
Tuijin Jishu/Journal of Propulsion Technology 

ISSN: 1001-4055 

Vol. 45 No. 2 (2024) 

__________________________________________________________________________________ 

4808 

Heat Source and Activation Energy effects 

on 3D Couple Stress Casson Fluid Motion 

via Stretching Sheet 

K. Bharathi 1,2,*, Maddileti Pasupula3, Motamari Madhu4,5 

 1* Assistant Professor, Department of Mathematics, University PG Centre Palamuru University, Kollapur-

509102, Telangana, India 

2* Research Scholar, Department of Mathematics, Bhartiya Engineering Science and Technology Innovation 

University (BESTIU), Mandrol Lakeside Campus, Sri Satya Sai District-515321, A.P, India 
3Departemnt of Mathematics, University College of Science, Mahatma Gandhi University, Nalgonda, 

Telangana, India 
4Department of Mathematics, University College, Palamuru University, Mahabubnagar-509001, Telangana, 

India 

 

Abstract: -The proposed study is significant importance due to more applications in bullets and aircrafts, drilling 

processes, biological treatments, food processing, manufacturing process of submarine, bio-engineering 

activities, and many engineering and industrial works like heating and cooling processes and chemical works. 

The aim of present work is to scrutinize the motion, HMTR for BL of CSC nanofluid (NFs) with NLTR, heat 

source and AE via SS. The compatible similarity variables are used to convert governing equations of 

considered liquid model occurred in the PDEs into ODEs form and then calculated through “Range-Kutta-

Fehlberg” 4th order algorithm with shooting technique. The physical parameters are plotted graphical 

representation in terms of ' ( )f   (“Axial direction”), ' ( )g   (“Transverse direction”), ( )   (“Concentration”) 

as well as HMTR, and coefficient of skin friction. We found that, the concentration of couple stress NFs have 

more in presence of AE and skin friction coefficient is more in CSC NFs for higher porous parameter. The 

numerical solutions are comparing into some of previous articles, then we get good revolution of numerical 

values. 

Keywords: Activation Energy, Heat Source, Couple Stress. 

Introduction 

The phenomenon of liquid motion across a stretching sheet indeed holds significant relevance in various fields 

of science and engineering. The SS configuration serves as a fundamental model for studying fluid dynamics 

and has wide-ranging applications, In the production of paper and glass, the process often involves the 

controlled movement of liquid materials across a surface. Understanding the dynamics of liquid flow on a SS is 

crucial for optimizing these manufacturing processes, ensuring uniformity, and controlling material properties. 

Similarly, in the extrusion of melting polymers through a slit die, the behavior of the polymer melts as it passes 

through the die is influenced by the stretching action of the die. This stretching process affects the final 

properties of the extruded product, such as thickness, surface finish, and mechanical properties. By studying the 

motion of the polymer melt on the stretching sheet, engineers can improve the design of extrusion processes for 

various applications like wire drawing and plastic sheet production. One important aspect to note is that the 

velocity of the liquid on the stretching sheet is not always linear. This non-linearity introduces complexity into 

the fluid dynamics of the system. Researchers are interested in understanding and characterizing these non-

linear behaviours to develop accurate predictive models and control strategies for industrial processes. Saeed et 

al. [1] developed the HNFs enhanced 11.95% HTR. Alghamdi et al. [2] proposed the MHD and heat source or 

sink on flow pattern. Raja Sekhar et al. [3] developed a model called Walter’s liquid-B model NFs via SS. 
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Mabood et al. [4] demonstrated entropy minimization can be accomplished by decreasing MF, Prandtl, Eckert 

and Schmidt numbers as well as NPs volume fraction. The HMTR of MHD Williamson NFs motion past a PSS. 

With TR and CR. Li et al. [5] found that, the high entropy rate is found against magnetic PN. Li et al. [6] 

presented the slip velocity declined the motion speed while temperature of NFs was observed to be more. Chu et 

al. [7] developed HNFs motion via SS. Recently, some authors [8-11] developed numerical study on HNFs 

motion with various physical effects. Algehyne et al.[12]created numerical analysis of SHNFs motion via heated 

shrinking or SS with porous disk. Bilal et al. [13] examined ternary HNFs by help of variable diffusion and non-

Fourier’s. 

