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Abstract:- Labeling a graph involves assigning numbers to its vertices, edges, or both, depending on certain
requirements. Numerous applications have made use of graph labeling. A mapping f:V(G) -
{+1,42,43,...,+[V|} for a simple graph G.(V,E) is referred to as a pair sum modulo (PSM) labeling if
[f(u)+f(v)](mod |V]) is distinct for each edge uv. A PSM graph is a graph that allows PSM labelling. This article
demonstrates there exists PSM labelling of spider graph with k legs of varying lengths (1,2,.,6).
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1. Introduction

In the ever-evolving landscape of science and technology, graph theory stands as a pivotal area of study. Its
extensive applications span various disciplines, including computer science, chemistry, coding theory, biology,
sociology, operations research, communication networks and algorithm design. One of the key contributions to
this field was made by Rosa [3] in 1967 with the introduction of graph labeling, a concept that has since found
numerous practical applications.

Graph labeling involves assigning numbers to the points, lines, or both, in a graph in accordance with specific
rules. Over the past five decades, this intriguing area has inspired over 200 graph labeling methods, documented
in more than 3000 research articles. Gallian [2] has been instrumental in keeping the academic community updated
with his comprehensive surveys on the latest labeling methods.

Several notable researchers have contributed significantly to the development of graph labeling theories. Ponraj.R
[7,8], for instance, has explored pair sum labeling for various graphs. Jayanthi.P [4] focused on edge pair sum
labeling in some commonly used graphs, while A. Panpa [6] investigated the application of graceful labeling to
spider graphs. More recently, Amudha P. and Jayapriya J. [1] introduced the concept of pair sum modulo (PSM)
labeling.

A mapping ¢:V,(G) - {+1,+2,+3,..., £|V,]| } for a simple graph G(V,,Ey) is referred to as a pair sum modulo
(PSM) labeling if [p(x)+ ¢(y)](mod |Vy|) is distinct for each edge xy. A PSM graph is a graph that allows PSM
labeling.

In this study, we focus exclusively on simple and finite graphs. Our objective is to demonstrate how spider graphs
with L legs, each having size 1, 2, 3, 4, 5, and 6, satisfy PSM labeling. In this paper, a spider graph with L>0 legs
of same length z is denoted by S (L, z). Through this exploration, we aim to contribute to the broader understanding
of graph labeling techniques and their applications.

2. Preliminaries
Definition 2.1

Spider graph S(L,z) is tree with one central vertex of degree >2 called a branch vertex and L legs, where each leg
is a path connecting the branch and leaf.
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Definition 2.2
The conditional job of designating numbers to vertices, edges, or both in a graph is called graph labeling.
Definition 2.3

A map ¢ :V,(G) > {il, 12,£3,..., 1|V } for a simple graph G(Vg,Ey) is referred to as a pair sum modulo
(PSM) labeling if [o(u1)+ @(uz2)](mod |Vy) is distinct for each edge uiuz. A PSM graph is a graph that allows PSM
labeling.

3. Main Results

Theorem 3.1. PSM labeling can be achieved on a spider graph S(L, z) with L>0, z=1.
Proof. Let G(Vy, Eg) can be thought of as a spider graph S(L,z), where z=1.

It is evident that |V¢(G)|=L+1 and |Eq(G)|=L. V;(G) = {a; ; 1 < i< L+l}and

Ey(G) ={a;a;;2 <i<L+1}

Defineg : V,— {+1,42,43,..., + (L+1)} by (u;) = {i_l ;;‘ i:<1L+1}

The unique labels for each edge are found by using PSM labelling.
Hence S(L, 1) is a PSM graph.

Theorem 3.2. On S(L,2), PSM labeling is feasible.

Proof. Let G(Vy,Eq) denotes the spider graph S(L,2)

It can be observed that |V,| = 2L + 1 and |E,| = 2L.

