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Abstract: An equitable proper colouring of graph G is the number of vertices with any two-colour classes that
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1. Introduction

The colouring problem in graphs are one of the most thought inspiring problems in graph theory that has extensive
applications. An extension to proper colouring, was developed by Meyer in 1973[12]. Hanna Furmanczyk[6]
proved the being of equitable colouring in product graphs. Following Furmanczyk, Wu-Hsiung Lin and Gerard
J.Chang[19] proved that the Cartesian product of graphs is equitable. These things provided the impetus to apply
the concept of equitable colouring and has come up with study Cartesian Product of Semi-Total Point Graph with
Certain Graphs.

2. Basic Definitions
Definition 2.1 [12]

Let G(V,E) be a graph and let the partition on the vertex set {V; : 1 < i < k} be a proper k-colouring of G. An
equitable k-colouring is defined as||Vi| - |VJ|| <1, i,j=12,.. k. The Equitable colouring of G denoted by
x=(G) is the smallest integer k for which G is equitably k-colourable.

Definition 2.2 [7]

For graphs G; and G, the Cartesian products of graphs G, and G, will be denoted by G; O G, with vertex set
V(G,OG,) ={(x,y):x €V(Gy),y € V(G,)} and edge set

E(G; OG,) ={(x,y)(u,v):x =uand yv € E(G,) ory = vand xu € E(G,)}.
Definition 2.3 [16]

The semi-total point graph T,(G) of G is the graph whose vertex set is V(G) UE(G). For a,b € V(T,(G)),
a and b are adjacent if and only if the following conditions hold.

(i) a,b € V(G), a, b are adjacent vertices of G.
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(i)a eV(G)and b € E(G), b isincidentwith ainG.

3. Pre-Requisites

The following results are useful in proving the main results.

Theorem 3.1 [12] If G is a connected graph, different from C,,,,, and K, v n > 1, then y_(G) < A(G).

Theorem 3.2 [10] The Equitable A- Colouring Conjecture (EACC), a connected graph G is equitable A(G) —
colourable if G is different from C,,,41, K, and Kppq 241 Y2 2 1.

Theorem 3.3 [5] Let G be a connected graph with A(G) = ? If G is different from K, and K,p41 2m+1 for all
m > 1 then G is equitably A(G)-colourable.

Theorem 3.4 [7] x(G; O G,) = max {x(G;), x(G,).

Theorem 3.5 [2] If G, and G, are equitably k colourable, then G; O G, is equitably k - colourable.

Theorem 3.6 [19] x-(G, O G,) < x(G,)x(G,) for connected graph G; and G,.

Theorem 3.7 [14] If n and m are non-negative integers then the equitable chromatic number of T,(B,) O B, is
3.

Theorem 3.8 [13] If m and n are non-negative integers, m > 3, n > 2 then the equitable chromatic number of
T,(C,) O B, is3

Theorem 3.9 [12] For any graph G, y-(G) < A(G) + 1.
4. Equitable Colouring Of Cartesian Product Of Graphs

In this paper, we first consider G as the path and H as the cycle, complete and bipartite graph. Secondly, we
consider G as the cycle and H as the cycle, complete and bipartite graph. Next, we consider G as the complete
graph and H as the path, cycle, complete and bipartite graph. Finally, we consider G as the complete bipartite
graph and H as the path, cycle and complete graph.

The notion i = 02 refersto i = 0(mod?2).

Theorem 4.1 Let G and H be the two graphs, where G is a semi-total point graph of path, T,(B,) on m > 2
vertices, the equitable colouring of the Cartesian product of G and H, forn > 3

. _(3;m+*3k+1

) Xz(GDC”)_{4;n=3k+1andn¢12k+1

(ii) x=(GOK,) =n;n=3k

(i) x-(GOK,,)=3,m=3k—1,p>2g=>1landp-1<qg<p

Vk=>1
Proof. Definethemapo: V(GO H) - {0,1,2,..,.l} VIeW
The proof of the theorem is divided into three cases,
The graph G is a semi-total point graph of path on m > 2.
Casel: LetH = C, forn = 3.

Cleary, the number of vertices in T,(B,) O C, is n(2m — 1) vertices and the number of edges is n(5m — 4)
edges.