Thermal conductivity of nanofluids refers to the ability of these suspensions containing nanoparticles (usually 

metallic or non-metallic) dispersed in a base fluid to conduct heat. The presence of NPs in the fluid alters its 

thermal properties compared to the base fluid alone. The TC enhancement in NFs can be attributed to several 

factors, like Particle Material (silver, or gold), Particle Size, Volume Fraction, Thermal Interface 

Resistance, Brownian Motion and Agglomeration, Interfacial Layer Formation.The thermal conductivity 

of NFs was first investigated by Choi and Eastman [14]. Recently, some of the authors [15-17] investigated the 

HNFs motion with various HT effects by using HAM algorithm. Nasir et al. [18] presented the HNFs motion 

with nonlinear TR.  Li et al. [19] explored the Darcy-Forchheimer and AE parameters are boosted, the liquid 

speed and concentration has declined. Harshavardhan et al. [20] presented the SnO2 NPs are prepared via 

environmental BM (“Benign Method”) by help of nelumbo nucifera leaves. 

MHD is a branch of physics that deals with the study of the comportment of EC liquids such as plasmas, liquid 

metals, and saltwater when subjected to magnetic fields. This interdisciplinary field combines principles from 

fluid dynamics and electromagnetism to understand phenomena such as the generation of electric currents in 

conductive fluids, the interaction between magnetic fields and fluid motion, and the behavior of plasma in 

fusion reactors and astrophysical environments. Applications of MHD span a wide range of fields including 

EPG, space propulsion, astrophysics, and materials processing. One notable example is magnetohydrodynamic 

power generation, where electric power is generated directly from the movement of conducting fluids in the 

presence of magnetic fields, eliminating the need for mechanical moving parts like turbines. MHD also plays a 

crucial role in understanding natural phenomena such as solar flares, the behavior of planetary magnetospheres, 

and the dynamics of accretion disks around black holes. Sivakumar et al. [21] presented numerical computation 

for Casson NFs via SS. Sivakumar and Rushi Kumar [22] explored the unsteady radiative motion with variable 

conductivity. Harish Babu et al. [23] examined the MHD motion of Jeffrey liquid via SS. Khashi’ie et al. [24] 

explored the MHD BL motion of HNFs via SS. Bourcy et al. [25] consider the effect on transient growth of 

spanwise magnetic field in BL motion of liquid metal via EI flat plate. Murad et al. [26] consider the MHD BL 

motion via NLSS. Nasir et al. [27] incorporated the MF, NUHG, DF porous space, Dissipation, OH and CR and 

AE into motion distribution. Jaafar et al. [28] explore the NLSS HNFs in terms of steady motion of HT with 

MHD, TR. Gul et al. [29] present the innovative idea of MHD unsteady, incompressible NFs motion via SRD 

(Stretching Rotating Disk). Ahmad et al. [30] examined the behaviour of AE, bio convectional, and gyrotactic 

microorganism phenomena in Oldroyd B liquid motion via RD (Rotating Disc).  

non-Newtonian NFs are suspensions of NPs in a non-Newtonian (NN) base fluid, where the behavior of the 

mixture deviates from the traditional Newtonian liquid behavior. In Newtonian liquid, the viscosity remains 

constant regardless of the applied stress, while in NN liquids, the viscosity changes with the applied stress or 

shear rate SR. The addition of nanoparticles to the base fluid alters its rheological properties, leading to 

enhancements in TC, viscosity, and other relevant characteristics. Applications of NN NFs include thermal 

management in electronics, enhanced oil recovery, drug delivery systems, and advanced manufacturing 

processes. However, challenges such as nanoparticle dispersion, stability, and scalability need to be addressed 

for widespread commercial adoption. Bhagya Lakshmi et al. [31] presented the MHD Casson liquid motion via 

CS. Satya Narayana et al. [32] exhibited the NLTR on three-dimensional motion of CSC NFs via SS. The MHD 

Radiative Casson nanofluids (CNFs) motion via SS with CR was presented by Sandhya et al. [33]. Priam and 

