrfvrfyfdr}o0 , are also Cauchy sequence in (Fv, Il.,...... Il).

r= r=

P ivr—1 Ty dr—1? Tvrty

Proof: (1) We have  lim Il (F,f f,,F.f Foo, F.of fipvofo F.F,  FF f —F ) 1=0 and

ff,f

i Il (F G fF  F o e f

v3'y

ff . F ff Fff =0

ve-1"y' dr-10 T ovr'y viytd "'

Then which implies that
I (Ff, £y £, 6,8 gy, £ Fp £, 6,8, £af fip £6°56,6 £,6, 6 £ £, f, £y — (560,50,

V. V3Tyt d32 o tvrtytdr — vrty

<l (fvlfyfdlvazfyfdzvasfyfdsi---vfw—lfyfdﬂvfwfyfdr _f\'fyfdr) I+ (f Ivlfvyf Idlrflvzflyfldzvflvsf ny.d.’s"flvr-l

L0 S O 6 P % 3 a1 L0

asr — oo

HENCe | (£,f £, +£° 1 £, Fof Fip 06 £ Tl fip 00T Py £ By £, F O I 68, = £, £,

as r—oo,

(2) Given that ky—ky as r—ow = [ky-kyo|—0, as r—oo then there exists a constant A such that |[ky/| <X for all r.
Now we consider I(fuy fy far, fva f,faz,. ... fura Ty Tara, Kur( fur fyfar )- kvo(fv ofyofao)) |

= I(fua fy faz, fva fyfaz,. .. 1 Fy Fart, Ko Fur FyFar)- Kur( fuo Fyofao )+ kur(fvo Fyofao)- Kvo(fv ofyofao )) |

< “(fvl fy fdl, fv2 fyfdz,---,fvr—l fy fdr-l, kvr( fvr fyfdr' va f«/Ode)) |-+ (fvl fy fdl, va fyfd2,~-~,fvr-1 fy fdr-ly (kvr - kvO)fv OfyOde )
"Slkvr“l(fvl fy fdl, fv2 fyfdz,- . ~,fvr—1 fy fdr—l, fvr fyfdr‘ va fyOde) ||+| kvr - kv0| "(fvl fy fdl, fv2 fyde,- . -,fvr-l f«{ fdr—l, fv Ofyode) "S
M (fvl fy fdl. fv2 fyfdz,- . ~,fvr-1 fy fdr-l, fvr fyfdr' va fyOde) I+

| kvr - kv0||| (fvl fy fdl, fvz fyfdz,. . -,fvr—l fy fdr—l, fv OfyOde ) I—0 , aS I—00,

SO " (fv]_ fy fd]_, f\/z fyfdz,- . .,fvr-l fy fdr-l, k\/r( f\/r fyfdr )) "—) kvo(f\/ Ofyofdo), as r1—00,

(3) We have {f\,rfyfdr}:g=1 and {f",rfyf’dr}:o:1 be two Cauchy sequences in (Fv, Il.,....,. II) then I( fu1 f, fa1, fiz
fyde,n . .,fvr-l fy fdr-l, f\/r fyfdr - fvf fyfd[) |— O, asr, { > o and

||( 1 fy a1, fv2 fyf’dz,...,f’vr.l fy ar1, Tur fyf’dr -fw fyf’dg) l—0 ,as 7, = o

Therefore ||( fu fy fat+fv fy a1 ,fv2 fy T+ fy a2 ,fus fy faz s fY fa3,....fwr f«, fortur fY ar —(fv[ f«, fao ¢ fy
£ a0))l

S"(fvl fy fdl,fvz fyfdz,- . -,fvr—l fy fdr»l,fvr fyfdr - fvf fyfdﬁ) "+"(f’v1 fy f,dl,f’vz fdeZ,- . .,f’vr-l fy f’dr-lyf’vr f«{f,dr = Fvﬁ fyf’d{) ”—)0
as r,f - o

