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/Abstract: Since Iseki defined the notion of BCK-algebra in 1966, many authors conducted wide research on BCK-algebra in|
ordinary and fuzzy cases. In this article, the concept of intuitionistic fuzzy soft BCK-modules has been investigated and some
basic properties and related results are studied. Also, some operations of intuitionistic fuzzy soft BCK- submodules and ([3,v)
level set are presented.

Key Words: Intuitionistic Fuzzy soft set; BCK-algebra; Intuitionistic fuzzy soft BCK- algebra, Intuitionistic fuzzy soft BCK-
modules.

1. Introduction
The concept of fuzzy set was introduced by L. A. Zadeh in 1965 [1]. The relation between fuzzy sets and group theory

developed by A. Rosenfeld and regulated the notion of fuzzy subgroups [2]. Since then these ideas have been applied to
other algebraic structure such as Fuzzy ring [3, 5], Fuzzy Subfields [5, 6], Fuzzy ideals [7, 8] Fuzzy linear Spaces [9] and
Fuzzy modules [10]. The notion of Intuitionistic fuzzy sets (IFS) established by Atanassov in 1986 that involved basic and
fundamental as the generalizations of fuzzy sets [11, 12]. In fact, the theory of IFS has been more benefited to solve
incomplete and vague information. This concept is wide useful as an intuitionistic fuzzy sets, related to the degree of
nonmembership and membership in a unit closed interval [0,1], while a fuzzy set is related to the degree of membership of
an element in a specified set. Numerous ideas have been developed via IFS theory to intuitionistic fuzzy subgroup of fuzzy
group by Biswas [13]. Further more many mathematicians worked in this area such as Intuitionistic Fuzzy ring [14],
Intuitionistic fuzzy ideal [15], Intuitionistic fuzzy modules [16] etc.

In 1966, Kiyoshi Iseki [19] defined and studied BCI-algebra and it’s characterization was discussed by Yoshinari Arai et al.
[21]. Jun et al. [17] proposed fuzzy soft set theory applied to BCI/BCK-algebra in 2010. Cigdem and Sadi Bayramov [16]
established intuitionistic fuzzy soft modules in 2011 and Mahmood Bakshi [22] applied fuzzy set theory to BCK-modules.

In this article, we discuss intuitionistic fuzzy soft modules in BCK-algebra and various related results.

2. Preliminaries
In this section, we recollect some relevant basic definitions and results of this article [22].

Definition 2.1 An algebra (X,*,0) of type (2,0) is called BCK-algebra if it satisfies the following axioms:

L (xy)*x(x*x2))*(y*2) =0
2. (x*x(x*xy)*xy=0
3.xxx=0

4. 0xx=0

5. x*y=0andy*x=0=>x=yforallx,y,z € X.
Definition 2.2 A partial ordering "<" is defined on Xbyx <y & x*xy = 0.
A BCK — algebra X is said to be
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1. bounded if there is an element 1 € Xs.t. x < 1, for all x € X.

2. commutative if it is satisfies the identity x Ay = y A X, where X Ay = x * (y * x), forall x,y € X.

3. implicative if x * (y * X) = X, forall x,y € X.
Example 2.3 Let A be a non-empty set and X = P (A), the power set of A, then (X, —, ¢) is a BCK — algebra.
Definition 2.4 [1] A mapping p: X — [0,1] is a fuzzy set of a non-empty set X. Then the complement of u is denoted by
u¢ or I, is the fuzzy set in X given by @ =1—p(x) forallx € X.
Definition 2.5 [11, 12] An intuitionistic fuzzy set (IFS) A of a nonvoid set X is described by the formation A =
(X, Lo (X), va(x)|x € X), where pp:X — [0,1] is the degree of membership and v,:X — [0,1] is the degree of non
membership of the element x € X, and we have 0 < py(x) + va(x) < 1.
For the sake of simplicity, we shall use the symbol A = (u,,v,) for the intuitionistic fuzzy set A = (x, wa (X), va(x)|x € X).
Definition 2.6 [11, 12] Consider u€, the complement of p which is determined by pg (x) = 1 — pa (%) and the complement
of v determined by v§(x) = 1 — v, (x).
Let A = (pa,va) and B = (g, vg) be two IFS of X. Then the following statements have introduced earlier for all x € X, as
follows;

1. ASBiff uy(x) < vg(x) & pa(x) = veg(%)

2. A=Biff ACB&BCA

3. A% = (va(®), 1a(®))

4. AUB = (ua(x) V vp(X), Ha(X) A VB (X))

5. ANB = (pa(x) Avp(x), pa(X) V ve(X))

6. OA= (ua(x), MA(X))

7. OA = (va(x),va(¥))
Proposition 2.7 [11, 12] Let X be non empty set. Then for every IFS A;

1. DAzﬁ;

2. 0A=0A:
3. OAc Ac QA
4. OOA=0A;
5. O OA = OA;
6. OOA=0A;
7. OOA = OA.