Nasrin et al. [34] found the mean temperature about 6.39 percentage is reduced due to shear transformation of 
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Casson liquid from thickening to thinning. The effect of thermal energy (TE) in terms of heat source (HS), 

thermal radiation (TR) and CR on MHD-CFM via nonlinear slanted extending surface was examined by Shoaib 

et al. [35]. Recently, the brilliant scientists [36-40] are presented the MHD motion of CNFs via SS. Raghunath 

and Obulesu et al. [41] performed the hydrodynamic motion via inclined plate with MF and CR. Bilal et al. [42] 

developed the energy transmission via ML was applied in the field of electronics, textiles, spacecraft, PG and 

NPP. Algehyne et al. [43] presented the hydrodynamic motion of WBNFs included motile microbes and 

nanomaterials via MS (Moving Surface).   

The activation energy (AE) of a process in NFs can be influenced by various factors, including NPs size, shape, 

surface chemistry, and the properties of the base fluid. Understanding the AE is crucial for optimizing the 

synthesis and stability of NFs and for predicting their behavior under different conditions. Experimental 

techniques such as differential scanning calorimetry (DSC) or thermal analysis can be used to measure AE 

associated with processes occurring in NFs. Computational methods, such as molecular dynamics simulations, 

can also provide insights into the AE involved in NPs interactions and their effect on nanofluid properties. 

Overall, the study of AE in NFs is important for both fundamental understanding and practical applications, as it 

helps in designing NF systems with tailored properties for specific purposes. Sandhya et al. [44] examined the 

AE on MHD and radiative liquid motion with second order slip via ESS. Malleswari et al. [45] presented the 

suspension of NPs in a CR micropolar liquid motion via SS with CH and AE. Atwell et al. [46] performed the 

CR for which barriers are modeled included organic molecules, aromatic rings and organometallic catalysts. 

Azam et al. [47] observed the role of AE, nanoparticles and gyrotactic microorganisms with bioconvection uses 

in engineering oil reservoir, HT, CE. Some of scientists [48-50] developed the AE on bioconvection NFs with 

various effects via various geometrical models. Also, recently [51-53] explored the CNFs motion with AE via 

rotating and linear SS. Li et al. [54] motivated the upcoming scientists for selecting generalized micropolar 

liquid model are justifies as captures micropolar liquid, second grade liquid and viscous liquid results. Dhlamini 

et al. [55] investigate the BL motion of steady viscous NF wit AE and high order CR. Samuel et al. [56] 

performed the impact of AAE and binary reaction on HMT of MHD Jefrey liquid motion with non-uniform heat 

generation (HG), TR, and VS. Recently, some of authors [57-59] presented the HNFs motion under AE via SS. 

Thammanna et al. [60] exhibited the CSS liquid via unsteady SS.  

1. Mathematical Analysis 

Consider the 3D steady, incompressible, HG, TR, CR, AE, and MHD couple stress NFs motion is sustained to 

pass the LSS. The EC is considered in direction of liquid motion with MF 0M  can be applied in 1 0z  . The 

liquid motion in porous stretching sheet at 1 0z = ( )1 0z  . The stretching velocities 

* * * *

1 1 2 1( ) , ( )w wu U x a x u V x b y= = = =  along in
*x  and

*
y  directions. These are considering a Cartesian 

coordinate system for the purpose of representing liquid motion as visualised in Fig. 1. The rheological equation 

of Casson liquid for steady motion as taken by (see ref 61-63]): 
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Where, 
*

y ij ijp e e= and
* * *

12 / pB y  = . The fundamental equations of continuity, heat and concentration Eqs can be 

formulated by using eq. (1) as shown below ref. [63-65] and ref. [66-67]: 
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The present relevant model boundary conditions as 
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The similarity transformations as below 
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Using above Eq. (8), we are converting Eq. (3)-(6) into below format 
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Moreover, the skin-friction coefficient and Nusselt number are below  
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2. Results and Discussion  

Fig. 2 which explores the result of the applied magnetics force on 
1'( )f  and

1' ( )g  . The M  is placed 

perpendicular to the direction of liquid motion causes a falloff in the output of both velocity (like, 
1'( )f   and 

1' ( )g  ) directions. The high velocity of CS NFs motion in porous surface with effect of AE. physically, the 

field of MF effects creates the resistive forces which make the internal friction that affects moves to high 

velocity in surface area and also, the BL converges very near to the SS in between 10 2   region. 

