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Abstract 

A simple graph G  with n  junctions admits fuzzy prime if there exists a junction labeling ( ) ( : 0,1V G →  

such that for any two neighborhood junctions u  and v , ( ) ( )( )gcd , 1u v  = . The labeling   is called 

prime combination labeling if for each positive integer r  such that 
110 10r rn−   , the induced bridge 

labeling ( )xy  equals 
( )
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 

 according as ( ) ( )x y   or 

( ) ( )y x   is injective onto the subset of ( 0,1 . In this paper, we study fuzzy prime and fuzzy 

combination labeling of some families of connected graphs. 
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1. Introduction 

 Graph theory has obvious utility in its applications in Science. However, when viewed apart from these 

applications, it yields beautiful mathematical gems, and can be used as a lens to study other area of 

Mathematics. We use graph theory and specifically graph labeling as a lens to study prime numbers. Fuzzy set is 

a newly emerging mathematical framework to exemplify the phenomenon of uncertainty in real life tribulations. 

This article is a further contribution on fuzzy labeling graphs. 

 Mathematically in graph hypothesis, a graph labeling is the allocation of labels (commonly represented 

by an integer) to the graph junctions or graph bridges or both. There are several types of labeling. Among the 

various types of labeling, our focus is on prime labeling. 

 Motivated by the concepts of fuzzy labeling and prime labeling in this paper, we define fuzzy prime 

and fuzzy prime combination labeling. In this paper we investigate the fuzzy prime labeling behavior of several 

graphs like grid, ladder, generalized Petersen graph and duplication of helm, Gear, Crown and star graphs.  We 

also show a few classes of graphs are fuzzy prime combination labeling graphs. 

2. Review of literature 

 The notion of graph labeling was introduced by Rosa [26] in 1967. The various types of labeling are 

investigated by Gallian [13]. In 1965, Zadeh [38] introduced the concept of fuzzy set as a generalization of crisp 

sets. In 1975, Rosenfeld [27] discussed the concept of fuzzy graph whose basic idea was introduced by 

Kauffman [20] in 1973. Yeh and Bang [37] have introduced various connectedness concepts in fuzzy graph. 

Fuzzy end nodes and fuzzy cut nodes were studied by Bhattacharya [6], Bhutani et al. [7] and Bhutani and 

Rosenfeld [8]. Bhutani and Rosenfeld [9] developed the strong arcs in fuzzy graph. The concept of fuzzy 

labeling was introduced by Nagoor gani and Rajalaxmi [23] in 2012. For recent result of fuzzy labeling we refer 

to Shanmugapriya et al. [31], Tabraiz et al. [34], Jayasimman et al. [16] and Sujatha et al. [32]. 
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 The notion of the prime labeling originated with Entringer [12] and was introduced by Tout et al. [35] 

in 1982. Acharya and Gill [2] defined grid graph structures and Sundaram et al. [33] discussed prime labeling 

concept of planar grid graphs. Prime labeling concept of ladder graphs is discuss by Berliner et al. [5]. Prime 

labeling concepts of prism graphs is given by Prajapati and Gajjar [24]. Meena and Naveen [22] have 

investigated prime labeling for the duplication of the graphs. Watkins [36] defined generalized Petersen graphs 

and Holton and Sheehan [15], Prajapati and Gajjar [25] and Saražin et al. [29] developed the prime labeling of 

generalized Petersen graphs. For recent result of fuzzy labeling we refer to Kansagara and Patel [19], Schroeder 

[30], Donovan and Wiglesworth [11], Arockiamary and Vijayalakshmi [4] and Abughazaleb and Abughneim 

[1]. 

Hedge and Shetty [14] have introduced combination labeling and they established many interesting properties 

on them. Annadurai and Megala [3] combined the ideas of prime and combination labeling into prime 

combination labeling in which they investigated several results on this concept.  

3. Preliminaries 

 A graph is an ordered pair ( )  ,  G V E= , where V  is the set of all junctions of G , which is non 

empty and E  is the set of all bridges of G . Two junctions ,x y  in a graph G  are said to be neighborhood in 

G  if xy  is an bridge of G . A simple graph is a graph without loops and multiple bridges. A graph is a 

connected graph if, for each pair of junctions, there exists at least one single path which joins them. A finite 

graph is a graph in which the junction set and the bridge set are finite sets. An undirected graph is graph, i.e., a 

set of objects (called junctions or bridges) that are connected together, where all the bridges are bidirectional. 

The degree of a junction u  is the number of bridges incident to u . 

 Next, we define a few important families of graphs. For   2n  , the path is a connected graph 

consisting of two junctions with degree 1 and   2n −  junctions of degree 2 and is denoted by 
nP . For   3n 

, the cycle is a connected graph consisting of n junctions, each of degree 2 and is denoted by 
nC . Note that both 

nP   and 
nC  have n junctions while 

nP  has n − 1 bridges and 
nC  has n bridges. 

The following definitions and theorems are used in our study. 

Definition 3.1 (Rosa [26]) If the junctions or bridges or both of the graph are assigned valued subject to certain 

conditions it is known as graph labeling. 

Definition 3.2 (Rosenfeld [27]) Let V  be a set. A fuzzy graph ( ),G  =  is a pair of functions 

 : 0,1V →  and  : 0,1V V  → , where for all ,u v V , we have ( ) ( ) ( ),u v u v    . 

Definition 3.3 (Nagoor gani and Rajalaxmi [23]) Let ( ),G  =  be a fuzzy graph. If   and  are bijective 

functions. Then G  is said to be a fuzzy labeling graph if the membership value if bridges and junctions are 

distinct and ( ) ( ) ( ),u v u v     for all ,u v V . 

Definition 3.4 (Tout et al. [35]) Let ( )  ,  G V E=  be a graph. If  : 1,2,...,f V V→  is an one-to-one 

correspondence function. Then f  is said to be a prime labeling if for each e uv E=  , we have 

( ) ( )( )gcd , 1f u f v = . The graph that admits a prime labeling is called a prime graph. 

Definition 3.5 (Annadurai and Megala [3]) Let ( ),G V E=  be a graph with p  junctions and q  bridges. An 

one-to-one correspondence ( )  : 1,2,...,f V G p→
 
is said to be a prime combination labeling if 
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(i) for each pair of neighborhood junctions u  and v , ( ) ( )( )gcd , 1f u f v = , and  

(ii) the induced bridge labeling ( )fP uv  equals 
( )

( )

f u

f v

 
 
 

 or 
( )

( )

f v

f u

 
 
 

 according as ( ) ( )f u f v  or 

( ) ( )f v f u  is injective onto the set of natural numbers. 

A graph with a prime combination labeling is called a prime combination graph. 

Definition 3.6 Let ( )1 1 1,G V E=  and ( )2 2 2,G V E=  be any two graphs. The Cartesian product 
1 2G G  of 

graphs 
1G  and 

2G  is a graph such that 

(i) The junction set of 
1 2G G  is the Cartesian product ( ) ( )1 2V G V G ; and 

(ii) The junctions ( )1 1,u v  and ( )2 2,u v  are neighborhood in 
1 2G G  if and only if either  

(a) 
1 2u u=  and 

1v  is neighborhood to 
2v  in 

2G , or 

(b) 
1 2v v=  and 

1u  is neighborhood to 
2u  in 

1G . 

Definition 3.7 (Acharya and Gill [2]) The Cartesian product 
n mP P , where m n , is called a grid graph, 

where 
nP  is a path of order n . 

Theorem 3.1 (Sundaram et al. [33]) The planer grid 
m nP P  has a prime labeling. 

Theorem 3.2 (Kanetkar [18]) Let n  is an odd prime. Then, 

(i) If ( ) 5 3  9  10n or n or mod=   and 
2( ) 1  1n + +  is a prime, then 

1 1n nP P+ +  has a prime 

labeling. 

(ii) If  n  is not congruent to ( )2  7mod , then 
2n nP P +  has a prime labeling.  

Definition 3.8 The Cartesian product 
2nP P  is called a ladder, where 

nP  is the path on n  junctions. 

Theorem 3.3 (Berliner et al. [5]) The ladder graphs are prime. 

Definition 3.9 A cycle of order n  is denoted by 
nC . The Cartesian product 

2nC P  is called prism graph. 

Theorem 3.4 (Prajapati and Gajjar [24]) The prism graphs are prime. 

Definition 3.10 The set of junctions neighborhood to a junction u  of G  is denoted by ( )N u . Duplication of 

a junction 
kv  of a graph G  produces a new graphs 

kG  by adding a junction 'kv  with ( ) ( )'k kN v N v= . 

The graph obtained by duplicating all the junctions of a graph G  is called duplication of G . 

Definition 3.11 (Watkins [36]) Let 3n   and  0nk  −  be the integers. The generalized Petersen graph 

( ),P n k  is defined on the set  , :i i nv u i  of 2n  junctions, with the neighborhoods given by 

1, ,i i i i i i kv v v u u u+ +  
for 1 i n  , subscripts modulo n . 

4. Fuzzy prime labeling of graphs 

 Now, we define fuzzy prime labeling as follows: 
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Definition 4.1. Let G  be a graph with n  junctions. Let ( ) ( : 0,1V G →  be an injective map. Then   is 

called a fuzzy prime labeling of G  if ( ) ( )( )gcd , 1x y  =  where x  and y  are neighborhood. A graph 

with fuzzy prime labeling is called a fuzzy prime graph. 

Fuzzy prime labeling of grid, ladder and prism graphs are proved as follows. 

Theorem 4.1. Let n  be an odd prime. Then the grid 
2n nP P +  has a fuzzy prime labeling for n ≢ ( )2 mod 7

. 

Proof. Let n  be an odd prime such that n ≢ ( )2 mod 7 . Let iju  be the junctions of the grid 
2n nP P +  where

1 2i n  +  and 1 j n  . Let , 1ij i ju u + , 1 2i n  + , 1 1j n  −  and 1,ij i ju u + , 1 1i n  + ,

1 j n   be the bridges of the grid 
2n np p + .  

 For 1,2,3,...r =  such that 
110 10r rn−   , we define the junction membership function 

( ) ( 2: 0,1n nV P P + →
 
 as ( ) ( )2

11 2 10 ru n n −= + , ( ) ( )( )10 1r

iju j n i −= − +  

( )1 1,2 1i n j n  −   − , ( )1 10 r

iu ni −=  ( )3,5,..., 2i n= − , ( )1 10 r

iu i −=  

( )2,4,6,..., 1i n= − , ( ) 10 r

nju j −=
 
( )1,3,5,..., 2j n= − , ( ) 10 r

nju nj −=  ( )2,4,6,..., 1j n= − ,

 ( ) ( )( )10 1r

inu n n i −= − +  ( )1 , 2,i n i n i n   −  , ( ) ( )210 2r

nnu n −= − , 

( ) 2

2, 10 r

n nu n −

− = , ( ) ( )2

1, 10 r

n ju n j −

+ = +  ( )1 j n  , ( ) ( )2

2, 10 r

n ju n n j −

+ = + +  

( )2 1j n  − , ( )2,1 10 r

nu n −

+ =  and ( ) ( )2

2, 10 r

n nu n n j −

+ = + + . 

 Then   is an injection. Let e xy=  be an arbitrary bridge. We claim that the above junction labeling 

gives a fuzzy prime labeling. 