Let the vertex set and edge set of the Cartesian product T, (B,,) O C, be
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m—-1n-1 m-2n-1

V(GOH) = U U{uivj} U U U{eivj}

i=0 j=0 i=0 j=0

n-1m-2 m-1n-1

E(GOH) = U U{(uivj)(quvj); (wvp) (ev)); () (Wi v))} |U U U{(uivj)(uiv(j+1)modn)}
j=0 i=0 i=0 j=0

m-2n-1

U UU{(eiVj)(eiVUH)modn)}

i=0 j=0
Claim (a): We will proof y_(6OC,)=3forn=3andn#3k+1,k=>1.
The colouring of vertices,
vo<i<m-land0<j<n-1,
J(uivj) = (i +j)(mod 3)
J(eivj) =({+j+ 2)(mod 3)

Now, the vertex set is partitioned into V,, V; and V;, as below

V0={uivj;. 'i+jEO3 ={uivj;' .i+j513 V={ul-v]-;. 'i+j523

evi;i+j+2=03 P leyysi+j+2=13 ev;i+j+2=23

The sets V,, V; and V, are independent of G O H, also

n(2Zm-1)

() If(@ n=03andVvm, (b)n =23 &m = 23 then |V,| = [V| = |V,]| = 3

(ii) If n = 23 then

(a) Form =03 |Vl = [*22=2] and |v3| = [v,| = |"22=2].

(b) Form =13 |V,| = [V, = [@] and |V, | = [@]
Obviously, from (i) and (ii) the inequality ||Vi| - |V]|| < 1 holds for every pair (i, j).
By theorem 3.4, we get, y_(¢ OC,) =3forn=3andn#3k+ 1,k > 1.
Claim (b): We will proof y_(GOC,) =4forn=3k+1andn #12k+ 1,k > 1.
The colouring of vertices,

VvOo<i<m-land0<j<n-1,
J(uivj) = (i +j)(mod 4)
a(eivj) = (i +j+ 2)(mod 4)

Now, the vertex set is partitioned into V,, V; and V;, as below

v uivj; l+]EO4 uivj; l+]514
0_{eivj;i+j+2504 1_{eivj;i+j+2514
_uiVj; l+1524 V_ui'l]j; l+]E34
2_{€LU],1+]+2524 3_{elU1,l+]+2534
The sets V,, V4, V, and V5 are independent of ¢ O H, also

ni2m-1)

() If =04,V mthen V| = V] = V] = V5] = 2
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(i) If n = 24 then

n(2m-1)
4

ni2m-1)
4
n(2m-1) n(2m-1)

" ]and |V2|=|V3|=l "
2m-1 2m-1
(c) Form=24,|V,| = |V,| = [%] and |V,| = |Vs| = ln( m )J-

n(2m-1)
4

(@) Form =04, |Vo| = V] = [*E5=2] and [Va| = IV, ] = |

(b) Form =14,V = V3] = |

n(2m-1)
" .

(d) Form =34, V] = |Vs| = | | and vl = 1v3] = |

(iii) If n = 34 then

2m-1 2m-1
(a) Form =04, |Vy| = [%} and |V;| = |V,| = |Vs] = l%]

2m-1 2m-1
(b) Form =14, |Vy| = [Vi| = [V;] = [L " )] and |V3| = ln( i )J'

n(zm-1) n(2Zm-1)

" ]and Vol = V4| = V5] = l "
(d) Form =34, |Vy| = |V,| = V5] = [n(Zm—l)] and |V, | = ln(Zm—l) _

4 4

(c) Form = 24,|V,| = [

Obviously, from (i), ii) and (iii) the inequality |IV;| — |vj|| < 1 holds for every pair (i, ).
By theorem 3.4, we get, y_(G O C,) =4forn=3k+landn # 12k + 1,k > 1.
Case2:LetH =K, forn =3k, k>1

Cleary, the number of vertices in T, (B,,) O K,, is n(2m — 1) vertices and the number of edges is g (2mn + 4m —
n — 5) edges.

