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Abstract

In this paper,we obtain the membership conditions for Mittag-Leffler (M-L)type poisson distribution series to be
in the sub-class of analytic functions S(9,7n,8) and R(¥9,1n,§) with negative coefficients, P(n,9) and R(n,9)
with positive coefficients defined in the open unit disc.Some special cases of these results are also discussed.

KeyWords: Analytic functions, Univalent functions, Mittag-Leffler, Poisson distribution series,
Alexander integral operator.

1 Preliminary
Let A, denote the class of functions of the form
fQ=¢+32 adt (1.1)

and analytic in the open unit disc U = {{ € C; |{| < 1} satisfying the condition f(0) = f'(0)—1=10. § be
the subclass of A which are univalent(schlicht) in U.

A function f € A is an element of $*(V9), the class of starlike functions of complex order ¥ € C* [6]

iff
J109) 1@
%0 and Re <1 2 (—f@) )) >0, (¢ € U). (1.2)
A function f € A is an element of C(¥), the class of convex functions of complex order ¥ € C* [11]
iff
, 1 (1@
F()#0 and Re <1 += (—m) )) >0, €U). (1.3)

We note that f € C(9) & {f' € §* (V).

A function f € A, is a member of R(J), the class of close-to-convex functions of complex order 9 €
C*, iff
1z
Re(1+3(F(D-1))>0,¢ €. (1.4)

The class R(9) was discussed by Halim[4] and Owa [7]. Denote 7', a subclass of § containing the
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functions are represented by

Q) =¢-2Z; ail',(a; 2 0) (1.5)
The subclasses of A(n) defined by Altintas et al,[1] which consist of the function of the form
Q) =¢-Eni1 @l (a2 0) (1.6)
A function f of A (n) belongs to the subclass S, (9,7, ) if it satisfies,
1( Sfr)+ng*f1(S) *
(= <n< <
5 ((1—n)f(z>+n<fr(o 1)| <8 eUneC,0<n<10<5<1) (1.7)

A function f of A(n) belongs to the subclass R, (9,7, d) if it satisfies,
EF@+nif (@O -1D|<s(@eusec,0<n<10<5<1) (1)

Note that, S,(9,7,8) = S®,n,8) and R,(9,7,8) = R(®,1,5).

In 2000, Altintas and Ozkan gave the membership conditions for the function belonging to the classes
5,n,6) and R(Y,n,d), which are stated as follows.

Lemma 1.1 /1] The function f € S(9,n,6) if and only if
Yo, n=1) + 1] + 89| — Da; < 8[9|, wheref € A(n). (1.9)

Lemma 1.2 /1] The function f € R(9,n,6) if and only if
Yo Un —1) + 1]a; < §|Y|, wheref € A(n). (1.10)

Let P(n,9) of A contains the functions of the form (1.1) which satisfy

1 <} ,(() 7<2) ”(() *
Re |-|-— ——| 0 g'e‘“ﬁe« (}<77< . .
( 9 ((1—77)f(0+77<f/(0 )) > ’( ’ ’ ) (1 11)

Also, the subclass, R(n,9) of A contains the functions of the form (1.1) which satisfy

Re (1 +2(@ + e @) - 1)) >0,((€UIEC,0<n<1). (1.12)

P(n,9) and R(n,9) were discussed by Altintas et al. [2] and Aouf [3], they determined the membership
conditions for function belonging to the classes P(n,9) and R(n,9), which are stated in the following lemmas.

Lemma 1.3 /3] the function f € P(n,9), if it satisfies the condition,
Y, MU=+ 11+ D+ 129 — 1+ 1]lq;| < 2|9|,wheref € A. (1.13)

Lemma 1.4 /3] the function f € R(n,9), if it satisfies the condition,
Yz, Unl —1) + 1]|q;| < |9]|, wheref € A. (1.14)
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In 1903, (M-L) [5] introduced a function defined by

E (9 = 2iZo (€ CRe(n) >0) (1.15)

T(ui+1) z+1)

By introducing a parameter, Wiman [12] generalised the function (1.15) as follows,

E,(©) = o roargy (6§ € G Re() > 0,Re(§) > 0) (1.16)

m . . — S —
Let ¥, ({) € A with the power series of the form (1.1) and P(X = s) = —I‘(,us+€)E ) m>0,s =