LetV, = {vi; 1 <i<2L+1}and

Eg={v1vi;2 Si S L+H1JU{v g4 Vi s 1 ST <L)

Define

oV, = {1, £2, £3,....., £ 2L+ 1)} as follows:

(i): In the event that L is odd. Assuming L=2n+1, n=0,1,2,3,...
o(uy) =2L;

o(v)=i— 1,2 <i<L+1;

_ C3L+1
o(v)=i—I,LL+2<i< >

_ 3L+3
o(vy)=i —6n—2, > <i<2L;

O(Vor41) = 2L+ 1;

(ii): If L is even, let L=2n, n=1,2,3,....
o(uy) = 2L;

o(v)=i— 1,2 <i<L+1;

3L 4 2
o(v)=i—LL+2<is——;

3L+4
<i<2L;

e(vi)=i—6n, ——<
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o(voreq) =2L+ 15

Through the PSM labeling method, we can assign a distinct integer (o(u;)+¢(u,))(mod 2L) for every edge uu,.
Therefore, the spider graph S(L,2) can be classified as a PSM graph.

Theorem 3.3. The spider graph S(L, 3) is a PSM graph for all L.

Proof. Let G(Vg,Eg) denotes the spider graph S(L, 3).

Clearly, |V,| =3L + 1, |E,| = 3L

LetV, ={v;;1 < i <3L+1}and

Eyg={v1vi;2 < i < L+1JU{v;v ;2 < 1 < L+1}

U{vivie s L+ 2 < i < 20+1}

Introduce a function ¢: V;— {£1, £2, +3,...,+ (3L + 1)} as follows:

@(uy) = 3L;

pu)=i—1,2< i <L+1;

(V) = 2i+2L+2,L+2< i<2L+1;

®(vae1) = 3L+ 15

®(vap42) = -3L+2;

o) =1,2L+3<i <3L-1;

@(us ) = -3L;

By applying PSM labeling, unique labels for each edge are calculated, confirming that S(L, 3) is a PSM graph.
Ilustration 3.1. PSM labeling of S(L,z) with L=5, z=3 is depicted in figure-1.

Fig. 1. PSM labeling of S(5,3)

Theorem 3.4. The spider graph S(L,4) is a PSM graph.
Proof. Let G(Vg,Eg) denotes S(L, 4).
Clearly, |V;| = 4L + 1 and |E,| = 4L.

Take V; = {v;; 1 <i<4L+1}and
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Eg={vivi;2 i S L+1JU{vjvp ;2 S i S L1} U{vpvis L+ 2 <0 < 20+130{vvi ;s 2L+ 2 < @ < 3L+1}3

To establish a function @: V; - {£1, £ 2, ... £ (4L + 1)} the following scenarios can be taken into account:

(i): When L is odd

If L=1

p(u) =—1;0W) = 5 0(v) =i-2,3<i<5.
If L>1,

@(uy) = 4L;

. . 5L+1
pu)=i—1,2<i< 5

, 5L+3
@ (vy)=itL-1, <i<3L;

@(V3L41) = -4L;
@(Var1) = 3L+ 1;

. . TL+1
e(vi) = —(i-6L), 3L+ 2 < i < ——;
. TL+3
p(v;) =i-5L; S—<is 4L ;

(if) When L is even
IfL=2,

o) =4L; p(v)=i — 1,2 < i< L+1;
e)=i—1,L+2<i<2L+l;

O(Vare1) = =25

. . 5L+2
ev)=i— LL2L+2<i< > ;

, 5SL+4
@(vp=i+L-2, <i<3L+1;

@ (VaL42) = -6;

If L=4,

o(uy) =4k (v)=i— 1,2 < i < L+1;
e(v)=i—1,L+2<i<2L+I;

SL+ 2
e(v)=i—1,2L+2<i< > ;

. 5L+ 4
p(vp)=itL-2, <i<3L+1;

@(V3L42) = -4L;

. L + 2
pu) =4i3L+3<is——;

. 7L+ 4
) =iL+ 1 ——<i<dl;
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@(Vap41) = —2.
The PSM labeling of S(4,4) is shown in figure 2.

Fig. 2. PSM labeling S(4,4)

If L>4,

@(vq) = 4L;

e(v)=i— 1,2 <i< L+l
e(v)=i— 1,L+2 <i<2L+I;

5L+ 2
pv)=i—12L+2<i<——;

. SL+4
@ (v)=i+L-2, <i<3L+1;

@(V3L42) = -4L;

. C TL+2
o) =—-it4,3L+3 <i< >

. 7L + 4
p(vi) =i-L+1;

<i<4L+1;

By applying PSM labeling, it has been found that the edge labels for all the cases mentioned above are distinct.
Therefore, S(L,4) is a PSM graph.