3. Intuitionistic Fuzzy Soft BCK — algebra
Here, we give the definition of the soft set defined by Molodstov [18]. Let U be initial universe set and E be set of parameters.
Let P(U) denotes the power set of U and A C E.
Definition 3.1 [18] A pair (F, A) is called a soft set over U if and only if F is mapping from A into the set of all subset of
the set U. i.e. F: A = P(U).
In other words, a soft set is parameterized family of subsets of the universe U for a € A, F(a) may be considered as the set
of a — approximate element of the soft set (F, A). In this manner, a soft set (F, A) is given as (F, A) = {F(a): a € A}. Clearly
every set is a soft set, but a soft set is a not a set.
Definition 3.2 [16] Let U be an initial universe set and E be set of parameters. Let F (U) denote the set of all intuitionistic

fuzzy sets in U. Then (F, A) is called an intuitionistic fuzzy soft set over U, where A € E and F is a mapping F: A - F(U).
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In general, for every a € U, F(a) is an intuitionistic fuzzy set in U and it is called an intuitionistic fuzzy value set of

parameter o.
Clearly, F[a] can be written as an intuitionistic fuzzy set such that

Fla] = (X, Hi[og (X, Vi (X): x € U)},
where g (x) and Ve (X) denotes the degree of membership and non-membership functions, respectively. If for every
X €U, Ugpq) = 1 — Vp[og and Vi[og = 1 — Hpy)» then F[a] will be generated to be a standard fuzzy set and then (F, A) will
be generated to be traditional fuzzy soft sets.
Definition 3.3 [17] Let (F, A) be a soft set over BCK-algebra X, where A is the subset of E. We say that (F, A) is a soft
BCK-algebra over a BCK-algebra X if F[a] is a BCK-sub algebra of X for all a € A.
Definition 3.4 [16] Let (F, A) be an intuitionistic soft set over BCK-algebra X, where A is the subset of E. We say that
(F, A) is an intuitionistic fuzzy soft BCK-algebra over a BCK-algebra X if F[a] is an intuitionistic fuzzy BCK-sub algebra
in a BCK-algebra X for all a € A.
Definition 3.5 [20] The extended intersection of two intuitionistic fuzzy soft sets (F, A) and (G, B) over a common universe
U is an intuitionistic fuzzy soft set (H, C), where C = A U B and for every o € C

Fla],if a € A—B
H[a] ={G[a],if a€B—A
Fla] nG[a],if « €ANB

In this case, we write (F, A) n, (G, B) = (H, C).
Proposition 3.6 [20] Extended intersection of two intuitionistic fuzzy soft BCK-algebra over a BCK-algebra X
is also an intuitionistic fuzzy soft BCK-algebra over BCK-algebra X.
Definition 3.7 [20] Let (F, A) and (G, B) be two intuitionistic fuzzy soft sets over a common universe U such that AN B #
¢. Then the restricted intersection of (M, A) and (N, B) is denoted by (F,A) N, (G, B) and is defined as (F,A) n, (G, B) =
(H, C), where C = A n B and for all B € C, H[B] = F[B] n G[B].
Proposition 3.8 [20] Restricted intersection of two intuitionistic fuzzy soft BCK-algebras over BCK-algebra X, is also an
intuitionistic fuzzy soft BCK-algebra over BCK-algebra X.
Definition 3.9 [20] Let (F,A) and (G, B) be two intuitionistic fuzzy soft sets over a common universe U. The union of
(F,A) and (G, B) is defined by (H, C) satisfying the following conditions:

1.C=AUB

2. foralla € C

Fla],if « € A—B
H[a] ={G[a],if a €B—A
Fla]UG[a],if « €ANB

In this case, we write (F, A) U (G, B) = (1, C).
Proposition 3.10 [20] The union of two intuitionistic fuzzy soft BCK-algebra over a BCK - algebra X is also an intuitionistic
fuzzy soft BCK-algebra over a BCK-algebra X.