The   on 
1'( )f  and

1' ( )g  .  was explained graphically as predict in Fig. 3. The parameter of CF rises with 

enlarge numerical values of  due to high dynamic viscosity of CNFs motion at surface area. Physically, the 

yield stress of CF diminished because low resistance of CSCNFs. Thus, the outcome of increasing the value of 

Casson parameter gives a declined at region 10.2 1   for axial velocity and 11 1.2   for transverse velocity.  

Fig. 4 analysed the variations of K  on 
1'( )f  and

1' ( )g  .  It is clear that, the velocity is enhanced more for 

large numerical values of K . Physically, the high viscosity of CSCNFs motion in surface area, due to this 

reason, we get conclusion of the velocity profiles diminishes at surface area 10.2 1   for higher values of K . 

Figs. 5-6 gives the variations of Pr , H  on 1( )  , respectively. The temperature dominates with increasing 

numerical values of Pr . Physically, the Pr is a relationship between KV and TD. Hance, low thermal 

diffusivity produces low temperature of couple stress Casson nanofluid. Thus, the TBL converges to 10 1.5 

more effective in pure fluid while comparing to Casson fluid BL with enlarge statistical values of Pr . 

Enhancing value of H  strengthens the BL of temperature. The temperature is high in motion of CF (because 

the increasing resistance in liquid raises the temperature on Casson fluid motion) higher than pure fluid for the 

increasing values of H  as explored in Fig. 6. 

The variations of 1  on 1( )   was analysed by graphically as shown in Fig. 7. The 1 analysed for temperature 

refers the relation between internal conductive resistance and convective resistance at 10 1  . The enlarge 

statistical values of 1 dominates the internal conductive resistance, that is temperature gets strengthened. So 

that, 1( )   raises for the case of CSCF while comparing to pure liquid motion. In Fig. 8 depicts the variation of  

E  (AE) on 1( )  . It is perceived that; the concentration is high in case of CSCF while compared to pure liquid 

for enlarge numerical values of E . The CSCF transforms released more viscous in liquid motion. so that, the 

concentration profile becomes slow.  

Fig. 9 Shows variations of Le  (Lewis number) on 1( )   with presence and absence of E (Activation Energy). 

The Lewis number is a relationship between thermal diffusivity and mass diffusivity, it is used to describe the 

motion liquid at surface. It assesses the relative concentration and thermal thickness of BL. Physically, A little 

quantity of energy is required for energies atoms or molecules for chemical reaction, but when the high AE 

gives enough energy for fewer atoms or molecules to react or collide, then reaction will become slow. 

Intensifying the value of the Lewis number with the presence of AE, the concentration profile will be enhanced 

while compared to absence of activation energy. Hence, the concentration will become high for enhancing 

Lewis number with presence of AE. 
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Fig. 10 explains the variations of Pr  on the Nusselt number. Physically, the relation between the kinematic 

viscosity to the thermal diffusivity which often referred to as the Prandtl number. A larger value of the Prandtl 

number depicts that the kinematic viscosity dominates the flow of fluid, and with the presence of the Casson 

couple stress parameter gives the more viscous flow. Thus, here conductive heat transfer occurs for the pure 

fluid than the Casson fluid. 

Fig. 11 shows the variations of H  on the Nusselt number. Physically, Nusselt number is the relation between 

the thermal energy convection to the fluid to the thermal energy conducted within the fluid. The presence of 

Casson couple stress parameter yields more viscous to the fluid flow, with intensifying the value of the heat 

source parameter diminishing the heat rate in the convection energy profile than the Casson couple fluid 

parameter absence. 

Fig. 12 Explains the variations of β on Skin friction (“via 
*

y  axis”), respectively. There is a friction towards a 

solid surface and a relative motion of a fluid which refers the skin friction. Casson parameter gave viscous to the 

flow of fluid so that the higher value of this parameter gave lower skin friction for the absence of heat source 

parameter than its presences.  

