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Introduction

Graph labelling is one of the remarkable research area in the field of Graph theory which consists of several open problems
available in the literature for various graph families. In 1960's A.Rosa [9] introduced graph labeling while in 1980 prime
labeling technique was primarily explored by E.Roger for circuit less connected graphs. He proposed a conjecture that, to
this day, is still unmet, all circuit less connected graphs permit prime labeling. Tout et al. [12] introduced the method of
prime graphs. We have considered a simple connected graph in this work. Throughout this paper we have considered vertex
prime division labeling for various graph families where V=V/(G) considered to be the set of nodes or vertices E = E(G)
considered to be the set of connections or edges of the graph G.

A labeled graph G can be defined as if either its vertices or edges or both vertices and edges are labeled with some numbers
(generally by non-negative integers), symbols and alphabets. Let G = (V,E) be a graph with n vertices. A bijective mapping
f: V—{1,2,...,n} is called a prime labeling if for each edge, labels of its end vertices are relatively prime with each other. A
graph is said to be prime graph if it admits prime labeling [6]. Some circuit related graphs and its prime labeling are
investigated by Vaidya and Kanani [13]. Prime labeling for special graph families are explored by Weeraratna et al. [11]
and also prime labeling of Jahangir graph was studied by Lakshmi et al. [1].

Main Results:

Definition:1.1 If vertices or edges or both vertices and edges of a graph are labeled with some numbers (Generally by non-
negative integers), symbols and alphabets then the graph is considered as labeled graph.

Definition:1.2 Let G = (V,E) be a graph. A vertex labeling injective function f:V — N is said to be prime division
labeling if for each edge e = xy, either % or % is least possible prime number. A graph that admits prime division

labeling is called prime division graph.

Hlustration 1.1 Prime Division Labeling for some standard graphs is shown in figure given below.
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Figure 1: Prime Division Labeling for some standard Graphs.

365




Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 45 No. 4 (2024)

Theorem-1.1 [Sufficient condition for Prime Division Graph]

For a k-regular simple connected graph G with 2% vertices, if all the vertices are labeled with all possible factors of
Py X ... X pr Where p,, is k" prime number, then the graph G admits prime division labelling.

Proof: We  will prove  this  result using theory of  mathematical induction on k.

Case-1: For k=1

Consider 1-regular simple connected graph with 2k = 2 = 2 vertices which gives us path P, with two vertices. To define

prime division labeling consider one-one mapping f:V(G) — N such that f(v;) = i, Where i = 1,2. Thus % = % =2
1

Hence G is a prime division graph. Thus result is true for k = 1.

Case-2: For k=j
Assume that result is true for k = j, Thus the result is true for j-regular, simple connected graph with 2/ vertices where all
vertices are labeled with each possible factor of p; x ....x p;.

Case-3: For k=j+1
To Prove: For j + 1-regular, simple connected graph with 27+ vertices. Where all vertices are labeled with each possible
factors of p; X ... X p; X p;,4 is prime division graph.

Let G = (V,E) be j-regular, simple connected graph with 2/ vertices where all vertices are labeled with each possible
factor of p; X ....x p;. According to case- 2 such graph G is prime division graph. Now each possible factors of p; X..x p;

are 1,01, 02 s DjsP1 X D2s D1 X D3, 0oy P1 X Djy ooy P1 X D2 X P3 X 0 X P which are 2J elements.
As, S =+ +-+() =2
Consider the copy of graph ¢ = (V,E) as G' = (V',E") for which the vertex labeling function g: V' — N defined as
9w = f(w) xpjs, 1 <1< 2.

Now for every edge e = uv of graph G,% or % is prime number as G is a prime division graph. For
every edge e'=u'v of graph G'.

g() _ fxpjs1 _ fu) 9(') _ fOxpj1 _ f0)
gy fxpj41 fO) g  fxpje f@
() 9(v')

Hence =—= or == is prime number.
g g’ P

Therefore graph ¢’ = (V',E") is a prime division graph. Consider a graph G* = (V*, E*) generated by joining each vertex
v; of graph G with v} of graph G’.Therefore |V*(G*)| = |V(G)| + |[V'(G")| = 2/ + 2/ = 2(27) = 2/*1. As G is j-regular
graph and G' is also j-regular graph, G* will be j + 1-regular graph. Because of joining each vertex v; with vertex v; will
increase one degree of each vertex of graph G*.