Case 1: If , 1ij i je u u += , then, for  1 1i n  −  and 2 2j n  − , 

 

( ) ( )( ) ( )( ) ( )( )( )

( ) ( )( )
( )

, 1, 1 10 , 1 1 10

10 , 10  

 gcd ,

r r

ij i j

r r

gcd u u gcd j n i j n i

gcd jn n i jn i

jn n i jn i

 − −

+

− −

= − + + − +

− +

+

= +

= − +
 

Now, we claim that ( )gcd 1,jn n i jn i+ + =− . Suppose that ( )d jn n i− +  and ( )d jn i+ . Then 

( ) ( )( )d jn n i jn i− + − +  d n−  d n  1d or n= (Since n  is a prime). If d n= , then 

( )n jn i+ . Since n n , n jn . Now, ( )n jn i+  and n jn  ( )n jn i jn+ −  n i  5 i.e.,   since 

i n . Thus, 1d = . Therefore, ( ) ( )( ), 1, 1ij i jgcd u u + = . 

Case 2: If 1,ij i je u u += , then 
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( ) ( )( ) ( )( ) ( )( )( )

( ) ( )( )
( )

1,, 1 10 , 1 1 10

10 , 1 10  

 cd ,

1

g 1

r r

ij i j

r r

gcd u u gcd j n i j n i

gcd jn n i jn n i

jn n i jn n i

 − −

+

− −=

= − + − + +

− + − + +

= + − + +

=

−

 

for  1 2i n  −  and 2 1j n  −  (Since jn n i− +  and 1jn n i− + +  are consecutive integer). 

Case 3: If 
11 21e u u= . Suppose that ( )2 2d n n+  and 2d . Then 1 2d or= . Now, 2d  2d n 

( )2 2 2d n n n+ −  2d n . If 2d = , 
22 n  which is not possible. Thus, 1d = . Therefore, 

( )( )2gcd 2 10 ,2 10 1r rn n − −+  = . Hence ( ) ( )( )11 21, 1gcd u u = . 

Case 4: If 
11 12e u u= . If ( )2 2d n n+  and ( )1d n + , then ( )1d n n +  ( ) ( ) 2 2 1d n n n n+ − + 

( )2 22d n n n n+ − −  d n . If d n= , then ( )1n n +  which is impossible. Thus, 1d = . Therefore, 

( )2gcd 2 , 1 1n n n+ + =   ( ) ( )( )2gcd 2 10 , 1 10 1r rn n n− −+ + =  ( ) ( )( )11 12, 1gcd u u = . 

Case 5: If 1 1,1i ie u u += ( 2,3,..., 1i n= − ), then we need to verity that 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 1,1 1 1,1 1,1 1, , 1,i i i i n ngcd u u gcd u u gcd u u    − + −= = =
 
for 

3,5,..., 2i n= − . Now, we have, 

(i) If d ni  and ( )1d i − , then ( )1d n i −  ( )( )1d ni n i− −  d n . If d n= , ( )1n i −  which 

cannot happen, since 1i n−  . Thus, 1d = .   ( )( )gcd 10 , 1 10 1r rni i− −− = . Hence, 

( ) ( )( )1 1,1, 1i igcd u u − = . 

(ii) If d ni  and ( )1d i + , then ( )1d n i +  ( )( )1d n i ni+ −  d n . If d n= , ( )1n i +  which 

again is not possible. That is, 1d = .   ( )( )gcd 10 , 1 10 1r rni i− −+ = . Hence, 

( ) ( )( )1 1,1, 1i igcd u u + = . 

(iii)  Clearly,
 

( )( )gcd 1 10 ,10 1r rn − −− = . Thus, ( ) ( )( )1,1 1, 1n ngcd u u − = . 

Case 6: If 
1 2i ie u u= , then we need to verity that ( ) ( )( )1 2, 1i igcd u u =

 
for 2,3,...,i n= . Now, we 

have, 

(i) Suppose d ni  and ( )d n i+ , then ( )d n n i+  ( )2d n ni ni+ −  2d n 

2 1d n or n or= . If 
2d n= , 

2n ni   n i , not possible. If d n= , n n i+   ( )n n i n+ − (Since 

n n )  n i , i.e.,   (Since i n ). Thus, 1d =   ( )( )gcd 10 , 10 1r rni n i− −+ = , for 

3,5,..., 2i n= −    ( ) ( )( )1 2, 1i igcd u u = , for 3,5,..., 2i n= − . 
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(ii) If d i  and ( )1d i + , then ( )d n i i+ −  d n . If d n= , n i (Which is not possible). That is, 

1d =  ( )( )gcd 10 , 10 1r ri n i− −+ = , for 2,4,..., 1i n= −    ( ) ( )( )1 2, 1i igcd u u = , for 

2,4,..., 1i n= − . 

(iii)  Clearly,
 

( )gcd 2 10 ,10 1r rn − − = . Hence, ( ) ( )( )1 2, 1n ngcd u u = . 

Case 7: If ( )1ni n i
e u u

−
= . We now show that 

( ) ( )( )( ) ( ) ( )( )( ) ( )( ) ( )( )1 1 1
, , , 1ni ni nnn i n i n n

gcd u u gcd u u gcd u u   
− + −

= = =
 
for 

3,5,..., 2i n= − . That is to verify that 

(i) ( )( )gcd 10 , 1 10 1r ri n i− −− = . 

(ii) ( )( )gcd 10 , 1 10 1r ri n i− −+ = . 

(iii) ( ) ( )( )2gcd 1 10 , 2 10 1r rn n n− −− − = . 

In this cases, if d  is a common factor, then d n . But d n=  yields n i  (First two cases) and 2n n −  (Last 

case), which should not happen. 

Case 8: If , 1i n ine u u−= , then, for  1,2,..., 1, 2i n i n= −  − , 

 

( ) ( )( ) ( )( ) ( )( )( )

( ) ( )( )

( )

, 1

2 2

2 2

, 2 10 , 1 10

2 10 , 10  

 gcd 2 ,

r r

i n in

r r

gcd u u gcd n n i n n i

gcd n n i n n i

n n i n n i

  − −

−

− −=

= − + − +

− + − +

= − + − +

 

Let ( )2 2d n n i− +  and ( )2d n n i− + . Then ( )2 22n n i nd n i− + − + −  d n−  d n 

1d or n= (Since n  is a prime). If d n= , then ( )2 2n n n i− +  ( )2 22 2n n in n n− + − +  n i , 

not possible. Thus, 1d = . Therefore, ( ) ( )( ), 1 , 1i n ingcd u u − = . 

Case 9: If 2, 1 2,n n n ne u u− − −= , then 

 

( ) ( )( ) ( )( )( )

( )( )( )

( )( )

( )( )

( )

2

2, 1 2,

2

2 2

2 2

2 2

, 1 1 2 10 , 10

2 2 10 , 10  

gcd 2 2 10 , 10

 =gcd 2 10 , 10

=gcd 2,

r r

n n n n

r r

r r

r r

gcd u u gcd n n n n

gcd n n n n

n n n n

n n n

n n n

 − −

− − −

− −

− −

− −

= − − + −

− + −

= − + −

− −

− −

=
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Let ( )2 2d n n− −  and 
2d n . Then 

21d or n or n= (Since n  is a prime). If 
2d n= , we have

( )22 2n n n− −   ( )22 22n n nn − − −  2n n− −  2n n +  which happens only when 

0 1 2n or or= . If d n= , ( )2 2n n n− −   ( )2 22n n nn n− − − +  2n −  2n , which is 

impossibility. Thus, 1d = . Hence, ( ) ( )( )2, 1 2,, 1n n n ngcd u u − − − = .
 

Case 10: If 1, 1, 1n j n je u u+ + += , then 

 

( ) ( )( ) ( ) ( )( )

( )

2 2

1, 1, 1

2 2

, 10 , 1 10  

 gcd , 1

1

r r

n j n jgcd u u gcd n j n j

n j n j

  − −

+ + + = + + +

= + +

=

+  

for  1 1j n  −  (Since 
2n j+  and 

2 1n j+ +  are consecutive integer). 

Case 11: If 2, 2, 1n j n je u u+ + += , then 

 

( ) ( )( ) ( ) ( )( )

( )

2 2

2, 2, 1

2 2

, 10 , 1 10  

 gcd , 1

1

r r

n j n jgcd u u gcd n n j n n j

n n j n n j

  − −

+ + + = + + + + +

= + + + +

=

+  

for  1 1j n  −  (Since 
2n n j+ +  and 

2 1n n j+ + +  are consecutive integer). 

Case 12: If 2,1 2,2n ne u u+ += , then we have to verify that ( )( )2gcd 10 , 2 10 1r rn n n− −+ + = . Suppose that 

d n  and ( )2 2d n n+ + . Then d n  1d or n= . Now, if d n= , we get ( )2 2n n n+ + 

( )2 22n n n n n+ + − −  2n
   

which is not possible. Thus, 1d = . Therefore, 

( )( )2gcd 10 , 2 10 1r rn n n− −+ + = . Hence ( ) ( )( )2,1 2,2, 1n ngcd u u + + = . 

Case 13: If 2, 1 2,n n n ne u u+ − += , then we have to prove that ( ) ( )( )2 2gcd 2 1 10 , 1 10 1r rn n n n− −+ − + + = . 

Let ( )2 2 1d n n+ −  and ( )2 1d n n+ + , then ( )2 22 1 1d n n n n+ − − − −  2d n −  ( )2d n n −

 ( )2 2d n n−  ( )2 22 1d n n n n− − − −  ( )3 1d n− −  ( )3 1d n + . But ( )2d n − 

( )3 2d n −  ( )3 6d n − . But ( )3 1d n +
 
and ( )3 6d n −  ( )3 1 3 6d n n+ − +  7d 

1 7d or= . If 7d = , then ( )7 2n −  which should not happen because n ≢ ( )2 mod 7 .   1d = . 

Therefore, ( ) ( )( )2 2gcd 2 1 10 , 1 10 1r rn n n n− −+ − + + = . Hence ( ) ( )( )2, 1 2,, 1n n n ngcd u u + − + = . 
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Case 14: If 1, 2,n j n je u u+ += , then we claim that ( ) ( )( )2 2gcd 10 , 10 1r rn j n n j− −+ + =+ ,

2,3,..., 1j n= − . Now, ( )2d n j+  and ( )2d n n j+ + . Then ( ) ( )( )2 2n n j nd j+ −+ +  d n 

1d or n= . Suppose d n= , then ( )2n n j+  ( )( )2 2n n j n+ −  n j
 
which cannot happen, since 

j n . 

 1d =  

  ( ) ( )( )2 2gcd 10 , 10 1r rn j n n j− −+ + =+ , 2,3,..., 1j n= −
  

  ( ) ( )( )1, 2,, 1n j n jgcd u u + + = , 2,3,..., 1j n= − . 

Case 15: If 1,1 2,1n ne u u+ += , then we have to show that ( )( )2gcd 1 10 , 10 1r rn n− −+ = . If d n  and 

( )2 1d n + , we have 
2

d n  and ( )2 1d n +  ( )2 21d n n+ −  1d  1d = . Therefore, 

( )( )2gcd 1 10 , 10 1r rn n− −+ = . Hence ( ) ( )( )1,1 2,1, 1n ngcd u u + + = . 

Case 16: If 1, 2,n n n ne u u+ += , then

( ) ( )( ) ( ) ( )( ) ( )2 2 2 2

1, 2,, 10 , 1 10 , 1 1r r

n n n ngcd u u gcd n n n n gcd n n n n  − −

+ + = + + + + += =+ . 

That is, there are odd primes n  for which n ≢ ( )2 mod 7 ,  yet the prescribed labeling is successful. 

Theorem 4.2. Let n  be an odd prime, ( )3 9 mod 10n or and ( )
2

1 1n + +  also a prime, then the grid 

1 1n nP P+ +  has a fuzzy prime labeling. 

Proof. Let n  be an odd prime such that ( )3 9 mod 10n or and ( )
2

1 1n + +  are prime, Let iju  be the 

junctions of the grid 
1 1n nP P+ +  where 1 1i n  +  and 0 j n  . Let , 1ij i ju u + , 1 1i n  + ,

0 1j n  −  and 1,ij i ju u + , 1 i n  , 0 j n   be the bridges of the grid 
1 1n np p+ + .  