Figs. 13-14 shows the variations of a K  on Skin friction (“via 
* *,x y  axis”), respectively. While rising the 

value of K with the Casson parameter appearance both give more viscous to the flow fluid which diminishes 

the skin friction. Whereas the lack in the Casson parameter gives a vast difference in skin friction compared to 

its presence. Figs. 15-16 explains the variations of   on Skin friction (“via 
* *,x y  axis”), respectively. 

Enlarging the values of porous (number of voids or pores) parameter which developing the more friction 

between the solid surface to the fluid in relative motion. 

For checking the calculated statistical results in present work by bvp 4th order is matched up to the four decimal 

places and also obtained extended statistical values in current work is compared to related articles of [64], [65], 

[66], [67] for some specific cases (like K = =0 and  =1.0) and getting good agreement results (see Table 1, 

2), respectively.  

3. Conclusion  

 We analysed Arrhenius Activation Energy on three-dimensional coupe stress non-Casson fluid via permeability 

stretching surface. Based on current work key analysis results are listed below: 

❖ The concentration of couple stress Casson liquid is more in permeable SS with high numerical values of 

,Le E . 

❖ The rate of heat transfer is more in Casson couple stress fluid while comparing with pure liquid for high 

heat generation. 

❖ The coefficient of skin friction 
1/2

Rex fyC−
 is high impact along

*
y -direction in presence of heat generation 

while absence of heat generation. 

❖ The liquid velocity is high in axial and transverse path for enlarge numerical values of couple stress 

parameter. 
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Fig. 1 Physical Model of the Problem / Graphical Abstract 

 

 Fig.2 The variation of M  on 
1'( )f   and 

1' ( )g          Fig. 3 The variation of   on 
1'( )f   and 

1' ( )g   

 

Fig. 4 The variations of K  on 
1'( )f   and 

1' ( )g          Fig. 5 The variations of Pr  on 
1( )   
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 Fig. 6 The variations of H  on 
1( )                     Fig 7 The variations of 1  on 

1( )   

 

        Fig 8 The variations of E on 
1( )  Fig 9 The variations of Le on 

1( )   

 

           Fig 10 The variations of Pr on 
1/ 2Rex xNu−

       Fig 11 The variations of H on 
1/ 2Rex xNu−
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Fig 12 The variation of β on 
1/2Rex fxC                Fig 13 The variations of K on 

1/2
Rex fyC  

 

 Fig. 14 The variations of K on 
1/2

Rex fxC            Fig. 15 The variations of  on 
1/2

Rex fyC  

 

Fig. 16 The variations of  on 
1/2

Rex fxC  

Table. 1 Evaluation of Skin friction coefficient 
1

1 ''(0)f


 
+ 

 
 for 0K = . 

M    Present study Sarah et Nadeem et Gupta et al. Ahmad et al. 
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al. [64] al. [65] [66] [67] 

0.0   1.000000000 1.00000 1.0004 1.0003181 1.0042 

 1.0 1.414214608 1.41421 1.4142 1.4142136 - 

 2.5 1.183215995 - - - - 

 3.5 1.133893450 - - - - 

 5.0 1.095445140 1.09544 1.0954 1.0954675 - 

10   3.316624790 3.31662 3.3165 3.3165824 3.3165 

 1.0 4.690415759 4.69042 4.6904 4.6904349 - 

 2.5 3.924283374 - - - - 

 3.5 3.760699028 - - - - 

 5.0 3.633180449 3.63318 3.6331 3.6331824 - 

100   10.04987561 10.04987 10.049 10.049864 10.049 

 1.0 14.21670403 14.21267 14.2127 14.212668 - 

 2.5 11.89117045 - - - - 

 3.5 11.39548790 - - - - 

 5.0 11.00908715 11.00909 11.0091 11.009112 - 

[68]  

Table. 2 Comparison of Skin friction coefficient for 0K =  and 1.0 =  

M    Present study Nadeem et 

al. [65] 