All labels of graph G* are 1,py, 0z, .., Pjs Dj+1,P1 X Pjs1P2 X Djs1s s Pj X Djst1s s D1 X P2 X P3 X . X pj X pjyq Which
are 2/*1 elements and also these are the all possible factors of p; X p, X ... X pj X pj+1. FOr every edge e” = uu' where
M _ F)Xpjy1
fw f
(V*,E*) is a prime division graph. Therefore G* is j + 1-regular graph with 2/** vertices which are labeled with all
possible factors of p; X ... X p; X pj,4 and itis a prime division graph.

u € G and u' € G'. The ratio of labels of u’ and u will be = pj+1, Which is a prime number. Hence ¢* =

Thus the result is true for k = j 4+ 1. By Principle of Mathematical induction Theorem is true for all positive integers.

Theorem-1.2 Every Path P,, n>2 is a Prime Division Graph.

Proof: Let Pn, n > 2 be the path with ordered set of vertices {Vi, V2, ..., Va}. TO 0btain a prime division labeling
function for path P, we must have a ratio of labels of two adjacent vertices as least prime number. Define an
injective function f : V (Pn) — N such that f (vi) = 2%, where i = 1, 2, ..., n. By assigning the labels to each
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4 (i+1)-
vertex as f(vi) = 2°= 1, f(v)) =21 =2,..,f(vn) = 21 So we have f;t—;*)l) =2 ;1 To2 , Which is a prime

number, where v; and vij+1 for 1 < i <n are two adjacent vertices. Therefore, this labeling pattern give rise to
prime division labeling. Hence P, is a prime division graph.

Remark-1.1 For any path P,, 1 <f(vi) <2™, where v; is any vertex of Py,

Illustration 1.2 Prime Division Labeling of P,

® . 4 & ® ®
7 = 4 ;

Figure-2: Pn and its Prime Division Labeling

Theorem-1.3 Every star graph Ky, for n>1 is a Prime Division Graph.

Proof: Consider the smallest star graph Ki,1 which is path with two vertices, according to Theorem-1.2,every path
is a prime division graph. So Ki: is a prime division graph. Now consider Ki> which is isomorphic to path
Ps, according to Theorem-1.2, every path is prime division graph. Consider Ky, with vertex set {vo, vi, ..., Vn},
where vg is an apex vertex and {vi, ..., Va} are pendant vertices of the graph. Define an injective mapping.

f : V(Kin) — N such that

1<i<n

_ Di
f(vi)—l i=0

where pnis " prime number. Therefore, for any pair of adjacent vertices vo and vy,

fvn) — Pn

fwg 1 Pro

Therefore K1, is a prime division graph.

Illustration 1.3 Ky ,and its Prime Division Labeling is shown in Figure-3.

11

Figure-3: Kin and its Prime Division Labeling

Remark-1.2 For prime division Labeling of any star graph Ky, 1 <f(vi) <pn where p, is n' primenumber.
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Theorem-1.4 If graph G = (V, E) contains cycle C; in it then the graph G does not admit prime division
labeling.

Proof: Consider cycle Cs. Let f:V — N be the vertex labeling function. Suppose f(vi) = 1. By the definition of
JACH) Ch
or
fj JACH)
f2) _ Pi which is not a
fws) pj
fws) _ pj

o = e which is also not a prime number. Note that the division of two prime numbers
2 i

is always a non-integer number. So the ratio of two prime labels is not a prime number. Hence cycle Cs does
not admit prime division labeling. Therefore, cycle Cs is not a prime division graph. Hence all super graphs o

prime division graph for any adjacent pair of two vertices vi and v; either

must be prime. We

have to consider f(v2) = pi, where p; is prime and f(vs3) = pj, where pj is prime. Now

prime number or

Cs does not admit prime division labeling. Czis shown in Figure-4.

'?.)1
T'JS vz
Figure-4: Cs
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