Theorem 3.5. PSM labeling can be achieved on S(L,5).

Proof. Let G(Vg,Eg) denotes S(L,5).

Itis evident that |V,| = 5L+ 1 and |E,| = 5L.

Let

V,={u;;1<i<5L+1}and

E; ={uu;;2 <i<L+1} U {ujup ;2 < i< L1} U {ujug s L+ 2 < i< 2L+13
U{uu; 2L+ 2 <i<3L+1} U{wu, 3L+ 2 <i<4L+1}

Create a map
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@: Vy—>{x1,£2,,+(5L+ 1D} by
forL=1, () =5 0F)=i—1,2<i<4;,¢0(us) =—1;
@(ug) = —5;
By utilizing PSM labeling, the separate labels 0,1,2,3,4 for all the edges are determined.
If L>1,
o) =-5L; p(vi)=i— 1,2 <i < L+1;
o) =i-1,L+2<i<3L+1;
o(v)) =i4L-2,3L+2<i<4L+ 1;
p(v)=i+1,4L+ 2 <i < 5L;
®(VsLp1) =3L+2;
By applying the PSM labeling definition, unique labels for all lines are identified.
Thus, the spider graph S(L,5) is a PSM graph.
Illustration 3.2

PSM labeling of S(5,5) is depicted in figure-3.

Fig. 3. PSM labeling of S(5,5)

Theorem 3.6. The spider graph S(L,6) is a PSM graph.
Proof. Let G(Vg,Eg) denotes S(L,6).
Then |[Vg| = 6L + 1 and |E,| = 6L.

LetVy, ={v;;0<i<e6L}and
5
Eg = {VOVi; 1<i< L}JEO {VLj+iv(j+1)L+i; 1<i< L}

Define a vertex labeling function
@: Vg —> {£1,£2,., % (6L+ 1)} by
Case(i): If L is odd,

p(vy) = 6L;
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_ o 7L-1
p(v) =i,1<i< ;

. 7L+1  9L-1
o) =i+1L, > <i< >

) 9L+1 = 11L-1
¢(v;) =j—6L, <js—F—;

. 11L+1
o) =1i— 11L,T <i<6L;
Case(ii): When L is even,

@ (vy) = 6L;

) 7L
‘P(ui)zl.lﬁlS?;

7L + 2 9L

ou)=1i+L Sis7;
9L + 2 11L

o(u;) =i—6L, <i<—;
11L + 2

ou) =1i- 11L’TS i <6L;

By applying the definition of PSM labeling, it is observed that the edge labels are distinct, confirming that a spider
graph S(L,6) is a PSM graph.

Hlustration 3.3. The illustration of PSM labeling of S(5,6) is depicted in the figure-4,
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Fig. 4. PSM labeling of S(L,z) with L=5, z=6
4. Conclusion

In this paper, we have explored the pair sum modulo labeling of spider graphs with L legs of varying lengths.
Through rigorous analysis and proof, we have demonstrated that spider graphs with L>0 legs, where each leg can
be of size 1, 2, 3, 4, 5, or 6, indeed satisfy the pair sum modulo labeling property. The methods employed to prove
the PSM labeling of these spider graphs can be adapted and extended to study other graph structures. The
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systematic approach to labeling vertices and ensuring unique pair sums provides a template for future research in
graph theory. Our results add to the growing body of knowledge in graph labeling, particularly in the context of
spider graphs. Understanding the labeling properties of these graphs can have implications for network design,
information dissemination, and other applications where graph structures are utilized. Future work can extend
these findings by exploring pair sum modulo labeling for spider graphs with legs of sizes beyond those considered
in this paper. Additionally, investigating other variations and generalizations of spider graphs could reveal new
insights and further applications of pair sum modulo labeling in different domains.

In conclusion, this study confirms that spider graphs with L>0 legs of sizes 1 through 6 satisfy the pair sum modulo
labeling property. This contributes a meaningful advancement to the field of graph theory, offering new avenues
for research and practical applications in mathematical and computational contexts.
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