This implies that {f,,f,fs, + f",rfyf’dr}:o:1 is Cauchy sequence in (Fy, Il........ II).
Since {k,,}7>; be a Cauchy sequence of scalars in Fy the scalar field is complete and {k,.};%; is convergent

sequence and hence {k,,};>, is bounded.
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Also we consider | ( fur Ty far,fu2 fyfaz,. ... fur1 Ty Tar-t,kue (Fur Fyfar )- Koo (Foe Fyfae)) |

=1(fur Fy far, fva i faz,.. . furs  fara, Kur(for Ffar )= Kor (Foe Fofae)+ Kur (Foe Fofae)-Kee (Foe fyfae)) |
< I (fur Fy fan,foz Bz, furt F Fara, Kue(For Byfar - foe fofae)) 1+

I( fu Ty fa, fuz fyfaz,. . fur By Far, (K - Koo )(Foe Fyfae)) |

<kvr| I(fu Fy far,Foz fifao,. . B By Tara, For far - Foe £ fae) 14K - Koo | 1 fun y far,foz Fyfaz,. . furt Fy farg, Foe fyfae) 10,
asr,f - oo

Since {ky,}%, is bounded and {fvrfyfdr}:ozlis norm bounded .

Hence {kvrfwfyfdr}:o:1 is a Cauchy sequence in (Fy, Il.,....,. ).

3.12. Remark: The norm function is continuous as it follows by 3.11.Theorem.
3.13. Definition: let Fv Gamma linear space over a field F. A fuzzy subset Fr of

Fv X Fv X...... X Fv Fy (m-times) X (-o0,00) and the pair (Fv, Fr) is called fuzzy Gamma-m-normed linear
space and Fy X Fy X......... X Fv X Fv (m-times) X (-0,00) is called as a fuzzy m-norm on Fy if and only if

(1) F]"(f\/j_ fy fdl,f\/z fyfdz,. . .,f\/m-]_ fy fdm-l,f\/m f«/fdm ,f[)ZO N fOr all f[ (S ('O0,00).

(2) F]"(fv]_ ffY fdl,f\/z fyfdz,. ..,fvm-l fy fdm-l,fvm fyfdm ,f[)zo if and Only |f f\/]_ fy fd]_,fvz fyfdz,...,fvm-]_ fy fdm-l,fvm fyfdm al’e
linearly dependent if for all f; > 0, and f; € (-o0,00) .

(3) Fr(fu fy fur,fuz £, fuma Fy fom1, fom ffam ,f) is invariant under any permutation of

fu f, far, fuz e, . fumet Ty Fome1, fom Fyfam .

(@) Fr(fu fy fafoz fifaz,. . fumet fy fame, £ (Fom Fifam) )= Fr(fua f, fas, foz fifoz,.. fomes Fy fomet, fom ifam % ) where
faEF.

(5) Fr(fu fy far,fu2 i fao,. ... fumes Fy famer,foma Fyfamit fum fyfame , fut fio) > min{ Fr(fu f, far,fio fyfa,...

Fumet Ty fame1,foma B fame, fuo), Fr(fus £ fanfv2 ffaz,. .., fuma Ty fam-1,fumz fyfamz , fi2)

6) Fe(ff fop fof fp o f
fi€(ono) such that - M B (FF o, Fof f T fus B B B T E B 1) =0

vm' y

vm—lfyfdm—l’fvmfyfdm’ f,) is a left continuous and non-decreasing function of

3.14. Example: Let (Fy, II.,....,. ) be a fuzzy Gamma-m- normed linear space. We define continuous t-norm A"
(fL =1L .2, A" (f* )= min {f* 2}, forall f* ,f2 € [0,1].
I (F,f yfdl, ff 7fd2 U I | yfdmfl, f,.f yfdm) I

RN 3 R S S R Y|

*1 vm-1

S UL PR 19 0% PO [V, U5 FRY (YN i SR 19

tvm-1"y "dm-1' "vm" y
then the set S={( Fv , F-(F,,f oy, Fof Fior - o Fimas ol s £ (R £, fe, foa fifs. o fumes Fy fam:

1"y dm-1? "vm" " dm?
1,fum fyfam , ) € FvM} or the set is (Fv,Fr) a fuzzy Gamma-m-normed linear space.