Let the vertex set and edge set of the Cartesian product T, (B,,) O K,, be

m-1n-1 m-2n-1

V( GO H) = U U{uivj} U U U{eivj}
i=0 j=0 i=0 j=0
n—-1m-2 m-1n-2n-1
(6 o) = || Jlampauay: copiem: copaua) || ||| e @mo)
j=0 i=0 i=0 j=0 k>j

m-2n-2n-1

u U U U{(eivj)(eivk)}

i=0 j=0 k>j
The colouring of vertices,

vio<i<m-land0<j<n-1,
a(uivj)=(i+j)(mod 3)+3lJ§J

a(eivj) =(i+j+2)(mod3)+3 []gJ
Each colour (0,1,2, ...,n — 1) appears exactly 2m — 1 times. Thus, the difference does not exceed one.
By theorem 3.4, we get, y_(G O K,)) =n forn =3k, k > 1.
Case3: LetH =K,,form=3k—1,k=1,p=2,gq=1landp—1<q=<p.

Cleary, the number of vertices in T,(P,) OK,, is 2p(2m — 1) vertices and the number of edges is
3(m -1 (p + q) + pg(2m — 1) edges.
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Let the vertex set and edge set of the Cartesian product T, (B,,) O K,, , be

m-1p-1 m-2p-1 m-1q-— -24q-1
V(GOH) = U U{uivj} U U U{eivj} U U V) U{eivj:}
i=0 j=0 i=0 j=0 i=0 j'=0 i=0 j'=0
P—1m-2
E(GOH) = U U{(uivj)(quvj); (wivy)(ev)); (ev) (wiv1v))}
j=0 i=0
q-1m-2
v U{(uiv,-IXumv,-r); (i) vy )i Ceavy) (i)}
:n 1p-1q-1 m-2p-1q-1
v {awp)) ol | tempern)
i=0 j=0 j'=0 i=0 j=0 j'=0

The colouring of vertices,
vo<i<m-land0<j<p-1,
a(uivj) = i(mod 3)
J(eivj) = (i + 2)(mod 3)
vVO<j' <q-1,
J(uivj/) = (i + 2)(mod 3)
o(ev;) = (i + 1)(mod 3)
Now, the vertex set is partitioned into V;, V;, V, and V5 as below
Vo = {uizo3vjieiz1svjiuiz13v 1 €i=23V }
Vy = {wi=13;; €i=23Vj; Uj=23V}’; €i=03V }
Vy = {Wiz23v); €iz03Vj; UizoaVj; €i=13V; )

The sets V,, V; and V, are independent of G O H, also |V,| = [V;| = |V,]| = Wiﬂ.

The inequality ||Vl-| - |V,|| < 1 holds for every pair (i, /). By theorem 3.4, we get, y-(G O K,,) =3 form =
3k—1L,k=21,p=2g=21landp—-1<q <p.

Corollary4.1.1Forn =3k + 2,k = 1, y_(T,(P,) O K,) = n.

Proof. Definethemapo: V(GO H) - {0,1,2,..,.l} VIeW

Forn =3k + 2,k = 1, The colouring of vertices as follows from theorem 4.1 case 2.

Each colour (0,1,2, ...,n — 4) appears exactly 3 times and each colour (n — 3,n — 2,n — 1) appears exactly 2
times. Thus, the difference does not exceed one.

By theorem 3.4, we get, y_(T,(P,) OK,,) =nforn=3k+ 2,k = 1.
Theorem 4.2 If m and n are non-negative integers, m > 3, n = 3 then the equitable colouring of

X:(TZ(Cm) O Cn)
3;m=3kandn #3k+1
=34;m=23k—-1),2Bk—-2),n+4k+1landm=6k,n=3k+1,n+ 12k +1
5;:m=2k—-1,m=3k,5k—1,5k+1and n #5k +1
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Vik=1.
Proof. Definethemapo: V(GO H) - {0,1,2,..,.l} VIeW
Form>=3andn > 3,
Cleary, the number of vertices in T, (C,,) O C,, is 2mn vertices and the number of edges is 5mn edges.

Let the vertex set and edge set of the Cartesian product T, (C,,,) O C, be

m-1n-1

V(GOH) = U U{uivj; e;v;j}

i=0 j=0
n-1m-1

E(GOH) = U U{(uivj)(u(Hl)(mod mVp); (Wvp)(e;v)); (€;v)) (U(i+1)(moa m)vj)}
j=0 i=0

m-1n-1

U U U{(uivj)(uiv(j+1)(mod )i (€ (€ (j+1ymod n) }

i=0 j=0
Case 1: We will proof y_(T,(C,,)OC,)=3form=3kand n#3k+1,k>1.