 For 1,2,3,...r =  such that 
110 10r rn−   , we define the vertex membership function 

( ) ( 1 1: 0,1n nV P P + + →
 
 by ( ) ( )( )1 10 r

iju j n i −= − + ( )1 1,2 1i n j n  −   − , 

( )1 10 r

iu ni −= ( )1,3,5,..., 2i n= − , ( )1 10 r

iu i −= ( )2,4,..., 1i n= − , ( ) 10 r

nju j −=

( )1,3,5,..., 2j n= − , ( ) 10 r

nju nj −= ( )2,4,..., 1j n= − , ( ) ( )( )1 10 r

inu n n i −= − +

( )1 , 2,i n i n i n   −  , ( )1 10 r

nu −= , ( ) ( )2 2 10 r

nnu n −= − , ( ) 2

2, 10 r

n nu n −

− = , 

( ) ( )( )2

0 1 1 10 r

iu n i −= + + − ( )1,2,..., 1i n= + ,  and ( ) ( )2

1, 10 r

n ju n j −

+ = +  ( )1,2,...,j n= . 

 Then this map   is an injective map. In order to show that fuzzy prime labeling is fuzzy prime, we 

must verify that the junction labels of the newly added column 0 by 
0iu  where 1 1i n  +  and the junctions 
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of the row 1n +  by 1,n ju +  where 1 j n  arising from the endpoints of the new bridges are mutually prime. 

Let e xy=  be an arbitrary bridge. 

Case 1: If 
0 1i ie u u= , 1,3,..., 2i n= − . Let ( )( )2

1 1d n i+ + −  and d ni , this implies that 

( )2 2 2d n n i+ + −  and d ni . Suppose that ( )2 2 2n n n i+ + − , then ( )2 22 2 2n n n i n n+ + − − −  

 ( )2n i−  which is not possible. That is, d n . Now, d ni  d i  ( )2 2 2d i n n i+ + + − 

( )2 2 2d n n+ +  ( )( )2
1 1d n + +  ( )

2
1 1 1d or n= + + . If ( )

2
1 1d n= + + . then ( )

2
1 1n i+ +

 

which is impossible, since ( )
2

1 1i n + + . Thus, 1d = and ( ) ( )( )0 1, 1i igcd u u = , 1,3,..., 2i n= − . 

 1d = . Thus, ( )( )( )2
gcd 1 1 10 , 10 1r rn i ni− −+ + − = . Hence ( ) ( )( )0 1, 1i igcd u u = . 

Case 2: If 
0 1i ie u u=  and let ( )( )2

1 1nd i+ + −  and d i , then ( )( )( )2
1 1n i id + + − + 

( )( )2
1 1d n + +  ( )

2
1 11 nd or + += . Suppose that ( )

2
1 1d n= + + . Then ( )

2
1 1n i+ +

 
which 

cannot happen, since ( )
2

1 1i n + + .   1d = . Thus,
 

( )( )( )2
gcd 1 1 10 , 10 1r rn i i− −+ − =+ , 

2,4,..., 1i n= − . Hence ( ) ( )( )0 1, 1i igcd u u = , 2,4,..., 1i n= − . 

Case 3: If ,0 ,1n ne u u= , then

( ) ( )( ) ( )( )( ) ( )( )2 2

,0 ,1, 1 1 10 ,10 1 1 ,1 1r r

n ngcd u u gcd n n gcd n n  − −= + + − + + −= = . 

Case 4: If 1,0 1,1n ne u u+ += . Let ( ) ( )( )2
1 1 1d n n+ + − +  and ( )2 1d n + , then we have 

( ) ( )( ) ( )( )2 21 1 1 1d n n n+ + − + − +  ( )( ) ( )( )2 21 1d n n n+ − − +  

( )( )2 22 1 1d n n n n+ + − − −  ( )2 21 1d n n n+ + − −  d n 
2

d n . But ( )2 1d n + 

( )( )2 21d n n+ −  1d  1d = . Therefore, ( ) ( )( ) ( )( )2 2gcd 1 1 1 10 , 1 10 1r rn n n− −+ + − + + = . 

Hence ( ) ( )( )1,0 1,1, 1n ngcd u u + + = . 

Case 5: If 1, ,n j n je u u+= , 1,3,..., 2j n= − . Assume that ( )2d n j+  and d j , then ( )( )2d n j j+ − 

2d n  2 1d n or n or= . If  
2d n , then 

2n j , which is not possible, since 
2j n . If d n= , we get 

n j , which is an impossibility (Since j n ). Thus, 1d = . Therefore, ( )( )2gcd 1 10 , 10r rn j j− − =+ 

( ) ( )( )1, , 1,n j n jgcd u u + = , 1,3,..., 2j n= − . 
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Case 6: If 1, ,n j n je u u+= , 2,4,..., 1j n= − . Assume that ( )2d n j+  and d nj , then ( )2d n n j+ 

( )3d n nj+  ( )( )3n nd nj j+ −  3d n  3 2 1d n or n or n or= . If 
2d n or n= , then we get 

n j , and if 
3d n= , then we get 

2n j . But 
2j n and j n . Therefore 

3 2, &d n n n . Thus, 1d = . 

Therefore, ( )( )2gcd 10 , 10 1r rn j nj− −+ =  ( ) ( )( )1, , 1,n j n jgcd u u + = , 2,4,..., 1j n= − . 

Case 7: If 1, ,n n n ne u u+= . If ( )2d n n+  and ( )2 2d n − , then ( )( )2 2 2n nd n+ − +  ( )2d n + 

( )2d n n +   ( )2 2d n n+   ( ) ( )( )2 22 2d n n n+ − −  ( )2 2d n + . But ( )2d n + 

( )2 2d n +  ( )2 4d n +  ( ) ( )( )2 4 2 2d n n+ − +  2d  ( )( )2 2d n− +  d n− 

d n . If d n= , then 2n , an impossibility (Since 2 n ). Thus, 1d = . Therefore, 

( ) ( )( )2 2gcd 10 , 2 10 1r rn n n− −− =+  ( ) ( )( )1, , 1,n n n ngcd u u + = . 

Case 8: If 0 1,0i ie u u += , then for  1 i n  , 

 

( ) ( )( ) ( )( ) ( ) ( )( )( )
( ) ( )( )

( ) ( )( )
( )

2 2

0 1,0

2 2

2 2

2 2

2 2

, 1 1 10 , 1 1 1 10

2 1 1 10 , 2 1 1 1 10  

 2 2 10 , 2 1 10

gcd 2 2 , 2 1

  2 2 2 1     .1 ( )

r r

i i

r r

r r

gcd u u gcd n i n i

gcd n n i n n i

gcd n n i n n i

n n i n n i

Since n n i and n n i are consecutive integer

  − −

+

− −

− −

= + + − + + − +

+ + + − + + + − −

= + + − + + −

+ + −

=

+ + −

+ + − + −= +

=

 

Case 9: If 1, 1, 1n j n je u u+ + += , then

( ) ( )( ) ( ) ( )( ) ( )2 2 2 2

1, 1, 1, 10 , 1 10 , 1 1r r

n j n jgcd u u gcd n j n j gcd n j n j − −

+ + + = + =+ + + + =+  

for  1 1i n  −  (Since 
2n j+  and 

2 1n j+ +  are consecutive integer). 

That is, there are odd primes n
 
such that ( )3 9 mod 10n or  for which ( )

2
1 1n + +  is a prime, yet the 

prescribed labeling is successful. 

Theorem 4.3. If 1n +  is a prime, then the ladder 
2nP P  has a fuzzy prime labeling. 

Proof. Let 1n +  be a prime. Let 
2nP P  be the ladder with junctions 

1 2, ,..., nv v v  and 
1 2, ,..., nu u u , where 

iv  is neighborhood to 
iu  for 1 i n  , 

iv  is neighborhood to 
1iv +

 for 1 1i n  − , and 
iu  is neighborhood 

to 
1iu +

 for 1 1i n  − .  
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 For 1,2,3,...r =  such that 
110 10r rn−   , we define the junction membership function 

( ) ( 2: 0,1nV P P  →
 
 by ( ) ( )10 1r

iv i i n −=   , ( ) ( ) ( )1 10 1 1r

iu n i i n −= + +   −  and 

( ) ( )1 10 r

nu n −= + .  

 Then   is an injection. Let e xy=  be an arbitrary bridge of 
2nP P . To prove 

( ) ( )( )gcd , 1x y  =  we have the following cases: 

Case 1: If 
1i ie v v += , then ( ) ( )( ) ( )( ) ( )1, 10 , 1 10 , 1   1r r

i igcd v v gcd i i gcd i i  − −

+ = + + == , for  

1 1i n  −   (Since i  and 1i +  are consecutive integer). 

Case 2: If 
1i ie u u += , then 

( ) ( )( ) ( ) ( )( ) ( )1, 1 10 , 2 10 1, 2   1r r

i igcd u u gcd n i n i gcd n i n i − −

+ = + + + + + + + ==+ , for  

1 2i n  −   (Since 1n i+ +  and 2n i+ +  are consecutive integer). 

Case 3: If 
1n ne u u−= , then if 2d n

 
and ( )1d n + . This implies that ( )2 1d n +  ( )2 2d n + 

( )2 2 2d n n+ −  2d  1 2d or= . If 2d = , then ( )2 1n +
 
which is impossible because 1n +  is 

a prime. That is, ( )( )2 10 , 1 10   1r rgcd n n− −+ = . Hence, ( ) ( )( )1 , 1n ngcd u u − = . 

Case 4: If 
i ie v u= ,1 1i n  − . If d i

 
and ( )( )1d n i+ + . This implies that ( )( )( )1d n i i+ + − 

( )1d n + . Since 1n +  is a prime, 1n +  does not divide i . That is, ( )1,   1gcd n i+ = 

( )( )10 , 1 10   1r rgcd i n i− −+ + = . Hence, ( ) ( )( ), 1i igcd v u = . 

Case 4: If 
n ne v u= . Then ( ) ( )( ) ( )( ) ( ), 10 , 1 10 , 1   1r r

n ngcd v u gcd n n gcd n n − − +== + = . 

Hence the ladder 
2nP P  has a fuzzy prime labeling if 1n +  is a prime. 

Theorem 4.4. If 3p   is a prime number, then the prism graph 1 2pC P−   is fuzzy prime labeling. 

Proof. Let 3p   be a prime number. Let 11 12 13 1, 1, , ,..., pv v v v −  be the junctions of one cycle and 

21 22 23 2, 1, , ,..., pv v v v −  be the junctions of other cycle and a junction 
1iv  is joined with 

2iv  by an bridge for 

1,2,..., 1i p= − .  

 For 1,2,3,...r =  such that 
110 10r rn−   , we define the junction membership function 

( ) ( 1 2: 0,1pV C P −  →
 
 by ( ) ( )10 1, 1,2,..., 1r

ijv j i j p −= = = − , 

( ) ( ) ( )10 2, 1,2,..., 2r

ijv p j i j p −= + = = −  and ( ) ( )10 2, 1r

ijv p i j p −= = = − .  

 Then clearly   is an injection. Let e  be an any bridge of 1 2pC P−  . To claim   is a fuzzy prime 

labeling of 1 2pC P−   we have the following cases: 
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Case 1: If ( )1 1 1j j
e v v

+
= , then 

( ) ( )( )( ) ( )( ) ( )1 1 1
, 10 , 1 10 , 1   1r r

j j
gcd v v gcd j j gcd j j − −

+
= + + == , for  1 2j p  −   (Since 

j  and 1j +  are consecutive integer). 