Proof: (1) Obviously for every f; € (0,00)

W (Ff F Ff B, FF,  F, T 6, )
0 (Ff FonrFoof P B P s Fonf Fon) 120 = (B for P T P s P fam) |
Fot I (Fof Fo B Foao Fonf Fo o o o)

°r vm-1
& F(fuf fu T fo oo Fonl Fana Fof Fams £1) 20,

tvm-1"y dm-17 "vm" y " dm?

(2) We have
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I (fff L ff,..  f ff f ff )l
FF(fvlf}/fdl’ vaf;/de’ ""fvmflfyfdmfl’ fvmf}/fdm’ ft) = f fl V:.lf yfd]f V?f Vfd?f Vr; - Vfd'.rr‘ - V”f" 7fdr;) =
l+ ( vityidlr fv2tytd2re e y dm-12 fvm®y dm) "

*tvm-1
S (EF Fofof FireosFunaf Fonas ol ) 1=0

' tvm-1"y dm-1" "vm" y " dm

T fu fof for - fonaf Fan Tunf Fon are linearly dependent if for all fi >0, and f; in (-o0,00) .

0 (Fof P Foof P B of P P F) |

@) F(f ff,, fff,, ...f_ff f ff  f)= L 4
r( vityidlr Tv2'y d2 vm-1"y dm-1? "vm®y dm t) ft+ " (fvlfyfdl,fvzf},fdz,---yfvm,lfyfdm,lyfvmfyfdm) "
I (Ff F T of Fee s B i ool Fin o) |
= Il TPl f oo Pl Fn P fun ) Fo(fof Fans Fuof Fpeno Fo§ B Fonl Fins T) =50 0.

N T O S X 1|

vm' y dm? vm-1" y

This proves that F- (fvlfyfdl, f\,zfyfdz, ""fvm—lfyfdm—l’ fvmfyfdm, f,) is invariant under any permutation of
fff

S 0 RN N O 8

s tvm-1"y dm-17 “vm'y dm*

(4) Now we assume that LHS
I (fV1f7fd1’ fVZfod2’ ce fvm—lfyfdm—l’ kA (fvmfyfdm)) Il

fot U (Ff f Tof f o Fonaf fon s K (P f Fa)) |l

©r Tvm-1

Fl"(fvlf;/fdl’ f f f f fyfdm—l’kA(fvmfyfdm)'ft) =

v2 yid2re 0 Tvm-1

K (B Pt P P P (o P 1 (R o P P Fa s (i Fo)

© 1 Tvm-1 tvm-1" y

°1 Tvm-1

ft + kA " (fvlfyfd17 fvzfyfdz L ’fvm—lf;/fdm—l’ (fvmf;/fdm) " :t + " (fvlfyfdl’ fvzfyfdz yoo f f;/fdm—l’ (fvmf;/fdm) "

N

:Fr(fvl fY fd]_, fVZ fyfdz, ........... f\/m-l fy fdm-l, fvm fyfdm y %) y Where kA in :RHS
A

(5) Without loss of generality we consider that
Fl“(fvl fy fdl,fvz fyfdz, ------ ,fvm—l fy fdm-l, fvml fyfdml ) fs)S Fl"(fvl fy fd1, va fyfd2,~ . ~,fvm-1 fy fdm-1, fvmz fyfdmz y ft)
I (fvlfyfdl,f\,zfyfdz, of Ff fvmlfyfdml) I < I (F,,f yfdl,f\,zfyfdz, oof fyfdmfl,fvmzf yfdmz) I