4. Fuzzy BCK- Modules
Definition 4.1 [22] Let X be a BCK-algebra. Then by a left X-module (abbreviated X-module) we mean an abelian group
M with an operation X X M — M with (x, m) ~ xm satisfies the following conditions for all x,y € X and m,n € M:

1. xAy)m = x(ym)
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2. x(m +n) = xm + xn

3.0m=0
Moreover, if X is bounded and M satisfies 1m = m, for all m € M, then M is said to be unitary.
Example 4.2 [22] If A is a non-empty set, then X = P (A), the power set of A, is an X-module with xm = x A m, for any
X, m € X.
Example 4.3 [22] Let X be a bounded implicative BCK-algebra. Then (X, +,0) is an X-module, where "+" is defined as
x+y=x*y)V(y*x)andxy =X Ay.
Example 4.4 [22] A subset A of BCK-module M is a BCK-sub module of M if and only if a — b,xa € A, for every a,b € A
andx € X.
Definition 4.5 [22] A fuzzy subset pu of M is said to be a fuzzy BCK-sub module if for all m, m;, m, € M and x € X, the
following axioms hold;
L. p(m; + my) > min{p(m,), p(my)}
2. p(=m) = p(m)
3. u(xm) > p(m).
Example 4.6 [22] Let X = {0,a,b,c} and consider the following table;

* 0 a b c
0 0 0 0 0
a a 0 a 0
b b b 0 0
c c b a 0

Then (X,*) is a bounded implicative BCK-algebra and so is a BCK-module over itself. let ty, t;,t, € [0,1] be such that
ty > t; > t,. Define p: X = [0,1] by u(0) = to, n(a) = tq, u(b) = p(c) = t,. Then p is a fuzzy BCK- sub module of X.
5. Intuitionistic Fuzzy Soft BCK — Module

Here, we propose the following definition of intuitionistic fuzzy soft BCK-submodule and related theorems.
Definition 5.1 Let X be a BCK-algebra and M is a BCK -module, then an intuitionistic fuzzy soft subset F[a] =
(M#[eq (%), VEoq (X)) in M is said to be an intuitionistic fuzzy soft BCK-submodule of M if for all m,m;, m, € Mandx €
X, the following conditions satisfy;

L pgpq(my 4+ my) > min{pgg(my), M (M2)}

2. Pgpey(—m) = pppeq (M)

3. Pppe (XM) > g (M)

4. Vg (Mg + my) < max{vgpe (M1), Vi (M2)}

5. Viq(=m) = Vg (m)

6. Viq(xm) < Vo (m)
Theorem 5.2 An intuitionistic fuzzy soft subset F[a] of M is an intuitionistic fuzzy soft BCK-sub module of M if and only
if

L. P (Mg — my) > min{pge; (M), Mg (M2)}; Vipeg (Mg — my) < max{vige (my), Ve (M2)}

2. Wppeg(Xm) > Py (M); Vipeg (Xm) < Vg (m).

Proof: Let F[a] be an intuitionistic fuzzy soft BCK- sub module of M, then
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L. P (Mg — my) = pgg{(my + (—my)}

= min{pgre; (My), Uiy (—m2)}
= min{ppre (my), W (M2))
and
VE[oq (M1 — M) = Vi {(my + (—my)}
< max{Vg[q (M), Vi (—m2)}
= max{Vejq)(My), Viey (M2)}
2. g (XmM) > Py (m) and Vig) (xm) < Ve (m).
Conversely, suppose F[a] holds conditions 1 and 2, then by definition we have
HE[oq (—M) > Ppq (M) and pgpeg(m) = P {—(—m)} = ppq(—m). Thus pgj (M) = Pgpeg(—m). Similarly,
V[ (M) = V[ (—m)
Also we have
HE[oq (Mg + m3) = g {my — (—my)}
= min{pgpe; (My), Kppey (—m2)}
= min{uﬁ[a] (my), Hpjqg (my)}.
similarly, Vi (my + m;) < max{vige(my), Vi) (m2)}
Thus F[a] is an intuitionistic fuzzy soft BCK-sub module of M.
Theorem 5.3 Let F[a] € F(M). Then F[a] is an intuitionistic fuzzy soft BCK-sub module of M if and only if
L. Ugpeg(0) > Mgy (m) and Vi (0) < Vi (m)
2. HF[a] (xm; —ym,) > min{ur:[a] (my), HE[q] (m3)} and
Vi (XMy — ym;) < max{Ve(e(my), Hipeg (M2)}
Proof. (=) it follows from theorem 5.2 and that Om = 0, for all m € M.
(&) we have
HF(xm) = pp(xm — y0)
= min{pg(xm), uz(0)}
= up(m)