Case 2: If ( )2 2 1j j
e v v

+
= , then 

( ) ( )( )( ) ( ) ( )( ) ( )2 2 1
, 10 , 1 10 , 1   1r r

j j
gcd v v gcd p j p j gcd p j p j  − −

+
= + + + + + + == , for  

1 3j p  −   (Since p j+  and 1p j+ +  are consecutive integer). 

Case 3: If ( ) 111 1p
e v v

−
= , then 

( )( ) ( )( ) ( )( ) ( )111 1
, 1 10 ,10 1,1   1r r

p
gcd v v gcd p gcd p − −

−
= − == − . 

Case 4: If ( ) ( )2 2 2 1p p
e v v

− −
= , then 

( )( ) ( )( )( ) ( )( ) ( )( )2 2 2 1
, 2 2 10 , 210   11 ,r r

p p
gcd v v gcd p p gc pd p − −

− −
= −= − = . 

Case 5: If ( ) 212 1p
e v v

−
= , then 

( )( ) ( )( ) ( )( ) ( )212 1
, 10 , 1 1 10  1,  r r

p
gcd v v gcd p p g d p pc  − −

−
= += + = . 

Case 6: If 1 2j je v v= , then for  1 2j p  − , 

( ) ( )( ) ( )( ) ( ) ( )1 2, 10 , 10   1, ,r r

j jgcd v v gcd j p j jgcd gcdp j j p − − = + == + = . 

Case 7: If ( ) ( )1 1 2 1p p
e v v

− −
= , then 

( )( ) ( )( )( ) ( )( ) ( )1 1 2 1
, 1 10 , 10 1,   1r r

p p
gcd v v gcd p p gcd p p − −

− −
−== − = . 

Thus, 1 2pC P−   admits a fuzzy prime labeling. Hence the theorem. 

Next we have a fuzzy prime labeling of generalized Petersen graphs are proved as follows. 

Theorem 4.5. If 2 1t +  is a prime for 2t  , then generalized Petersen graph ( ),P n k  is a fuzzy prime graph, 

where  2 2tn = +  and 
12 1tk −= + . 

Proof. Let 
1 2, ,..., nv v v  be the outer junctions and 

1 2, ,..., nu u u  be the inner junctions of ( ),P n k . For 

1,2,3,...r =  such that 
110 10r rn−   , we define the junction membership function 

( )( ) ( ,: 0,1P n kV →  by ( ) ( )10 1 2 2r t

iv i i −=   + , ( ) ( )1

1 2 4 10t ru + −= + , 

( ) ( ) ( )2

2 1 2 4 2 10 2,3,...,2 1t r t

iu i i − −

− = + − = + , ( ) ( ) ( )1

2

2 2 1
2 4 10 1,2,3,...,2t

t r t

i
u i i −

− −

+ +
= + = , 

( ) ( ) ( )2

2 2 4 1 10 1,2,3,...,2t r t

iu i i − −= + + =  and 

( ) ( ) ( )1

2

2 2
2 4 1 10 1,2,3,...,2 1t

t r t

i
u i i −

− −

+
= + − = + .  



Tuijin Jishu/Journal of Propulsion Technology 

ISSN: 1001-4055 

Vol. 45 No. 4 (2024) 

_________________________________________________________________________ 

147 

 Then clearly   is an injective function. Let e  be an arbitrary bridge of ( ),P n k . To prove   is a 

fuzzy prime labeling of ( ),P n k  we have the following cases: 

Case 1: If 
1i ie v v += , then ( ) ( )( ) ( )( ) ( )1, 10 , 1 10 , 1   1r r

i igcd v v gcd i i gcd i i  − −

+ = + + == , for 

1,2,...,2 1ti = +  (Since i  and 1i +  are consecutive integer). 

Case 2: If 1 2 2te v v
+

= , then ( ) ( )( ) ( )( ) ( )1 2 2
, 10 , 2 2 10 1,2 2   1.t

r t r tgcd v v gcd gcd  − −

+
+== + =  

Case 3: If 
1 1e v u= , then ( ) ( )( ) ( )( ) ( )1 1

1 1, 10 , 2 4 10 1,2 4 1.r t r tgcd v u gcd gcd − + − + +== + =  

Case 4: If 
2 1 2 1i ie v u− −= , then 

( ) ( )( ) ( ) ( )( ) ( ) ( )2 1 2 1, 2 1 10 , 2 4 2 10 2 1,2 4 2 2 1,2 1r t r t t

i igcd v u gcd i i gcd i i gcd i  − −

− − = − + − − + − = − ==

 for 
22,3,...,2 1ti −= +  (Since 2 1i −  is not multiple of  2) . 

Case 5: If 1 12 2 1 2 2 1t ti i
e v u− −+ + + +
= , then, for 

22,3,...,2ti −= , 

 

( ) ( )( ) ( ) ( )( ) ( )

( )

1 1

1 1

2 2 1 2 2 1

1

, 2 2 1 10 , 2 4 10 2 2 1,2 4  

2 2 1, 1 1.

t t

t r t r t t

i i

t

gcd v u gcd i i gcd i i

gcd i

 − −

− − − −

+ + + +

−

= + + + + + +

= + + − =

=

 

Case 6: If 
2 2i ie v u= , then,

( ) ( )( ) ( )( ) ( ) ( )2 2, 2 10 , 2 4 1 10 2 ,2 4 1 2 ,2 1 1r t r t t

i igcd v u gcd i i gcd i i gcd i  − −= + + += + = + =

, as 2 1t +  is prime, for 
21,2,...,2ti −=  (Since 2i  is not prime). 

Case 7: If 1 12 2 2 2
  t ti i

e v u− −+ +
= , then, for 

21,2,...,2 1ti −= + , 

( ) ( )( ) ( ) ( )( ) ( )

( )

1 1

1 1

2 2 2 2

1

, 2 2 10 , 2 4 1 10 2 2 ,2 4 1

 2 2 , 1 1.

t t

t r t r t t

i i

t

gcd v u gcd i i gcd i i

gcd i

 − −

− − − −

+ +

−

= + + − + + −

= + − =

=
  

Case 8: If 11 2 2te u u − +
= , then ( ) ( )( ) ( ) ( )1

1

1 2 2
,  2 4,2 3 2,2 3 1t

t t tgcd u u gcd gcd −

+

+
= + + = − + =  

(Since 2 3t +  is odd). 

Case 9: If 12 1 2 2ti i
e u u −− +
= , then 

( ) ( )( ) ( ) ( )( ) ( )12 1 2 2
, 2 4 2 10 , 2 4 1 10 2 4 2,2 4 1 1t

t r t r t t

i i
gcd u u gcd i i gcd i i −

− −

− +
= + − + − + − −= + =

, for 
22,3,...,2 1ti −= +  (Since 2 4 2t i+ −  and 2 4 1t i+ −  are consecutive integer). 
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Case 10: If 12 2 2 1ti i
e u u − + +
= , then 

( ) ( )( ) ( ) ( )( ) ( )12 2 2 1
, 2 4 1 10 , 2 4 10 2 4 1,2 4 1t

t r t r t t

i i
gcd u u gcd i i gcd i i  −

− −

+ +
= + + + + + + == , 

for 
21,2,...,2ti −=  (Since 2 4 1t i+ +  and 2 4t i+  are consecutive integer). 

Thus, ( ),P n k  admits a fuzzy prime labeling. Hence the theorem. 

Theorem 4.6. If 8 5n +  and 8 9n +  are prime, then generalized Petersen graph ( )4 2,2 1P n n+ +  is a fuzzy 

prime graph. 

Proof. Let 
1 2 3 4 2, , ,..., nv v v v +

 be the outer junctions and 
1 2 3 4 2, , ,..., nu u u u +

 be the inner junctions of 

( )4 2,2 1P n n+ + .  

 For 1,2,3,...r =  such that 
110 10r rn−   , we define the junction membership function 

( )( ) ( : 4 2,2 1 0,1V P n n + + →  by ( ) ( ) ( )2 1 4 1 10 0r

iv i i n −

+ = +   , 

( ) ( ) ( )2 2 8 4 4 10 0 1r

iv n i i n −

+ = − +   − , ( ) ( ) ( )2 2 2 4 4 10 0r

n iv i i n −

+ + = +   , 

( ) ( ) ( )2 2 3 8 4 1 10 0 1r

n iv n i i n −

+ + = − +   − , ( ) ( ) ( )2 1 4 2 10 0r

iu i i n −

+ = +   , 

( ) ( ) ( )2 2 8 4 3 10 0 1r

iu n i i n −

+ = − +   − , ( ) ( ) ( )2 2 2 4 3 10 0r

n iu i i n −

+ + = +   and  

( ) ( ) ( )2 2 3 8 4 2 10 0 1r

n iu n i i n −

+ + = − +   − . 

 Then   is an injection. Let e xy=  be an arbitrary bridge of ( )4 2,2 1P n n+ + . We now show that 

the labeling given above is fuzzy prime for the generalized Petersen graph ( )4 2,2 1P n n+ +  if 8 5n +  and 

8 9n +  are prime. 

Case 1: If 
2 1 2 2i ie v v+ += , then 

( ) ( )( ) ( ) ( )( ) ( )2 1 2 2,  4 1 10 , 8 4 4 1 ( )0 4 1,8 4 4 4 1,8 5 1r r

i igcd v v gcd i n i gcd i n i gcd i n − −

+ + = + − + + + = + += − =  

for 0 1i n  −  as 8 5n +  is prime (Since 4 1 8 5i n+  + ). 

Case 2: If 
2 2 2 3i ie v v+ += , then 

( ) ( )( ) ( ) ( )( )( ) ( ) ( )2 2 2 3 2 2 2 1 1
, , 8 4 4,4 5 8 9,4 5 1i i i i

gcd v v gcd v v gcd n i i gcd n i  + + + + +
= = − + + = + + =

, for 0   1i n  −  as 8 9n +  is prime (Since 8 9 4 5n i+  + ). 

Case 3: If 
2 1 2 2n ne v v+ += , then 

( ) ( )( ) ( )( ) ( )2 1 2 2, 4 1 10 ,4 10 4 1,4 1r r

n ngcd v v gcd n gcd n − −

+ + == +  + =  (Since 4 1n +  is not 

multiple of  2). 

Case 4: If 
2 2 2 2 2 3n i n ie v v+ + + += , then, for 0 1i n  −  ,

( ) ( )( ) ( ) ( )( )
( )

2 2 2 2 2 3,  4 4 10 , 8 4 1 10 4 4,8 4 1

4 , 1

)

4 5

(

8

r r

n i n igcd v v gcd i n i gcd i n i

gcd i n

 − −

+ + + + = + − + + − +

= + + =

=
 

 (Since 4 4 8 5i n+  +  and 8 5n +  is prime). 
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Case 5: If 
2 2 3 2 2 4n i n ie v v+ + + += , then for 0 1i n  − , 

( ) ( )( ) ( ) ( )( )( ) ( ) ( )( )

( ) ( )

2 2 3 2 2 4 2 2 3 2 2 1 2
, , 8 4 1 10 , 4 8 10

8 4 1,4 8 8 9,4 8 1

r r

n i n i n i n i
gcd v v gcd v v gcd n i i

gcd n i i gcd n i

    − −

+ + + + + + + + +
= = − + +

= − + + + += =

 

(Since 4 8 8 9i n+  +  and 8 9n +  is prime). 

Case 6: If 
4 2 1ne v v+= , then ( ) ( )( ) ( )( ) ( )4 2 1, 4 4 10 ,10 4 4,1 1r r

ngcd v v gcd n gcd n  − −

+ == + + = . 

Case 7: If 
2 1 2 1i ie v u+ += , then 

( ) ( )( ) ( ) ( )( ) ( )2 1 2 1, 4 1 10 , 4 2 10 4 1,4 2 1r r

i igcd v u gcd i i gcd i i − −

+ + = + + = + + =  for 0 i n   

(Since 4 1i +  and 4 2i +  are consecutive integer). 