*1'vm-1" " dm-1? *1vm-1

= <
Fot I (F o For B B Fon o P P Fam) I Fot I (P P Foof Fa P o o P Fom) |

*1'vm-1" " dm-1? *1tvm-1 vm2' y

Sl (FF Fo Fof Fore o Fonaf fanas T

©r Tvm-1

S" (fvlf}/fdl’ f\Qf}/fdz 1o f fyfdm—l’ f

°r Tvm-1

£ f ) I (R (R o o oo Fonaf Pt Fumaf, Fan) 1)

vml 1 vm-1" y " dm-1?
wnif Fama) 1)

f fano) I (F 41 (Fof Fo Ff ooy Fo o Fo
fF ) T I (Ff Fo Ff Fioro P o Fon 1 Fonof ) |

vm2

©1 vm-1
vml 1 vm-1" " dm-1?

ST E T o Fof i Fon of i f

*1tvm-1" " dm-1?

vm2

S FM (o Fo T Fiprn o o B Fune Fan) 1= I (Fotf P Fiof Fopro Fu o Fo o F

*1 fvm-1 **1fvm-1" y " dm-1? fyfdmz) "SO

S F L F T Forn Fon o Fo s oo Fao) I Fo T Fr o Fo o Fof Fon) 120..(0)

1 tvm-1" ' dm-1? " vm2 o tvm-1" " dm-1 Fvml' y
Consider again without loss of generality Fr(fu f, for,fuo fifaz,...fma fy fam1, fomy fyfamit fumz yfamo, fs+f)-
F]"(fvlfyfdl,fvzfyfdz, . ,fvm—lyfyfdm»l,fvmlfyfdmlyfs)z

I CEof Fans P foone oo P s Fan s Fumaf Fimn ool Fno) 1 I CEof fans T Foreens P s Fon s P, Fam) 1

*1tvm-1" ' dm-1? " vml _ vml'y

Fotf ot (o Fo Fof Fopson Fo of Fo s Fnef Bt gl Fang) I ot (Ff £t Ff o Fo o i Ff £

vm-1" " dm-1? "vml

vm?2
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(o fos fof Freo ol Fun s Fef Fa et )t 0 Ff s £ FosFon o Fo s Fon Fir) D=0 (Fof Fo o Fie

©01hvm-1 vml'y dml © Tvm2'y 21 fvm-1"y "dm-1? "vml’ 7" dml

o Fo P ) AR (i s oo o, o+, i) )

vm-1"y " dm-1! "vml vm-1"y dm-1? "vml'y fdml T Tvm2'y

(fs+ " (fvlfyfdl’ fvzfyfdzl' f f/f vmlfyfdml) " )[(fs+ft)+ ” (fvlfyfdl’ fvzfyde’""fvm—lfyfdm—l’fvmlfyfdml+fvm2f7fdm2) "]

*0 tvm-1
F (o s Fof B Funl Fis Fanel Fina) 1 =F 1t FsFf T Fanl Finss ol F)

1 vm-1" " dm-17 Tvm2” ' dm2

< 2
(LR 5 P 1 e 5 i 1 ey ) 9 9 1Y 9 5 ROy S 1 P PR s s |

dm-11 " vm1 dm-17 "vml

dm-1

I CF o fos Fuf Fo o Bl Fim s Fumaf Fama ool Fama) 1 I CF o Fog B o Fumal fam s Fumaf, Fos) |

1 tvm-1"y dm-1! "vml" " dml

£t I (F o Fo P FipseosFon o B o Pl B+ Funof Famo) | ot I (Ef Fot Ff o B F Fn i Fonf Fir)

1 tvm-1"y dm-1! Tvml® y vm2' y " dm2 ' tvm-1"y " dm-1? "vml

0 Fof oo Fov o Fun o Fom o P P o For) | 0 o o o Fo fn o F P, )

v iym-1"y dm-1 fvml'y vm-1" 7" dm-1! "vml' y

= 2
£t (o Fipres Fon o Fun P Fans + Funof o) | ot I (Fof FnFf Fopre o Fon s Fonef Fun) 1