0,1,2,3,,,,, the probability mass function of the (M-L)-type poisson distribution, then
ml—l

m — N L a—
lp‘u,f(z) - ( + Zl=2 l“(,u(l—1)+f)5“g(m)( )

Further,We define the following series
m m o mt~? l
%1,5(0 =2{ - ‘l’#,g(o ={—-X m(
Motivated by the works of Saurabh Porwal,Nanjundan Magesh [9], we obtain the membership conditions for the
(M-L)-type poisson distribution series (pl[} (@) to be in S(Y,n,8) and R(Y,n,6) and also membership
conditions for the (M-L)-type poisson distribution series 1/);'_}(( ) to be in P(n,9) and R(n,?I). In addition, we

establish the integral operators for the series (ple (¢) and 11)[}_} 0.

2. Main results

Theorem 2.1 If y,m > 0 and & > 2, then (P;Ts(f) € S(9,n,6) ifand only if

_t -
Epg(m) e (E”'f -2(m) F(é’—Z))

+(u(n8I19|+;)2+n(3—2s‘))( e J(m) — T 1))

S|91+1)(1-
(1 - 92 + BEEED 4 519)) (B e (m) = 15)1 < 8191,

Proof. From lemma(l.1), it is enough to show that

B2 10 = + 101+ 8191 = 1t < 0191 eR)

T(u(1=1)+§)E ¢ (m)
Consider,
ml—l

Lz n( =D+ 1L+ 8] - 1 s

ml

=221 [+ 9] + DI+ 5|19|](W

)

=22 [l =1+ O -2+9)]
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(Qu+E-1)[MB-28)+uMms19[+1) , 7
+ +a - &)?

u?
(@8191+1)(1-§) m!
@WIDAZD) | 519 (7)

+ u +4191] T(ul+§)E,, ¢(m)

l

F(ul+§-2)

532 s

;(m) u?

n(3-28)+u®8191+1) voo m!
+ ( u? )Zl=1 T(ul+&-1)

n(1-9H? | @sPI+nA-9) o  mt
(A 4 CARERED 4 519)) £, 70

1
T E wE(m) [

+ (u(n5|ﬂ|+lll)2+n(3—25)) (Eu.s—l(m) _ ﬁ)

519 -
+( (1= )% + TEEDED 4 519]) (B g (m) -

L (Fug2(m) = 72

@)]

< 519

Theorem 2.2 If u,m > 0 and & > 2, then (p[[}({) € R(9,n,6) if and only if

1 n 1
Fgom bz =20 = 1)
K +1)+1(3-25) 1
) B (M) = 72)
a+mQa-%)
+CE (1= + B+ D(Ee(m) — 1)) < 819

Proof. From lemma(1.2), It is sufficient to show that,

B2, 10 = 1 + 1) (rrgeam) < 019

T(u(=1D+EE, g(m)

Consider,

2222 -1+ 0 + 11 (s

T(uA-1)+EEy ¢(m)

=¥, (+ Dl +1] (L)

T(ul+§)Ey, ¢(m)

e o _oomt )
XiZza [+ (m+ DI+ 1] (F(Hl+s‘)’5u.€(m)

1 1 v m! (n(3—2s‘)+u(n+1)) o m!
" Euglm) Ca 2t favg u? 2i1 Fave-n

N 4 ez AEDA-) w _m
+(M2(1 $)+ m +1)Zz=1r(m+f)]

1

[ (B2 (m) —

Eyg(m) tu?

rE- 2))

(m+1)+1(3-2¢)
) g1 (M) — )

F(f 1)

1823



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 45 No. 4 (2024)

5 (1= 9% + ERED 4 1)(B, e (m) - )]

NG)
< 519

Theorem 2.3 If u,m > 0 and § > 2, then P, ({) € P(n,9) iff

2

Epg(m) [u (Bug-20m) = e 2>)
L@+ 1D+n(3-28) 1
+ (”—2) Bug-1(m) — s

(-2 + WD 4 19)) (B, ¢ (m) — )] < 219,

Proof. From lemma (1.3), It is enough to show that,

ml—l

s, [14+n(=1+D][-1+1+]20 -1+

Consider,

Y2, [1+n(=1+D][- 1+l+|219—1+l|]|—r(#(l 1)+§)Eu§(m)|

< Xiza (T +nD(2L+2[9]) r(ul+f)E £m)

s T2 1+ (9] + DU+ 19 s

2 ml

= Epglm) Ca 2 e

n3-2)+u@I+D voo ml
+ ( u? )Zl:l T(ul+&-1)