Case 8: If 
2 2 2 2i ie v u+ += , then 

( ) ( )( ) ( ) ( )( ) ( )2 2 2 2, 8 4 4 10 , 8 4 3 10 8 4 4,8 4 3 1r r

i igcd v u gcd n i n i gcd n i n i  − −

+ + = − + − + = − + − + =

, 

for 0 1i n  −  (Since 8 4 4n i− +  and 8 4 3n i− +  are consecutive integer). 

Case 9: If 
2 2 2 2 2 2n i n ie v u+ + + += , then 

( ) ( )( ) ( ) ( )( ) ( )2 2 2 2 2 2,  4 4 10 , 4 3 10 4 4,4 3 1r r

n i n igcd v u gcd i i gcd i i  − −

+ + + + = + + = + + = , for 

0 i n  (Since 4 3i +  and 4 4i +  are consecutive integer). 

Case 10: If 
2 2 3 2 2 3n i n ie v u+ + + += , then 

( ) ( )( ) ( ) ( )( ) ( )2 2 3 2 2 3 10, 8 4 1 , 8 4 2 8 4 1,8 4 2 ,1 10r r

n i n igcd v u gcd n i n i gcd n i n i −

+ +

−

+ + = − + − + = − + − + =

 for 0 1i n  − (Since 8 4 1n i− +  and 8 4 2n i− +  are consecutive integer). 

Case 11: If 
2 1 2 2 2i n ie u u+ + += , then 

( ) ( )( ) ( ) ( )( ) ( )2 1 2 2 2 1, 4 2 , 4 3 4 210 ,4 30 1r r

i n igcd u u gcd i i gcd i i − −

+ + + = + + = + + = , for 

0 i n  (Since 4 2i +  and 4 3i +  are consecutive integer). 

Case 12: If 
2 2 2 2 3i n ie u u+ + += , then 

( ) ( )( ) ( ) ( )( ) ( )

( )

2 2 2 2 3 10 10, 8 4 3 , 8 4 2 8 4 3,8 4 2

8 4 3,8 4 2 1,

i n i

r rgcd u u gcd n i n i gcd n i n i

gcd n i n i

  − −

+ + + = − + − + = − + − +

= − + − + =

 

for 0 1i n  − (Since 8 4 3n i− +  and 8 4 2n i− +  are consecutive integer). 

Thus, ( )4 2,2 1P n n+ +
 
admits a fuzzy prime labeling. 

Theorem 4.7. If 2 1n + , 4 3n +  and 6 5n +  are prime, then generalized Petersen graph ( )4 4,2 1P n n+ +  

is a fuzzy prime graph. 



Tuijin Jishu/Journal of Propulsion Technology 

ISSN: 1001-4055 

Vol. 45 No. 4 (2024) 

_________________________________________________________________________ 

150 

Proof. Let 
1 2 3 4 4, , ,..., nv v v v +

 be the outer junctions and 
1 2 3 4 4, , ,..., nu u u u +

 be the inner junctions of 

( )4 4,2 1P n n+ + . For 1,2,3,...r =  such that 
110 10r rn−   , we define the junction membership 

function ( )( ) ( : 4 4,2 1 0,1V P n n + + →  by ( ) ( )10 1 4 4r

iv i i n −=   + , 

( ) ( ) ( )2 4 2 3 10 1 2 2r

iu n i i n −= + +   + , ( ) ( ) ( )2 2 3 4 2 4 10 1r

n iu n i i n −

+ + = + +    and  

( ) ( ) ( )2 2 1 4 2 4 10 1 2 2r

i nu n i n i n −

− − = + + +   + .  

 Then clearly   is an injective function. Let e  be an arbitrary bridge of ( )4 4,2 1P n n+ + . To prove 

  is a fuzzy prime labeling of ( )4 4,2 1P n n+ +  we have the following cases: 

Case 1: If 
1i ie v v += , then ( ) ( )( ) ( )( ) ( )1, 10 , 1 10 , 1 1r r

i igcd v v gcd i i gcd i i − −

+ = + = + = , for 

1 4 3i n  + (Since i  and 1i +  are consecutive integer). 

Case 2: If 
4 4 1ne v v+= , then ( ) ( )( ) ( )( ) ( )4 4 1, 4 4 10 ,10 4 4,1 1.r r

ngcd v v gcd n gcd n − −

+ = + = + =  

Case 3: If 
2 2 3 2i n ie u u + += , then 

( ) ( )( ) ( ) ( )( ) ( )2 2 3 2, 4 3 2 , 4 4 2 4 3 210 10 ,4 4 2 1r r

i n igcd u u gcd n i n i gcd n i n i  −

+ +

−= + + + + = + + + + =

 for 1 i n   (Since 4 3 2n i+ +  and 4 4 2n i+ +  are consecutive integer). 

Case 4: If 
2 2 2 1i i ne u u − −= , then 

( ) ( )( ) ( ) ( )( ) ( )2 2 2 1, 4 3 2 10 , 4 4 2 10 4 3 2 ,4 4 2 1r r

i i ngcd u u gcd n i n i gcd n i n i  − −

− − = + + + + + + + + ==

 for 1 2 2n i n+   +  (Since 4 3 2n i+ +  and 4 4 2n i+ +  are consecutive integer). 

Case 5: If 
2 3 2 2 2n i ie u u+ + += , then 

( ) ( )( ) ( ) ( )( ) ( )2 3 2 2 2, 4 4 2 10 , 4 5 2 0  4 4 2 ,4 5 2 11r r

n i igcd u u gcd n i n i gcd n i n i − −

+ + + = + + + + = + + + + =

, for 1 i n   (Since 4 4 2n i+ +  and 4 5 2n i+ +  are consecutive integer). 

Case 6: If 
2 2 1 2 2i n ie u u− − += , then 

( ) ( )( ) ( ) ( )( ) ( )2 2 1 2 2, 4 4 2 10 , 4 5 2 10  4 4 2 ,4 5 2 1r r

i n igcd u u gcd n i n i gcd n i n i − −

− − + = + + + + = + + + + =

, for 1 2 1n i n+   +  (Since 4 4 2n i+ +  and 4 5 2n i+ +  are consecutive integer). 

Case 7: If 
2 3 2ne u u+= , then 

( ) ( )( ) ( ) ( )( ) ( ) ( )2 3 2, 8 8 10 , 4 5 10 8 8,4 5 2,4 5 1r r

ngcd u u gcd n n gcd n n gcd n − −

+ = + + = + + = − + =

 ( Since 4 5n +  is an odd). 

Case 8: If 
2 2i ie v u= , then 

( ) ( )( ) ( )( ) ( ) ( )2 2, 2 10 , 4 3 2 10  2 ,4 3 2 2 ,4 3 1r r

i igcd v u gcd i n i gcd i n i gcd i n  − −= + + = + + = + =

, for 1 2 2i n  +  (Since 4 3n + is prime and 2i  is odd). 
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Case 9: If 
2 3 2 2 3 2n i n ie v u+ + + += , then 

( ) ( )( ) ( ) ( )( ) ( )

( ) ( )

2 3 2 2 3 2, 2 3 2 10 , 4 4 2 10 2 3 2 ,4 4 2

2 3 2 ,2 1 2 2 ,2 1 1

r r

n i n igcd v u gcd n i n i gcd n i n i

gcd n i n gcd i n

 − −

+ + + + = + + + + = + + + +

= + + + = + + =

 

for 1 i n  (Since 2 1n + is prime and 2 2i+  is even). 

Case 10: If 
2 2 1 2 2 1i n i ne v u− − − −= , then 

( ) ( )( ) ( ) ( )( ) ( )

( )

2 2 1 2 2 1, 2 2 1 10 , 4 4 2 10  2 2 1,4 4 2

2 2 1,6 5 1

r r

i n i ngcd v u gcd i n n i gcd i n n i

gcd i n n

  − −

− − − − = − − + + = − − + +

= − − + =

 

for 1 2 2n i n+   +  (Since 6 5n +  is prime). 

Thus, ( )4 4,2 1P n n+ +  admits a fuzzy prime labeling which complete the proof. 

Now we have a fuzzy prime labeling of duplicate graphs are proved as follows. 

Theorem 4.8. If n  is even. Then the graph G  obtained by duplicating all the junctions in the rim of helm 
nH  

is a fuzzy prime graph. 

Proof. Let ( ), , 1i ic u v i n  be the junctions of 
nH  and let ( ), 1i i icu u v i n  , ( )1 1 1i iu u i n+   −  

and 
1 nu u  be the bridges of 

nH . Let G  be the graph obtained by duplicating all the rim junctions in 
nH  and 

let the new junctions be 
1 2' , ' ,..., 'nu u u . Then ( ), , , ' 1i i ic u v u i n   are the junctions of G  and 

( ) , ' , , ' 1i i i i i icu cu u v v u i n  , ( ) 1 1 1, ' , ' 1 1i i i i i iu u u u u u i n+ + +   −  and  1 1 1, ' , 'n n nu u u u u u  are the 

bridges of G . 

 For 1,2,3,...r =  such that 
110 10r rn−   , we define the junction membership function 

( ) ( : 0,1V G →
 
 by ( ) 10 rc −= , ( ) ( ) ( )( )3 1 10 1 , 2 mod5r

iu i i n i −= −    , 

( ) ( )3 10 1r

iv i i n −=   , ( ) ( ) ( )( )' 3 1 10 1 , 2 mod5r

iu i i n i −= +    , 

( ) ( ) ( )( )3 1 10 1 , 2 mod5r

iu i i n i −= +     and ( ) ( ) ( )( )' 3 1 10 1 , 2 mod5r

iu i i n i −= −    .  

 Then clearly the function   is an injective. Let e  be an arbitrary bridge of G . To show   is a fuzzy 

prime labeling of G  we have the following cases: 

Case 1: If 
ie cu= , then ( ) ( )( ) ( )( ) ( )3 1 1, 10 , ,3 110 1r r

ic igcd u gcd gcd i  − −= = − =− , for 

( )2 mod5i  , 1 i n  . Similarly, ( ) ( )( ), 1id cgc u =  for ( )2 mod5 ,1 ii n   . 

Case 2: If 'ie cu= , then ( ) ( )( ) ( )( ) ( )3, ' 1 1,3 110 , 10 1r r

ic igcd u gcd gcd i − −= = + =+ , for 

( )2 mod5i  , 1 i n  . Similarly, ( ) ( )( )' 1, icgcd u =  for ( )2 mod5 ,1 ii n   . 
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Case 3: If 
i ie u v= , then ( ) ( )( ) ( )( ) ( ), 10 ,3 103 3 1,3 11 r r

iigcd v gcd iu i i igcd − −= = − =− , for 

( )2 mod5i  , 1 i n  (Since 3 1i −  and 3i  are consecutive integer). Similarly, 

( ) ( )( ), 1i ig ucd v =  for ( )2 mod5i  ,1 i n  . 

Case 4: If 'i ie v u= , then ( ) ( )( ) ( )( ) ( ), ' 10 , 33 3 ,3 11 10 1r r

i igcd u gcd i gcdv i i i  − −= + += = , for 

( )2 mod5i  , 1 i n  (Since 3 1i +  and 3i  are consecutive integer). Similarly, 

( ) ( )( ), 1'i ivgcd u =  for ( )2 mod5i  ,1 i n  . 

Case 5: If 
1i ie u u += , then 

( ) ( )( ) ( ) ( )( ) ( )1, 10 ,3 1 33 1,3 22 10 1r r

i igcd u gcd iu i igcd i − −

+ = − − ++ = = , for 

( )2 mod5i  , 1 1i n  − (Since 3 1i −  and 3 2i +  are not multiples of 3 and differ by 3). Similarly, 

( ) ( )( )1 1,i iugcd u + =  for ( )2 mod5i  ,1 1i n  − . 