vm-1 vml® 7" dml vm2' y 210 fym-1

c>‘Fl“(fv1 fy fdl,fv2 fyde,--,fvm—l fy fdm—l, fvml fyfdm1+ fvm2 fyfdmZ , fs+ ft)E Fr(fvl fy fd11 fv2 fyfdz,. . .,fvm-l fy fdm-l, fvml fyfdmL

o) ....... )
From (1) and (2) we obtain

Fr(fvl fy fdl,fv2 fyfdz,u.,fvm-l fy fdm—l, fvml fyfdml"' fva fyfdmZ ’ fs+ ft) > min{ Fr(fvl fy fd17 fv2 fyfdz,n-,fvm-l fy fdm-l,fvml
fyfdm1, fs), Fl"(fvl fy fdl, fv2 fyfdz,- . .,fvm—l fy fdm—l,fvmz fyfdmZ ) ft) }

(6) We have clearly  F(F, f f., Ff Foooooo Fo o Fuoo, Fof Fons £,

vm' " dm?
is a left continuous and non-decreasing function of f;in (-c0,00) such that

lim B (Fof Fory Fiof Foprooos Fomnaf Fun s Funef Fams £

vm-1 vm' " dm?
I (Fouf Fp Tl Fire Pl Famss Fumf Fam) 1

y dl? s vm-1" y ' dm-1?

= lim =
o f o I (Ff f Fof For e Pl Fom s Fon Fa) |

1 tvm-1y

3.15.Definition: Let (Fv,Fr)be the fuzzy Gamma-m-normed linear space , a sequence {f‘,rfyfdr}:o:1 in (Fv,Fr) is
convergentto f,f,fq if for every & in (0,1) and f; in (0,00) there exists appositive number M such that

Fe (o o Ff Fipreo B oF P o — £ £, F) <8, forallr >M

vr=1"yhdr=1 Tvr Tyt dr

= M F(FF i, Ff Fipreo Fo o P Fy = £.6£,£) =0

s -1 viyd?

3.16.Definition: Let (Fv,Fr) be the fuzzy Gamma-m-normed linear space , a sequence {f‘,rfyfdr}:o=1 in ((Fv,Fr)is

said to be Cauchy sequence if for every 6 is in (0,1) and f,€(0,00) there exists appositive number M such that
Fl“(fvlf«/fdl,fvzf«/de,- . -,fvr—lfyfdr—llfvr fyfdr' fue fyfdt , f)<d for all r ,t>M ,
Thatis im R (ff fuy, Fiof fioron s s Fuf o = 5.5, £) =0

o tvr-1 vr'y

3.17. Definition: A fuzzy Gamma-m-normed linear space (Fv,Fr)is said to be complete if every Cauchy sequence
in (Fv,Fr)is convergence sequence .

3.18. Theorem: Let (Fv,Fr) be the fuzzy Gamma-m-normed linear space and let {f‘,rfyfdr}::1 be a sequence in it

then

(1) A sequence {fy.f,fa}

f,f,f)—0, as r —oo.

[ee)
r=

convergence to fy f,fq if and only if Fr(fuf,fa,fuaf,fa,. .. furaf fare, furf far-fu

(2) Every convergence sequence is a Cauchy sequence in (Fv,Fr).
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Proof: Suppose a sequence{fvrfyfdr}:o:1 convergence to f,f,fq if fix f;> 0,then for any given & in (0,1) there

is a positive integer r > M, such that

FF(fvlfyfdl'fvzfyde""'fvr—lfyfdr—lifvrf;/fdr - fvfyfd,ft) <o, forallr >M
=>F (fvlfyfdl’fvzf;/fdzl ...,fw_lfyfdr_l,fwfyfdr - fvfyfd,ft) —0,ar1r >

that is !I_TO F (fvlfyfdlifvzfyde’ .. .,fvrflfyfdrfl,fwfyfdr,ft) = fvfyfd

Conversely if for each f.€(0,00) Fr(fvif,far, fvafyfaz,. .., fur1fyfar1, fur fyfar- fu ,f9,f)—0, as  r —oo then for every 6 in
(0,1)there exists positive integer =M, such that Fr(fuif,fa1,fvof,fao,. . ., fuor-afyfar-1,fur f,far- fu £, f0,f)<8 , for all r >M,