and
Hr(m —n) = pp(l.m — 1.n)
= min{pg(m), pg(n)}
Similarly Vi (xXm) < Vge;(m) and vg(m — n) < max{vg(m), vy(n)}.
That proves F is an intuitionistic fuzzy soft BCK-sub module of M.
Theorem 5.4: Let F[a] € F(M). Then F is an intuitionistic fuzzy soft BCK - sub module if and only if for all t € [0,1],
F[a; # ¢ is an BCK - sub module of M.
Proof: Here Fla] = (g (%), Vi (%)) (=) Let Fla]; # ¢, t € [0,1] and m,n € F[a]; then pgpy;(m), pgeg(n) > t and
Vijeq (M), Vi (0) < t, since Fla] is an intuitionistic fuzzy soft BCK-sub module F[a] = min{pge (m), igjeq(n)} = t and
Flo] < max{Vg[q (M), Viq(n)} < t. Som — n € Ugy;, and m — n € Vi, This shows that F[a]y is a subgroup of M. Now

let m € F[a]; and x € X, then F[a](xm) = oy (m) = t

1923



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055

Vol. 45 No. 4 (2024)
and F[a](xm) < Vg (M) < t,ie. xm € F[a],. Therefore F[a], is BCK-sub module of M.

(&) Let t € (F[a](m), F[a](n)), for m,n € M. then m,n € F[a]; and so m — n € F[a]; which means that F[a](m — n) >
t = min{pgy, (M), K, (M} and Fla(m—n) <t= max{Pgq, (M), Hje), (M} Now let s = F[a](m). Then m € HE[o]
and s0 Xm € Wy, similarly Xm € Vo, which means that pgpe (xm) = s = F(m).
Therefore F is an intuitionistic fuzzy soft BCK-sub module of M.
Definition 5.5 Let F[a] = (M) (%), Vi (X)) be an intuitionistic fuzzy soft set in BCK-sub module M and let B,y €
[0,1] such that 0 < B+ y < 1. then the set F[a] g, = {m € M|Ug(og = B, VE[oq < Y} is called an (B, ) level set of Fla] =
(M(eg (%)) V(o (X))
Theorem 5.6 Let F[a] = (MF[o) (%), Vi (X)) be an intuitionistic fuzzy soft set in M such that F‘[a](B, Y) is a BCK- sub
module of M, for all (8,y) € [0,1] with0 < B +y < 1. Then F[a] = (M#[eq (X), Vo (X)) is an intuitionistic fuzzy soft BCK-
sub module of M.
Proof: Let m, m;, m, € M and x € X such that F[a](m;) = (B1,v1), F[a](m;) = (B,,V2) where 0 < B; +y; < 1 fori=
1,2. Then my,m; € Fla]minp,,)max(yiy,)) a0d s0 My —my, € Fo]min(p,,,)max(yyy,))- Hence Hipg(my —my) =
min(By, B,) and pgpy (my — m,) < max(yy, ;) . Also if we put s’ = F[a](m) and t' = F[a](m) where 0 < s" +t' < 1,
then m € F[a] s . Since Fla] ) is a BCK- sub module of M, we have xm € F[a](y . it follows that pgje(xm) =
s" = Uy (M) and v (xm) < t' = V(o (m). Hence Fla] = (M[) (%), Vi (X)) is an intuitionistic fuzzy soft BCK-module
of M.
Theorem 5.7 If F[a] = (M[eg (%), VEoq (X)) be an intuitionistic fuzzy soft BCK-sub module of M. Then O Fla] =
(MF (%), Bfog (X))
Theorem 5.8 If Fla] = (up [«](X), V(o (X)) be an intuitionistic fuzzy soft BCK-sub module of M. Then ¢ Fla] =
(VF[a] x), VE[a (X))
Theorem 5.9 Let F[a] = (H#[oq (%), VE[oq (X)) be an intuitionistic fuzzy soft BCK-sub module of M. Then A = {m|m €
M, pgp(m) = 1 and Vg (m) = 0} is a sub module of M.
Proof: Let m, m;, m, € M and x € X, then by definition 5.1

1. ur:[a](ml —m,;) = min{yg o(](ml), HE[a] (mz)} =min{1,1} =1, som; —m, € A.