Case 6: If 
1 ne u u= , then 

 

( ) ( )( ) ( )( ) ( )( )
( ) ( )

1 , 2 10 , 3 1 10 2 1

2,3 1 2,

0 , 3 10

3 1

1

1

r r r r

ngcd u gcd n gcd nu or

ngcd co gr d n

  − − − −=  −  +

− +=

=
 

(Since 3 1n−  and 3 1n+  are odd as n  is even). 

Case 7: If 
1'i ie u u += , then 

( ) ( )( ) ( ) ( )( ) ( )1, 10 , 3 2 10' 3 1 3 1, 2 13r

ii

rgcd u gcd i gcdu i i i − −

+ = + = + + =+ , for 

( )2 mod5i  , 1 1i n  − (Since 3 1i +  and 3 2i +  are consecutive integer). Similarly, 

( ) ( )( )1,' 1iiugcd u + =  for ( )2 mod5i  ,1 1i n  − . 

Case 8: If 
1 'i ie u u += , then 

( ) ( )( ) ( ) ( )( ) ( )1, ' 10 , 3 4 13 1 3 1,3 40 1r

ii

rgcd u gcd i gcdu i i i − −

+ = + = − + =− , for 

( )2 mod5i  , 1 1i n  − (Since 3 1i −  and 3 4i +  are not multiples of 5 and differ by 5). Also, 

( ) ( )( ) ( ) ( )( ) ( )1, ' 10 , 3 2 13 1 3 1,3 20 1r

ii

rgcd u gcd i gcdu i i i − −

+ = + = + + =+
 
for 

( )2 mod5i  ,1 1i n  − . 

Case 9: If 
1 ' ne u u= , then ( ) ( )( ) ( )( ) ( )1 , 4 10 , 3' 4,3 11 10 1r r

ngcd u gcd n gcdu n − −=  − −= =  

(Since 3 1n−  is odd as n  is even). 

Case 10: If 
1'ne u u= , then ( ) ( )( ) ( )( ) ( )1' 3 1,2, 3 1 10 ,2 10 1r r

ngcd u gcd n cdu ng − − = += +  =  

(Since 3 1n+  is odd as n  is even). 

 Therefore, the graph G  admits a fuzzy prime labeling.  
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Theorem 4.9. The graph G  obtained by duplicating all the junctions of the helm 
nH , except the apex 

junction, is a fuzzy prime graph. 

Proof. Let ( ), , 1i ic u v i n  be the junctions of 
nH  and let ( ), 1i i icu u v i n  , ( )1 1 1i iu u i n+   −  

and 
1 nu u  be the bridges of 

nH . Let G  be the graph obtained by duplicating all the junctions in 
nH , except 

the apex junction c . Let 
1 2' , ' ,..., 'nu u u  and 

1 2' , ' ,..., 'nv v v
 
be the new junctions of G  by duplicating 

1 2, ,..., nu u u  and 
1 2, ,..., nv v v . Then ( ), , , ' , ' 1i i i ic u v u v i n   are the junctions of G  and 

( ) , ' , , ' , ' 1i i i i i i i icu cu u v v u u v i n  , ( ) 1 1 1i iu u i n+   − , ( ) 1' 2 1i iu u i n+   − ,
 

( ) 1' 2i iu u i n−    and  1 1 1 1 2, ' , ' , 'n n nu u u u u u u u  are the bridges of G .  

 For 1,2,3,...r =  such that 
110 10r rn−   , we define the junction membership function 

( ) ( : 0,1V G →
 
 by ( ) 10 rc −= , ( )1 4 10 ru −=  , ( )1' 2 10 ru −=  , ( )1 3 10 rv −=  , 

( ) ( )1' 4 1 10 rv n −= + ,
 

( ) ( ) ( )( )4 1 10 2 , 1 mod 3r

iu i i n i −= −    , 

( ) ( ) ( )4 2 10 2r

iv i i n −= −   , ( ) ( ) ( )( )' 4 3 10 2 , 1 mod 3r

iu i i n i −= −    , 

( ) ( )' 4 10 2r

iv i i n −=   , ( ) ( ) ( )( )4 3 10 2 , 1 mod 3r

iu i i n i −= −     and 

( ) ( ) ( )( )' 4 1 10 2 , 1 mod 3r

iu i i n i −= −    . 

 Then   is an injective. Let e  be an any bridge of G . To claim   is a fuzzy prime labeling of G  
we have the following cases: 

Case 1: If 
ie cu= , then ( ) ( )( ), 1id cgc u =  and if 'ie cu= , then ( ) ( )( )' 1, icgcd u =  for 

1 i n  (Since ( ) 1c = ). 

Case 2: If 
i ie u v= , then clearly, ( ) ( )( ), 1i ig ucd v = , for 1 i n  . 

Case 3: If 'i ie u v= , then clearly, ( ) ( )( )' , 1i igcd u v = , for 1 i n  . 

Case 4: If 
1i ie u u −= , then, for 3,4,...,i n= , 

 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )

1, 4 1 10 , 4 5 10 4 3 10 , 4 7 10

4 1,4 5 4 3,4 7

1

r r r

i

r

igcd u gcd i i gcd i i

gcd i i gcd i i

u or

or

 − − − −

− = − − − −

= − − − −

=
 

(Since 4 1i −  and 4 5i −  are odd integers that are differ by 4 and also, 4 3i −  and 4 7i − are odd integers that 

are differ by 4). 

Case 5: If 1 ne u u= , then 

 

( ) ( )( ) ( )( ) ( )( )
( ) ( )

1 , 4 10 , 4 1 10 4 1

4,4 1 4,

0 , 4 10

4 3

3

1

r r r r

ngcd u gcd n gcd nu or

ngcd co gr d n

  − − − −=  −  −

− −=

=
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(Since 4 1n −  and 4 3n −  are odd). 

Case 6: If 
1 2e u u= , then obviously, ( ) ( )( )1 2, 1c ug d u = .

 

Case 7: If 
1 'i ie u u += , then for 2 1i n  − , 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )

1 4 1 4 3, ' 10 , 4 1 10 10 , 4 3 10

1

4 1,4 1 4 3,4 3

r r r r

iigcd u gcd i gcdu i or i

i i or i i

i

gcd gcd

  − − − −

+ − −= + +

= + − +

=

−
 

(Since 4 1i −  and 4 1i +  are odd integers that are differ by 2 and also, 4 3i −  and 4 3i + are odd integers that 

are not multiples of 3 and differ by 6).  

Case 8: If 1 2'e u u= , then obviously, ( ) ( )( )1 2, ' 1gcd uu  = . 

Case 9: If 1'ne u u= , then clearly, ( ) ( )( )1, ' 1nc ug d u = . 

Case 10: If 1'i ie u u −= , then for 3 1i n  − , 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )

1 4 1 4 3, ' 10 , 4 7 1

4 1,4

0 10 , 4

7 4 3,4

5 1

1

5

0r r r r

iigcd u gcd i gcdu i or i

i i or i i

i

gcd gcd

  − − − −

− − −= − −

= − − −

=

−
 

(Since 4 1i −  and 4 7i −  are odd integers that are not multiples of 3 and differ by 6 and also, 4 3i −  and 

4 5i − are odd consecutive integer). 

Case 11: If 1'ne u u= , then clearly, ( ) ( )( )1' , 1nugcd u  = . 

Case 12: If 2 1'e u u= , then obviously, ( ) ( )( )2 1, ' 1gcd uu  = . 

Case 13: If 'i ie u v= , then for 2 i n  , 

( ) ( )( ) ( )( ) ( )( )
( ) ( )

4 1 4 3

4 1,4 4 3,4

, ' 10 ,4 10 10 ,4 10

1

i

r r r r

igcd v gcd i gcdu i or i

i i or i

i

gcd cd ig

 − − − −− −

− −

=

=

=
 

(Since 4 1i −  and 4i  are consecutive integer and also, 4 3i −  and 4i are not multiples of 3 and differ by 3). 

Case 14: If 1 1'e u v= , then clearly, ( ) ( )( )1 1, ' 1gcd vu  = . 

 Therefore, the graph G  is a fuzzy prime graph.  

Theorem 4.10. The graph obtained by duplicating all the junctions in crown 
*

nC  is a fuzzy prime graph. 

Proof. Let 
*

nC  be the crown with junctions
 1 2, ,..., nv v v  and 1 2, ,..., nu u u , where iv  is neighborhood to iu  

for 1 i n  , iu  is neighborhood to 1iu +  for 1 1i n  −  and  nu  is neighborhood to 1u . Let G  be the 

graph obtained by duplicating all the junctions in 
*

nC . Let 1 2' , ' ,..., 'nu u u  and 1 2' , ' ,..., 'nv v v  be the new 
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junctions of G  by duplicating 
1 2, ,..., nu u u  and 

1 2, ,..., nv v v respectively. Then ( ), , ' , ' 1i i i iu v u v i n   are 

the junctions of G  and ( ) , ' , ' 1i i i i i iu v v u u v i n  , ( ) 1 1 1, ' , ' 1 1i i i i i iu u u u u u i n+ + +   −
 
and 

 1 1 1, ' , 'n n nu u u u u u  are the bridges of G . 

 For 1,2,3,...r =  such that 
110 10r rn−   , we define the junction membership function 

( ) ( : 0,1V G →
 
 by ( )1 10 ru −= , ( )1' 2 10 ru −=  , ( )1 3 10 rv −=  , 

( ) ( ) ( )( )4 1 10 2 , 1 mod 3r

iu i i n i −= −    , ( ) ( ) ( )4 2 10 2r

iv i i n −= −   , 

( ) ( ) ( )( )' 4 3 10 2 , 1 mod 3r

iu i i n i −= −    , ( ) ( )' 4 10 1r

iv i i n −=   , 

( ) ( ) ( )( )4 3 10 2 , 1 mod 3r

iu i i n i −= −     and 

( ) ( ) ( )( )' 4 1 10 2 , 1 mod 3r

iu i i n i −= −    . 

 Then the map   is an injective. If e  is an any bridge of G . We now    is a fuzzy prime for the 

following cases: 

Case 1: If 1i ie u u += , then 

( ) ( )( ) ( ) ( )( ) ( )1, 10 ,4 1 44 1,4 33 10 1r r

i igcd u gcd iu i igcd i − −

+ = − − ++ = = , for ( )1 mod3i 

, 2 1i n  − (Since 4 1i −  and 4 3i +  are odd integer and differ by 4). Similarly, 

( ) ( )( )1 1,i iugcd u + =  for ( )1 mod3i  , 2 1i n  − . 

Case 2: If 1ne u u= , then clearly, ( ) ( )( )1, 1nc ug d u = . 

Case 3: If 2 1e u u= , then obviously, ( ) ( )( )2 1, 1c ug d u = . 

Case 4: If i ie u v= , then 

( ) ( )( ) ( ) ( )( ) ( ), 10 , 4 2 14 1 4 10 1,4 2r r

iigcd v gcd i gcdu i i i  − −= − − −= =− , for ( )1 mod3i  , 

2 i n  , (Since 4 1i −  and 4 2i −  are consecutive integer). Similarly, ( ) ( )( ), 1i ig ucd v =  for 

( )1 mod3i  , 2 i n  . 

Case 5: If 1 1e u v= , then clearly, ( ) ( )( )1 1, 1c ug d v = . 

Case 6: If 'i ie v u= , then 

( ) ( )( ) ( ) ( )( ) ( ), ' 10 , 4 3 14 2 4 2 1,4 30i

r r

igcd u gv ic i id igcd − −= − − −= =− , for 

( )1 mod3i  , 2 i n  , (Since 4 2i −  and 4 3i −  are consecutive integer). Similarly, 

( ) ( )( ), 1'i ivgcd u =  for ( )1 mod3i  , 2 i n  . 