1- 9+1 o l
F(EA -2+ R 4 o)) 52, o

r(ul+$)
= —— [ (Byg—a(m) — ——)
Le(m) tu2 VRS2 r(f 2)
um|9|+1)+n(3-2¢§)
 (HPERICE) (B, ey (m) — 1)

+(F -2 + I 4 19]) (B e(m) = )]

< 209].

Theorem 2.4 If u,m > 0 and § > 2, then ,'¢+({) € R(n,9) iff

1 S __r
E,g(m) [uz (E”'f_Z(m) rE¢ —2))
um+1)+n(3-245)
+EEEEEE) B (M) = )

FEEA = O + D 4 1)(E, e (m) — D] < 9.

— <2
T(u(-1D)+Ey ¢ (m)

191
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Proof-  From lemma (1.4), It is enough to show that,

. ml-1
2z n—1) +1] |r‘(u(l D+OE em)| — =19l
ml-1

F(#(l—1)+f)5#,§(m)|

- ; A+ DL+ 1] <F(ul " g)EM(mJ

=32y I+ 0+ DL+ 1 ()

T(ul+§)Ey g(m)

Consider, »2, l[n(l —1) + 1]

ml

el b D N

f(m) u? T(pl+§-2)

ml
T(ul+$-1)

n(3-2§)+um+1)
+ ( u? )Zl 1

1+7)(1— o l
(-9 + ERER 4 1y, ]

T T(ui+d)
1

= o [ Bz (m) =

rE- 2))
FEREEED B,y (m) - )
FCEA =2+ HEED L 1)(E, e (m) — D]
< 9]

Remark 2.1 If we take u = & =1 in theorems (2.1),(2.2),(2.3),(2.4),then we find the corresponding results of
poisson distribution series.

3. Special cases

Corollary 3.1 Let u,m > 0 and & > 1, then (pl[}(() € 5(W,0,1) ifand only if
1

o i B () = ) + (2 4 191) (B () — ) < 191,

Corollary 3.2 If u,m > 0 and & > 1, then <pl’t'_}(() € R(9,0,1) if and only if

oo e g ) = ) + (24 1) (Bugm) - 1 < 191

Corollary 3.3 Let u,m > 0 and § > 2, then ¢,¢({) € S(9,1,1) if and only if
1

W[# (Bpg-2(m) — 1= 2))

u(9+1)+(3-2§)
+ () (B o) — )

1 I|+1)(1—
(50 -9 + TEREED 1 19)) (B, ¢ (m)

— sl <191
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Corollary 3.4 Let y,m > 0 and & > 2, then ¢,¢({) € R(9,1,1) if and only if

oo Lz Bug-2(m) =
+_(3 2§+2u) (Eyr () —

+(H -9+ 224 1) (Bue(m) -

rE- 2))

rE- 1))

=] < 9],

Corollary 3.5 If y,m > 0 and & > 1, then Y,;¢({) € P(0,9) if and only if

_2 it
Eype(m) "u

Corollary 3.6 If u,m > 0 and & > 2, then 1/)[{_}(() € P(1,9) ifand only if

[

s La B (m) = 1)

Epg(m) pu?
u(91+1)+(3-2§) 1
+ (M) (B () — )
1 v, (91+DE-E)
(51 =2 + CEEE 1 19]) (Bue(m) — )] < 219,

Corollary 3.7 If u,m > 0 and & > 1, then 1/)[{_}(() € R(0,9) if and only if

[ (B (m) — o) + (524 1) By -

(m) u

s = <9,

T
Corollary 3.8 If uym > 0 and & > 2 , then %T;(O € R(1,9) ifand only if

1

s [ (B2 (M) — 55

Epg(m) u?