Hence a sequence {f,,f,fq,} _ is convergence to f,f,fsin (Fv,Fr)

r=1
2 Supposeasequence{fvrfyfdr}:o:1 is convergence in (Fv,Fr) and if it is convergence to f,f,fq. Let f; in (0,0)

o .
., Isconvergence to fy f,fq

and 0< & <1 then we choose § is in (0,1)such that § AF 8<& , since {f,f,fy,}

Which implies that there exists positive integer r > M, such that

R (fuf fon T Foore o Foaf f o T E F — fvfyfd,%‘) <o, forallr >M,

vrty

We consider that

B (fLf o £ f foaf fo o Fuf fo — T f )

1 Tv2  yid2r s Tur=1t y tdr-1 Tvr

= B (Fouf Fo Foof Fiproo P of B B Fy — FF o+ FLEF - fwfyfdwft;ft)

d1r "v2 e tvr-1t y tdr-10 Tvr

dir "v2 S hvr-1T ytdr-1r Tvr y

<R (Fuf fon Fof fpr o fuaf fo 0 B g — fvfyfd,fE‘)AFFr(fvlfyfdl,fvzfyfdz,...,fw_lfyfdr_l,fwfyfd[— fvfyfd,%‘)}

<S5 A8

<gforallr,/>M

Therefore {fvrfyfdr}::lis a cauchy sequence in (Fv,Fr).

3.19. Remark: The following examples 3.21.Example and 3.22.Example shows that there may exist cauchy
sequence in the fuzzy Gamma-m-normed linear space (Fv,Fr) which is not convergent.

3.20. Remark: For the following examples 3.21.Example and 3.22.Example consider a fuzzy Gamma-m-
normed linear space (Fv,Fr)as in previous 3.14. Example.
3.21.Example: Let (Fv,Fr)be the fuzzy Gamma-m-normed linear space , a sequence {f‘,rf\,fdr}:o=1 in (Fv,Fr) then

a sequence {f, f,fy,} | isaconvergence in(Fv,Fr) a sequence {foef far) Jisaconvergence in(Fv, Il..... )

fee)
r= r=

Proof: We have a sequence {fvrfyfdr}:ozlis also a convergence in (Fv,Fr)

limF(F oy, Foof fo, oo fyo o F F U FF 5, F) =0

DU G5 0 OO, o s 0 o D L
o F ot I (F B Fof v oofmaf T B Fo £ F) I
e i (Ff Fop, Fof Foon Foof o B F £ ) 1=0

11 "v2 *t Tyr-1 vriytdr

[ee) . .
Hence a sequence {fvrfyfdr}rzlls a convergence in (Fv, Il.,....,. lI).
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oo . .
Conversely we have a sequence {fvrfyfdr}rzlls a convergence in (Fy, Il.,....,. II)

e iM I (Ff For, Fof T Foof o B F £ ) 120

*t Tvr-1 vri oy dr
o tim Ml fau Fof fop oo fu o fo o Bf fo AR
o f ot D (Ff Foy Foof Fprafonaf Fa Fuf FoFE £ I

“hvm-1" y
imF (F,f F,, fof fo fuf foe £ f o FUF F —FF £, F)=0

d2? d3re- vr—1 r

Hence a sequence {fvrfyfdr}ilis also a convergence in (Fv, Fr).

3.22.Example: Let (Fv,Fr)be the fuzzy Gamma-m-normed linear space , a sequence {fvrfyfdr}::l in (Fv,Fr)then
a sequence {fvrfyfdr}:(;l is a Cauchy sequence in(Fv,Fr) a sequence {fvrfyfdr}:ozlis a Cauchy sequence in

(Fv, Il.,...... .