Case 7: If 1 1'e v u= , then clearly, ( ) ( )( )1 1, ' 1gcd uv  = . 
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Case 6: If 'i ie u v= , then ( ) ( )( ) ( )( ) ( )4 1, ' 10 4 1,4,4 10 1ii

r rgcd v gu icd i g i icd  − − −=−= = , for 

( )1 mod3i  , 2 i n  , (Since 4 1i −  and 4i  are consecutive integer). 

Case 8: If 'i ie u v= , then ( ) ( )( ) ( )( ) ( )4 3, ' 10 4 3,4,4 10 1ii

r rgcd v gu icd i g i icd  − − −=−= = , 

for ( )1 mod3i  , 2 i n  , (Since 4 3i −  and 4i  are not multiples of 3 and differ by 3).  

Case 9: If 1'i ie u u −= , then 

( ) ( )( ) ( ) ( )( ) ( )1, ' 10 , 4 5 14 3 40 13,4 5r

ii

rgcd u gcd i gcdu i i i − −

− = − = − − =− , for 

( )1 mod3i  , 2 i n  , (Since 4 3i −  and 4 5i −  are odd consecutive integer). 

Case 10: If 1'i ie u u −= , then 

( ) ( )( ) ( ) ( )( ) ( )1, ' 10 , 4 7 14 1 40 11,4 7r

ii

rgcd u gcd i gcdu i i i − −

− = − = − − =− , for 

( )1 mod3i  , 2 i n  , (Since 4 1i −  and 4 7i −  are not multiples of 3 and differ by 6).  

Case 11: If 1 'ne u u= , then clearly, ( ) ( )( )1 , ' 1nugcd u = . 

Case 12: If 1'i ie u u += , then 

( ) ( )( ) ( ) ( )( ) ( )1, ' 10 , 4 1 14 1 40 11,4 1r

ii

rgcd u gcd i gcdu i i i − −

+ = + = − + =− , for 

( )1 mod3i  , 2 1i n  − , (Since 4 1i −  and 4 1i +  are odd consecutive integer). 

Case 13 If 1'i ie u u += , then 

( ) ( )( ) ( ) ( )( ) ( )1, ' 10 , 4 3 14 3 40 13,4 3r

ii

rgcd u gcd i gcdu i i i − −

+ = + = − + =− , for 

( )1 mod3i  , 2 1i n  − , (Since i  is not multiple of 3 and that 4 3i −  and 4 3i +  are differ by 6). 

Case 14: If 1'ne u u= , then clearly, ( ) ( )( )1, ' 1nc ug d u = . 

Case 15: If 1 2'e u u= , then obviously, ( ) ( )( )1 2, ' 1gcd uu  = . 

Therefore, every two neighborhood junction membership values are distinct and mutually prime which 

completes the proof. Thus, the graph G  is a fuzzy prime graph. 

Theorem 4.11. The graph obtained by duplicating all the junctions of the star 1,nK  is a fuzzy prime graph. 

Proof. Let 1,nK  be the crown with junctions
 

( ), 1ic v i n  , where c  is neighborhood to iv  for 1 i n  . 

Let G  be the graph obtained by duplicating all the junctions of the star
 1,nK . Let 1 2' , ' ,..., 'nv v v  and 'c  be 

the new junctions of G  by duplicating 1 2, ,..., nv v v  and c  respectively. Then ( ), ', , ' 1i ic c v v i n   are the 

junctions of G  and ( ) , ' , ' 1i i icv c v cv i n   are the bridges of G .  
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 For 1,2,3,...r =  such that 
110 10r rn−   , we define the junction membership function 

( ) ( : 0,1V G →
 
 by ( ) 10 rc −= , ( )' 2 10 rc −=  , ( ) ( )2 1 10 ,1r

iv i i n −= +    and 

( )' 2 10 r

iv i −= . 

  Therefore, it can be easily verified that every two neighborhood junction membership values are 

distinct and mutually prime which complete the proof. 

5. Fuzzy prime combination labeling of graphs 

 In this section, we modify another type of labeling of a graph G  with n  junctions called fuzzy prime 

combination labeling. A fuzzy prime labeling   on a graph G on n  junctions is called a fuzzy prime 

combination labeling if for each positive integer r  such that 
110 10r rn−   , the induced bridge labeling 

( )xy  equals 
( )

( )

101

1010

r

rr

x

y





 
  
 

 or  
( )

( )

101

1010

r

rr

y

x





 
  
 

 according as ( ) ( )x y   or ( ) ( )y x   is 

injective onto the subset of ( 0,1 . A graph with a fuzzy prime combination labeling is called a fuzzy prime 

combination graph.  

 Now, the fuzzy prime combination labeling is defined below. 

Definition 4.1. Let G  be a graph with n  junctions m  bridges. For each positive integer r  such that 

110 10r rn−   , let ( ) ( : 0,1V G →  be an injective map such that ( ) ( )( )gcd , 1x y  = . Then   is 

called a fuzzy prime combination labeling of G  if the induced bridge labeling ( )xy  equals 

( )

( )

101

1010

r

rr

x

y





 
  
 

 or  
( )

( )

101

1010

r

rr

y

x





 
  
 

 according as ( ) ( )x y   or ( ) ( )y x   is injective onto the 

subset of ( 0,1 . A graph with a fuzzy prime combination labeling is called a fuzzy prime combination graph. 

We discuss the fuzzy prime combination labeling of some graphs. 

Theorem 4.1. The path nP
 
admits a fuzzy prime combination labeling. 

Proof. Let nP
 
be the path 1 2... nv v v . For 1,2,3,...r =  such that 

110 10r rn−   , define ( ) ( : 0,1V G →  

by ( ) 1
10

i r

i
v i n =    . Then the neighborhood junction membership values are mutually prime and the 

bridges
 1i iv v +  

have distinct membership values 
11

10r

i

i

+ 
 
 

 for 1 1i n  − . Hence the graph nP
 
admits a 

fuzzy prime combination labeling. 

Theorem 4.2. The cycle nC  admits a fuzzy prime combination labeling for 4n   and n  is odd. 

Proof. Let nC  be the cycle 1 2, ,..., nv v v . For 1,2,3,...r =  such that 
110 10r rn−   , define 

( ) ( : 0,1V G →  by ( )1

2

10r
v = , ( )2

1

10r
v =  and ( ) 3

10
i r

i
v i n =    . Then the 

neighborhood junction membership values are mutually prime. By the definition of  , it is clear that 
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( )1 2

21

110r
u u

 
=  

 
, ( )2 3

31

110r
u u

 
=  

 
, ( )1

11
3 1

10
i i r

i
u u i n

i
 +

+ 
=    − 

 
 and 

( )1

1

210
n r

n
u u

 
=  

 
. Hence the required graph admits a fuzzy prime combination labeling. 

Theorem 4.3. The star 1,nK  admits a fuzzy prime combination labeling. 

Proof. Let 
0v

 
be a center junction and 

1 2, ,..., nv v v  be the other junctions of 1,nK . For 1,2,3,...r =  such that 

110 10r rn−   , define ( ) ( : 0,1V G →  by ( )0

1

10r
v =  and ( )

1
1

10
i r

i
v i n

+
=    . Then the 

neighborhood junction membership values are mutually prime and the bridges
 0 iv v

 
have distinct membership 

values 
1

10r

i +
 for 1 i n  . Hence the given graph admits a fuzzy prime combination labeling. 

Theorem 4.4. Olive tree admits a fuzzy prime combination labeling. 

Proof. Let 00v  be the root of the given Olive tree G . Let 11 12 1, ,..., nv v v  be the junctions in the first level such 

that there are n  bridges. Let 
22 23 2, ,..., nv v v  be the junctions in the second level such that there are 1n −  

bridges. Let 33 34 3, ,..., nv v v  be the junctions in the third level such that there are 2n −  bridges.                                                                                                        

Proceeding like this, Let nnv  be the unique junction in the 
thn  level and the corresponding lonely bridges be 

( 1)n n nnv v− . We define the junction membership function ( ) ( : 0,1V G →
 
 by ( )00

1

10r
v = ; and 

( ) ( )( )( )1 1
10

ij j j r

i
v v 

− −
= + , 1 j n  , 1 i j  , where 1,2,3,...r =  such that 

110 10r rn−   . Then 

we get 

( ) ( )( )00 1gcd 10 , 10 1r r

jv v   = , 1 j n    

  
( ) ( )100

1010
gcd , 1

10 10

rr
j

r r

vv  
= 

 
 

, 1 j n   

  ( ) ( )( )00 1gcd , 1jv v  = , 1 j n  . 

Also, we have 

( ) ( )( )( 1)gcd 10 , 10 1r r

ij i jv v  +  = , 2 j n  , 1 1i j  −  

  
( ) ( )( 1)10 10

gcd , 1
10 10

r r

ij i j

r r

v v  +
  

= 
 
 

, 2 j n  , 1 1i j  −
 

  ( ) ( )( )( 1)gcd , 1ij i jv v  + = , 2 j n  , 1 1i j  −  



Tuijin Jishu/Journal of Propulsion Technology 

ISSN: 1001-4055 

Vol. 45 No. 4 (2024) 

_________________________________________________________________________ 

159 

Hence, every two neighborhood junction membership values are distinct and ( ) ( )( )gcd 10 ,10 1r rx y  =  

where x  and y  are neighborhood. Also, the induced bridge membership values are 

( ) ( )( )( )00 1 1 1

1

10
j j j r

v v v 
− −

= + , 1 j n  ; and 

( )( ) ( )( )( )1 1 1

1

10
ij i j j j r

i
v v v 

+ − −

+
= + , 2 j n  , 1 1i j  −  

Hence, the membership values of the bridges are all distinct and followed by the definition of bridge function 

  , a map 
 
is injective. This, completes the proof.  

Theorem 4.5. The graph ,m nS  admits a fuzzy prime combination labeling. 

Proof. Let 0v  be the center junction of star and 
i

jv  be the junctions of path of length m  where 1 i n   and 

1 j m  . We define the junction membership function ( ) ( : 0,1V G →
 
 by ( )0

1

10r
v = ; and for 

1 i n  , ( ) ( )( )
1

1 1
10

i

j r
v i m j = − + + , 1 j m  , where 1,2,3,...r =  such that 

110 10r rn−   . 

Then, we give 

( ) ( )( )0 1gcd 10 , 10 1r i rv v   = , 1 j n    

  
( ) ( )10

1010
gcd , 1

10 10

i rr

r r

vv  
= 

 
 

, 1 j n   

  ( ) ( )( )0 1gcd , 1iv v  = , 1 j n  . 

Also, we have 

( ) ( )( )1gcd 10 , 10 1i r i r

j jv v  +  = , 1 i n  , 1 1j m  −  

  
( ) ( )110 10

gcd , 1
10 10

i r i r

j j

r r

v v  +
  

= 
 
 

, 1 i n  , 1 1j m  −
 

  ( ) ( )( )1gcd , 1i i

j jv v  + = , 1 i n  , 1 1j m  −  

Hence, every two neighborhood junction membership values are distinct and mutually prime. Also, the induced 

bridge membership values are 

( ) ( )( )0 1

1
1 2

10

i

r
v v i m = − + , 1 i n  , and 

( ) ( )( )1

1
1 2

10

i i

j j r
v v i m j + = − + + , 1 i n  , 1 1j m  − . 
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Thus, the membership values of the bridges are all distinct. Clearly, the bridge function 
 
is injective. Hence, 

the graph ,m nS  admits a fuzzy prime combination labeling. 