0.0   1.173719025 -- 

 1.0 1.659891956 1.6599 

 2.5 1.388765332 -- 

 3.5 1.330874747 -- 

 5.0 1.285747074 1.2857 

10   3.367222224 3.3667 

 1.0 4.761964421 4.7620 

 2.5 3.984161191 -- 

 3.5 3.818079080 -- 

 5.0 3.688613149 3.6886 

100   10.06646642 10.066 

 1.0 14.23613181 14.2361 

 2.5 11.91079007 --- 

 3.5 11.41428580 --- 

 5.0 11.55856650 11.0272 

 

Nomenclature 

1a       Channel length  
w    wall shear stress 

1b      Thermal slip parameter                                               1 1( , )u v    Velocity components along x and y-axes 

1 1 1, ,u v w velocity components along 

* * *, ,x y z  

* *( , )x y   Cartesian coordinate’s 

*C Nanoparticle volume fraction  *

wU        Stretching velocity 

*C     Uniform ambient concentration     
*U        Free stream velocity         
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*

fC      Skin friction coefficient  
Greek symbols 

*

pC      Specific heat constant 
*

m       Base fluid thermal diffusivity 

( C)
f

k =  

*

wC Variable concentration 1          Similarity variable 

pc     Specific heat at constant pressure  
         Dynamic viscosity 

nD  Variable microorganism diffusion 

coefficient              

          Dimensionless concentration 

TD     Thermophoresis diffusion          Ratio parameter 1

1

b
a

=  

BD     Brownian diffusion *         Kinematic viscosity 
f




=  

E Activation Energy 
Ea

KT
=  

        Temperature Difference Parameter  

f        Dimensionless stream function  
       Reaction Rate 

2

rK

B
=  

'f       Dimensionless velocity  
         Dimensionless temperature 

H      Heat source parameter
( )
( )

* *

0

f

Q T T

C

−
 s density of the solid  

K       Couple Stress Parameter
( )

( )

*

1

2
*

'a 


=  

1 2,   Temperature and concentration Biot 

              Numbers respectively 

* *1 2
1 1 2 1/ , /

h h
a a

k k
  =  =  

Le      Lewis number 

*

m

BD


=  

      Porous parameter
*

1 pa k


=  

M    magnetic field parameter
* 2

0

1 f

M

a




=  ( )* '      Couple stress parameter 1

f




=  

Pr     Prandtl number

*

*

m





 
=  
 

 

*         Kinematic viscosity 

Rex  Reynolds number  
*        Boltzmann constant  

*T       Fluid temperature                                     Chemical reaction parameter 1

1

K
a

=  

*

0T     constant Temperature at zero 
        Fluid density 

*

1T      Temperature on lower wall f       Fluid density 

*

2T     Temperature on upper wall 
Subscripts 

*T    fluid temperature far away from the   

surface 

         condition at free stream       

*

wT    Constant fluid Temperature of the wall 
w         wall mass transfer velocity 

Abbreviations   
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HMTR     Heat and Mass Transfer Rate CSC     Couple Stress Casson 

NFs      Nanofluids SS        Stretching Sheet  

PDE   Partial Differential Equations ODE    Ordinary Differential Equations  

AE     Activation Energy  TR       Thermal Radiation 

CR    Chemical Reaction  PSS      Porous Stretching Sheet  

HNFs    Hybrid Nanofluids  BL       Boundary Layer 

SR     Shear Rate NPs    Nanoparticles  

HT    Heat Transfer  TC     Thermal Conductivity  

NN   Nonnewtonian  NLTR    Nonlinear Thermal Radiation  

CFM   Casson Fluid Motion  TE       Thermal Energy  

HNFs   Hybrid Nanofluids AAE    Arrehenius Activation Energy  

HG    Heat generation  MF     Magnetic Field  

PM   Porous Medium  NUHG    Nonuniform Heat Generation 

DF          Darcy-Forchheimer PS           Porous Space 

OH         Ohmic heating KV          Kinematic Viscosity 

TD      Thermal Diffusivity EPG       Electrical Power Generation 

ML      Micropolar Liquid PG        Power Generation  

NPP     Nuclear Power Plants  WBNFs   Water Based nonfluids  