Proof: Suppose a sequence {fvrfyfdr}:lis a Cauchy sequencein (Fv,Fr)

s vr-1 V4

M o (Ff F Fof F o Fo i By B — £0 5, £) =0

I (Fof Fans Tt Fpn e B P £ T — 1L F T ) I

< lim _
i f o (L f fy Fof Fopr e Funaf, Fo B f F — L F )

1 vm-1

M W (FF F Ff e By o Ff e —,0 8, 1=0

o Svr=1t ytdr-10 Tvr

Hence a sequence {f,.f, far} . Jis a Cauchy sequence in (Fv, Il.,...... ).

r=

Conversely we prove that a sequence {f‘,rfyfdr}:o:1 is a Cauchy sequence in (Fv,Fr) when it is a Cauchy sequence
in (Fv, Il.,....,. II) if for every & >0 there exists appositive number M suchthat
<l (fvlfyfdl,fvzfyfdz,.. f fyde,f ff —fwy,fyfd[‘) <&, wheneverr,/ >M

*1 tvr-1 vriydr
= | " (fvlfyfdllfvzfyde’ “ "fvr—lfyfdr—l’fvrfyfdr _fvlf;/fd/) " |
(ot 0 (B Fof Fipn Foaf Far P Fy —F,F £ 1|

*1ivm-1 vrtydr
& Rl o fof firn o f

<&, wheneverr,/ >M

ffy 0 b fy 1,55, f)|<& wheneverr,t =M

vr-1 vriy dr

Hence a sequence {f‘,rfyfdr}:o=1 is a Cauchy sequence in (Fyv,Fr).

3.23.Theorem: In a fuzzy Gamma-m-normed linear space (Fv,Fr),every Cauchy sequence has a convergent sub-
sequence is complete.

Proof: Let (Fv,Fr) be the fuzzy Gamma-m-normed linear space and let a sequence {fvrfyfdr} is a Cauchy

r=1
sequence in (Fy,Fr).

Let {fvr,fyfdrg}:ozlbe a subsequence of {f‘,rfyfdr}(:;1 and it is convergence to f, f, f4 .now we need to prove that
the sequence {fwfyfdr}:o:1 is convergence to f, f, fq , for thislet ¢ in (0,1) and f €(0,%0), choose & is in (0,1)such
that 3 AF6< ¢ .

Given that a sequence {fvrfyfdr}oo 1is a Cauchy sequence in (Fy,Fr)that is if for every € in (0,1) and f.€(0,0)

r=

there exists appositive number M such that Fr(fuif,far, fuof,faz,. . ., furafyfar1,fur Ffar- foe fyfae , f)<d , for all r ,€ >M.

2908



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 45 No. 4 (2024)

We have the sub-sequence {fvrffyfdrf}::lis also convergent to f; f, fy, there exists a r,t >M such that

Fr(fvlf«,fdl,fvzf«,fdz,. . .,fvr.lfyfdr.l, fvg fyfdg -fv fy fd, %ft)<6 forall r ,EEM.

Now  Fr(fuffa,fof fao,. .. furafifans,  foo ffae £ £ fq, f)  =Fr(fuffo,foffe,. . fraffoy,  fuo fifa-
£y £y fasforfO<Fr(futfo o o, fuaffora oo oty £y fa AT Fr(fuffofof fa, . fuaffor, fu ffac -fy £, £,
~f)< 8 AFd<e

Therefore a sequence {fvrfyfdr}oo 1is convergence to f, f, fq in (Fv,Fr)

r=
Hence it is complete.
4, Discussion and Conclusion

In this research paper, we convicted the concept of fuzzy gamma ring, fuzzy gamma vector space and
using this also introduced the notion of fuzzy Gamma m-normed linear space and produced a detailed axioms
with theory of fuzzy n-normed linear space. In fuzzy Gamma m-normed linear space obtained some results on
cauchy and convergence sequence. Also provided theorems of completeness sequence and Cauchy sequence in
fuzzy Gamma m-normed linear space. This work can be extended to Banach fuzzy gamma linear space by
introducing the concepts of completeness in fuzzy Gamma m-normed linear space.
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