2. Vg (my — my) < max{Veg;(My), Vipe)(mM2)} = max{0,0} = 0, som; —m; € A.

3. Hpjg(Xm) = ppg(m) =1, xm € A .

4. Vi (xm) < Vg (m) =0,xm € A .
Hence A is a sub module of M.

6. Concluding Remarks
The present paper summarizes the basic concepts of intuitionistic fuzzy soft sets and intuitionistic fuzzy soft modules in
BCK-algebra. We have discussed some algebraic properties of intuitionistic fuzzy soft modules in BCK-structure. This work
may be helpful to study the homomorphism of intuitionistic fuzzy soft BCK- modules and its algebraic properties.

References
1. L. A.Zadeh, Fuzzy Sets, Information and Control, 8 (1965), 338-353.

2. A.Rosenfeld, Fuzzy Groups, Journal of Mathematical Analysis and Applications, 35 (1971), 512-
517.

1924



Tuijin Jishu/Journal of Propulsion Technology

ISSN: 1001-4055

Vol. 45 No. 4 (2024)

3.
4.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

V. N. Dixit, R. Kumar and N. Ajmal, On fuzzy rings, Fuzzy Sets and Systems, 49 (1992), 205-213.
D. S. Malik, and J. N. Mordeson, Fuzzy direct sums of fuzzy rings , Fuzzy Sets and Systems, 45
(1992), 83-91.

D. S. Malik, and J. N. Mordeson, Fuzzy Subfields , Fuzzy Sets and Systems, 37 (1990), 383-388.
R. Biswas, Fuzzy Subfields anf Fuzzy Linear Spaces redefined , Fuzzy Sets and Systems, 33 (1989),
257-259.

L. W. Jin, Operations on Fuzzy Ideals , Fuzzy Sets and Systems, 11 (1983), 31-41.

W. J. Liu, Fuzzy invariant Subgroup and Fuzzy Ideals , Fuzzy Sets and Systems, 8 (1982), 133-
139.

S. Nanda, Fuzzy linear Spaces over valued fields , Fuzzy Sets and Systems, 42 (1991), 351-354.
C. V. Negoita and D. A. Ralesqu Applications of Fuzzy sets to Systems Analysis, Basel Switzerland
Birkhauser, (1975), 187-187.

K. T. Atanassov, Intuitionistic Fuzzy Sets , Fuzzy Sets and Systems, 20 (1986), 87-86.

K. T. Atanassov, More on intuitionistic Fuzzy Sets , Fuzzy Sets and Systems, 33 (1989), 37-45.
R. Biswas, Intuitionistic Fuzzy Subgroup , In Mathematical Forum, 10 (1989), 37—46.

M. F. Mohammad and A. R. Salleh, Intuitionistic Fuzzy rings , International Journal of algebra, 5
(2011),37-47.

I. Bakhadach, S. Melliani, M. Oukessou and L. S. Chadli, intuitionistic fuzzy ideal and intuitionistic
fuzzy prime ideal in a ring, Notes on Intuitionistic Fuzzy Sets., 22 (2016), 59-63.

C. Gunduz, S. Bayramov, Intuitionistic Fuzzy soft modules, Computers and Mathematics with
Applications, 62 (2011), 2480-2486.

Y. Jun, K. Lee and C. Park, Fuzzy soft set theory applied to BCK/BCI-algebra, Computers and
Mathematics with Applications, 59(1) (2010), 3180-3192.

D.Molodtsov, Soft Set Theory- First Results, Computers and Mathematics with Applications, 37
(1999), 19-31.

K. K Iseki, An Algebra Related with a Propositional Calculus, Pro. Japan Acad, 42 (1966), 26-29.
M. Balamurugan, G. Balasubramanian and C. Ragavan, Intuitionistic Fuzzy Soft Ideals in BCK/BCI
- algebras, Materials Today: Proceeding, 16 (2019), 496-503.

Y. Arai, K. Iseki and S. Tanaka, Characterizations of BCI, BCK.Algebras, Proc. Japan Acad., 42(2)
(1966), 105-107. M. Bakshi. Fuzzy Set Theory applied to BCK- modules, Advances in Fuzzy Sets
and Systems, 8 (2011), 61-87

1925