Theorem 4.6. The graph n mC P
 
admits a fuzzy prime combination labeling when m n+  is odd. 

Proof. Denote the graph n mG C P= 
 
be the junctions of nC  by 1 2, ,..., nu u u  where 

1u  is neighborhood to 

nu  and 
iu  is neighborhood to 

1iu +
 for 1 1i n  −  and be the junctions of 

mP  by
1 2... mv v v

 
joined with the 

junction
 nu  of nC . We define the junction membership function ( ) ( : 0,1V G →

 
 by ( )

2

10
n r

u = , 

( )1

1

10r
u = , ( )

2

10
i r

i
v

+
= , 1 i m   and ( )

1

10
j r

m j
u

+ +
= , 2 1j n  − , where 1,2,3,...r =  

such that 
110 10r rn−   . Then we can easily verify that neighborhood junction membership values are all 

distinct and mutually prime. Also, the induced bridge membership values are 

( )1

2

10
n r

u u = , 

 
( )1

3

10
n r

u v = , 

 
( )1

3

10
i i r

i
v v +

+
= ,1 1i m  − , 

 ( )1

2

10
j j r

m j
u u +

+ +
= , 1 2j n  − , 

 ( )1

1

210
n n r

m n
u u −

+ 
=  

 
. 

Hence, the membership values of the bridges are all distinct and followed by the definition of   which 

completes the proof.  

Theorem 4.7. The graph 1,n mC K  admits a fuzzy prime combination labeling if 5m n+  . 

Proof. Denote 1,n mG C K= 
 
be the junctions of nC

 
by 1 2, ,..., nu u u  where 1u  is neighborhood to nu  and 

iu  is neighborhood to 1iu +  for 1 1i n  −  and be the junctions of 1,mK  by 1 2, ,..., mv v v  which is attached 

with the junction
 nu  of nC . There are two cases: 

Case 1. m n+ is odd. 

          We define the membership function ( ) ( : 0,1V G →
 
as follows:  

 
( )

1

10
n r

u = , 

  ( )1

2

10
n r

u − = , 
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 ( )
2

10
i r

i
v

+
= , 1 i m   and  

 ( )
2

10
j r

m j
u

+ +
= ,1 2j n  − , 

where 1,2,3,...r =  such that 
110 10r rn−   . 

Case 2. m n+ is even. 

           We define the membership function ( ) ( : 0,1V G →
 
as follows:  

 
( )

1

10
n r

u = , 

  ( )1

2

10
n r

u − = , 

 ( )
2

10
i r

i
v

+
= , 1 1i m  −   

 ( )
10

m r

m n
v

+
=

 

and 

 ( )
1

10
j r

m j
u

+ +
= ,1 2j n  − , 

where 1,2,3,...r =  such that 
110 10r rn−   . 

 Clearly, the junction membership values are all distinct and mutually prime. By the definition of  , 

the bridge function is injective. Hence, the graph 1,n mC K  admits a fuzzy prime combination labeling for

5m n+  . 

5.1. Applications 

 Concept of graph theory have applications in many areas of computer science, including data mining, 

image segmentation, clustering, image capturing, networking, etc. Klir and Bo Yuan [21] and Sahoo and Pal 

[28] discussed the applications in fuzzy graphs. Labeled graphs serve us useful models for broad range of 

applications such as coding theory, X-ray, radar, astronomy, circuit design and communication networks, etc. 

Fuzzy labeling models yield more precision, flexibility, and compatibility to the system compared to the 

classical and fuzzy models. They have many applications in physics, chemistry, computer science, and other 

branches of mathematics. Kalaiarasi and Mahalakshmi [17] and Devaraj and Chellamani [10] discussed the 

applications in fuzzy labeling. 

Conclusion 

In this paper, we have proved that grid, ladder, generalized Petersen graph, duplication of helm, gear, crown and 

star graphs are fuzzy prime and some class of graphs are fuzzy prime combination graphs. The study of the 

existence of fuzzy prime labeling for other families of graphs is an area for further investigation. 

References  

[1] B. Abughazaleb and O. A. Abughneim, “Prime labeling of Graphs Constructed from Wheel Graph”, 

Heliyon, 10(2), 2024, 1-9. 



Tuijin Jishu/Journal of Propulsion Technology 

ISSN: 1001-4055 

Vol. 45 No. 4 (2024) 

_________________________________________________________________________ 

162 

[2] B. D. Acharya and M. K. Gill, “On the Index of Gracefulness of a Graph and the Gracefulness of Two – 

Dimensional Square Lattice Graphs”, Indian Journal of Mathematics, 23, 1981, 81-94.  

[3] K. Annadurai and G. Megala, “Comprehensive Study on Prime Combination Labeling of Graphs”, 

Indian Journal of Natural Sciences, 12(67), 2021, 32733-32742. 

[4] S. T. Arockiamary and G. Vijayalakshmi, “k- Prime Labeling of One Point Union of Path Graph”, 

Procedia Computer Science, 172, 2020, 649-654. 

[5] A. H. Berliner, N. Dean, J. Hook, A. Marr, A. Mbirika and C. D. Mcbee, “Coprime and Prime Labelings 

of Graphs”, Journal of Integer Sequences, 19, 2016, 1-14. 

[6] P. Bhattacharya, “Some Remarks on Fuzzy Graphs”, Pattern Recognition Letters, 6(5), 1987, 297–302. 

[7] K.R.Bhutani, J.Moderson and A. Rosenfeld, On Degrees of end Nodes and Cut Nodes in Fuzzy Graphs, 

Iranian Journal of Fuzzy Systems, 1(1), 2004, 57 – 64. 

[8] K.R.Bhutani and A. Rosenfeld, “Fuzzy End Nodes in Fuzzy Graph”, Information Sciences, 152, 2003, 

323-326. 

[9] K.R.Bhutani and A. Rosenfeld, “Strong Arcs in Fuzzy Graph”, Elactronic Notes in Discrete 

Mathematics, 15, 2003, 51-54. 

[10] A. Devaraj and P. Chellamani, “Picture Fuzzy Labelling Graphs with an Application”, Annals of 

Optimization Theory and Practice, 3(3), 2020, 117-134. 

[11] E. A. Donovan and L. W. Wiglesworth, “Graph Labelings: A Prime Area to Explore”, Mathematics 

Research for the Beginning Student, 1, 2022, 81-111. 

[12] R. C. Entringer, “Distance in Graphs: Trees”, Journal of Combinatorial Mathematics Combinatorial 

Computing, 24, 1997, 65-84. 

[13] J. A. Gallian, “A Dynamic Survey of Graph Labeling”, The Electronic Journal of Combinations, DS6, 

2023. 

[14] S. M. Hegde and S. Shetty, “Combinatorial Labelings of Graphs”, Applied Mathematics E-Notes, 6, 

2006, 251-258. 

[15] D. A. Holton and J. Sheehan, “The Petersen Graph”, Australian Mathematical Society Lecture Series, 

Cambridge University Press, Cambridge, 7, 1993. 

[16] I. P. Jayasimman, M. Devi and S. Vignesh, “Results on Intuitionistic Fuzzy Labeling”, Journal of 

Survey in Fisheries Sciences, 10(4S), 2023, 1866-1873. 

[17] K. Kalaiarasi and L. Mahalakshmi, “Application of Cactus Fuzzy Labeling Graph”, Advances and 

Applications in Mathematical Sciences, 21(5), 2022, 2481-2492. 

[18] A. V. Kanetkar, “Prime Labeling of Grids”, AKCE International Joural of Graphs and Combinatorics, 

6(1), 2009, 135-142. 

[19] A. N. Kansagara and S. K. Patel, “Prime Labeling in the Context of Web Graphs Without Center”, 

AKCE International Journal of Graphs and Combinatories”, 18(3), 2021, 132-142. 

[20] A. Kaufmann, Introduction a la Theorie Des Sous-Ensembles Flous a I’usage Des Ingenieurs: Fuzzy 

Sets Theory: Elements Theoriques de Base, Masson, 1, 1973. 

[21] G. J. Klir and Bo Yuan, Fuzzy Sets and Fuzzy Logic: Theory and Applications, Prentice Hall PTR, 

1995. 

[22] S. Meena and J. Naveen, “Some Results on Prime Labeling of Graphs”, International Journal of 

Mathematics and Computer Research, 2(9), 2014, 606-618. 

[23] A. Nagoor Gani and D. Rajalaxmi (a) Subahashini, “Properties of fuzzy labeling graph,” Applied 

Mathematical Sciences, 6(70), 2012, 3461–3466. 

[24] U. M. Prajapati and S. J. Gajjar, “Some Results on Prime Labeling”, Open Journal of Discrete 

Mathematics, 4, 2014, 60-66. 

[25] U. M. Prajapati and S. J. Gajjar, “Prime Labeling of Generalized Petersen Graph”, International Journal 

of Mathematics and Soft Computing, 5(1), 2015, 65 - 71. 

[26] A. Rosa, On Certain Valuations of the Vertices of a Graph, in: Theory of Graphs (International 

Symposium, Rome, July 1966), Gordon and Breach, N.Y and Dunod Paris, 1967, 349-355. 

[27] A. Rosenfeld, Fuzzy Graph, In: L. A. Zadeh, K. S. Fu, and M. Shimura, Editors, Fuzzy Sets and their 

Applications to Cognitive and Decision Process Academic Press, New York, 1975, 77-95. 



Tuijin Jishu/Journal of Propulsion Technology 

ISSN: 1001-4055 

Vol. 45 No. 4 (2024) 

_________________________________________________________________________ 

163 

[28] S. Sahoo and M. Pal, “Intuitionistic Fuzzy Tolerance Graphs with Application”, Journal of Applied 

Mathematics and Computing, 55, 2017, 495-511. 

[29] M. L. Saražin, W. Pacco and A. Previtali, “Generalizing the Generalized Petersen Graphs”, Discrete 

Mathematics, 307, 2007, 534–543. 

[30] J. Z. Schroeder, “Correction to: Every Cubic Bipartite Graph has a Prime Labeling Except K3,3”, Graphs 

and Combinatorics, 38(148), 2022, 1-3. 

[31] R. Shanmugapriya, P. K. Hemalatha, L. Cepova and J. Struz, “A Study of Independency on Fuzzy 

Resolving Sets of Labeling Graphs”, Mathematics, 11(16), 2023, 1-9. 

[32] N. Sujatha, C.Dharuman and K. Thirusangu, “Antimagic Labeling on Triangular Fuzzy graphs”, 

Advances and Applications in Mathematical Sciences, 22(6), 2023, 1231-1241. 

[33] M. Sundaram, R. Ponraj and S. Somasundaram “On a Prime Labeling Conjecture”, Ars Combinatoria, 

79, 2006, 205-209. 

[34] A. Tabraiz, Z. S. Mufti, M. N. Aslam, N. Saleem and H. Hosseinzadeh, “Fuzzy Computational Analysis 

of Flower Graph via Fuzzy Topological Indices”, Journal of Mathematics, 2023, 2023, 1-8. 

[35] A. Tout, A. N. Dabboucy, and K. Howalla, “Prime Labeling of Graphs”, National Academy Science 

Letters, 11, 1982, 365-368. 

[36] M. E. Watkins, “A Theorem on Tait Colorings with an Application to Generalized Petersen Graphs”, 

Journal of Combinatorial Theory, 6, 1969, 152–164. 

[37] R. T. Yeh and S. Y. Bang, Fuzzy Relations, Fuzzy Graphs and Their Applications to Clustering 

Analysis. In: L. A. Zadeh, K. S. Fu and M. Shirmura, Editors, Fuzzy Sets and Their Applications, 

Academic Press, 1975, 125-149. 

[38] L. A. Zadeh, “Fuzzy Sets”, Information and Control, 8, 1965, 338-353. 