+(2) (Buga () -

(A= + 24 1) (Bug(m) —

rE- 1))

<
)l <19,

4 Alexander integral operator

[ Bugr () = =) + (B2 4 191) (Bug(m) — 521 < 2191,

We derive the membership conditions for the Alexander integral operator KL’_} () belongs to the classes

R(9,n,8)and R(n,9).

Theorem 4.1 If u,m > 0 and & > 1, then the function

14 QDug(f)

ke () = dt

is in the class R(Y,n,6) if and only if

1

W[u( w1 (M) = ) + (24 1) (Bug(m) — 55)) < o191
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Proof. From lemma (1.2), it is enough to show that,

2222 -1+ 0 + 11 (s o) < 0191

T(u(-1+D)+E)IE, £(m)

Consider,

B2 -1+ D + 1 (o)

T(u(=1+D)+&)IE , ¢(m)

=32, I+ 1 (o)

T(ul+E){E ¢ (m)

ml l
- n(1-9 © _m
Eus(m) [uZl LMD ( P 1) i1 Turg)

1

= T [M( we-1(M) — 1))+(n(1 = 1)( Eyg(m) — F({))]
< 519).

m
Theorem 4.2 If u,m > 0 and & > 1, then the function KL’_}({) = foz wdt is in the class R(n,9) if and
only if

1

Ey¢(m) [u( ng-1(M) = 1))+(77(IT_€)+1)( Eug(m) = F(é’))] <19l

Proof- From lemma (1.4), it is enough to show that,

] mi~t
e, (=14 1) + 1] |r(ﬂ(_1+lwwm) < 19|

Consider,

2222 110 - D + 11 (s

T(p(-1)+IE £(m)

=32, I+ 1 ()

T(ul+8)Ey ¢(m)

l l
_ n(l—f)
(m) [uZl L rui+é- 1)+( u )Zl L r(ul+f)]
Epg

. T- 1)) +( Rt 1)( we(m) = F(f))]

= —— (2 (B (m) —

pE(m) u

< |9|.
References

[1] Altintas O.,0zkan,O.,Srivastava,H.M.:Neighbourhoods of a class of analytic functions with negative
coefficient. Appl.Math.Lett.13(3),63-67(2000).

[2] Altintas,0.,0zkan,0.:  Starlike convex and «close to convex functions of complex
order.Hacet.Bull.Nat.Sci.Eng.Ser.B 28,37-46(1999).

[3] Aouf M.K Some subordinations results for certain subclasses of starlike and convex functions of complex
order.Acta Univ.Apulensis 35,101-110(2013).

[4] Halim S.A,: On a class of functions of complex order. Tamkang J.Math.30(2),147-153(1999).

1827



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055

Vol.

45 No. 4 (2024)

(3]
(6]
(7]

(8]

(9]

[10]

[11]

[12]

G.M.Mittag-Leffler, sur la nouvelle function E(x),C.R.Acad.Sci.Paris,137.554-558(1903).
Nasr,M.A.,Aouf M.K.:Starlike functions of complex order.J.Natl.Sci.Math.25,1-12(1985).

Owa S .Notes on starlike,convex,and close to convex functions of complex
order.In:Srivastava,H.M.,Owa,S(Eds.)Univalent functions,Fractional ca;lculus,and Their
Applications,pp.199-218,Halsted press (Ellis Horwood limited,chichester).John Wiley and sons,New
York(1989).

V. Pescar, Univalence of certain integral operators, Acta Univ. Apulensis Math. Inform. No. 12 (2006), 43—
48.

Porwal S,Magesh N,Abirami C,:Certain sub classes of analytic functions associated with Mittag- Leffler
type poisson distribution series Bol.soc.Mat.Mex.2020.https://doi.org/10.1007/s40590-020-00288-x.16.

A. L. Soubhia, R. F. Camargo, E. C. de Oliveira and J. Vaz, Theorem for series in three-parameter Mittag-
Leffler function, Fract. Calc. Appl. Anal. 13 (2010), no. 1, 9-20.

Wiatrowski.P.:The coefficient of a certain family of holomorphic functions.Zesz.Nauk.Univ.Lodz
Nauk.Mat.Przyrod(Ser.I11)39,75-85(1971).

A.Wiman,Uber den funtamental satz in der theory der funcktionen E(x),Acta Math.,29.191-201(1905).

1828