The colouring of vertices as follows from theorem 4.1 case 1 claim (a),

2mn

The sets V,, V; and V, are independent of G O H, also |V,| = V| = |V,]| = -
The inequality ||Vi| - |V,|| < 1 holds for every pair (i, ).

By theorem 3.4, we get, y_(T»(C,,) O C,) =3form =3kandn # 3k + 1, k > 1.

Case 2: We will proof y_(T,(C,)O0C,)=4form=23Bk—-1),23k—2),n#+4k+1and m =6k,n=
3k+1,n+12k+1, k> 1.
The colouring of vertices as follows from theorem 4.1 case 1 claim (b),

mn

The sets V,, V; and V, are independent of G O H, also |V,| = V| = |V,]| = -~

The inequality ||VL-| - |V]|| < 1 holds for every pair (i, ).

By theorem 3.4, we get, y_(T,(C,,) OC,) =4 form =23k —1),2(3k —2),n # 4k + 1 and m = 6k,n =
3k+1,n+12k+1, k> 1.

Case 3: We will proof y_(T,(C,,) OC,) =5form =2k —1,m# 3k,5k—1,5k+ 1andn # 5k + 1.
The colouring of vertices,
vio<i<m-land0<j<n-1,
o(wv;) = (i + j)(mod 5)
a(eivj) = (i+j+ 2)(mod 5)
Now, the vertex set is partitioned into V;, V;, V, and V5 as below

U.L'Uj; L+]EOS uivj; l+1515 uivj; l+1525
0_{eivj;i+j+2505 1_{eivj;i+j+2515 2_{eivj;i+j+2525

uin; l+]E35 uivj; l+]E45
3_{€lvj,l+]+2535 4_{elvj,l+]+2545
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The sets V,, V4, V5, V5 and V, are independent of G O H, also

(i) If m=15andn = 15 then |V,| = |V,| = [2”—’"] and |V, = |Vs| = [V,| = [Z"T’"j
(i) If m = 25andn = 25 then Vol = IV, = || and V4| = IV, = V3] = |27
(iii) If m = 35andn = 35 then |Vo| = V3| = || and |V, ] = V5] = [V, = [2=
(iv) If m = 45andn = 45 then |Vo| = V3] = [Z2] and V] = [V, ] = [V,| =

(V) f(@m=05Vn, (b)n=05andm =r51<r <4 then|V,| = [Vy| = |Va| = V5] = |V| = 22

lz nm

(vi) If(a) m=15andn = 25,(b) m = 25andn = 15 then |Vp| = V3] = V| = V5] = [2™] and |v4 =

Ian

(Vi))If (2) m = 15andn = 35, (b)) m =35 and n = 15 then |Vo| = |V;| = [Va] = [V,| = | =] and [V, | =
[an

(viii) If @) m=15and n=45, (b)) m=45and n =15 then [Vy| = |V, = |V5] = [2”’”] and
Vil = vl = |22].

(ix) If ) m = 25andn = 35, (b) m = 35andn = 25 then [Vol = V] = |V,] = [222] and |V, | = [Vs] =

[an

(x) If (@) m =25andn = 45, (b) m = 45and n = 25 then |V,| = [Z"T’"] and [Vy| = [Vy| = V] = |V,| =

Ian

(xi) If @) m =35andn = 45, (b) m = 45 andn = 35 then [Vl = V| = V] = V] = [*2=] and |V | =

Ian

The inequality ||Vi| - |V}|| < 1 holds for every pair (i, j).
By theorem 3.4, we get, y_(T,(C,,) OC,) =5form =2k —1,m # 3k,5k — 1,5k + 1l andn # 5k + 1.

Theorem 4.3 Let G and H be the two graphs, where G is a semi-total point graph of cycle, T,(C,,) on m > 3
vertices, the equitable colouring of the Cartesian product of G and H, forn > 3

() x=(GOK,)=n;mn=23k
(”) X:(GDKp,q)=3;m=3k,p22,qZlandp—lSqu

Vk=>1.
Proof. Definethemapo: V(GO H) —»{0,1,2,..,1} VIeW
The proof of the theorem is divided into two cases,
The graph G is a semi-total point graph of cycle on m > 3.
Casel: LetH =K, form,n =3k, k = 1.
Cleary, the number of vertices in T, (C,,) O K,, is 2mn vertices and the number of edges is mn(n + 2) edges.

Let the vertex set and edge set of the Cartesian product T, (C,,,) O K,, be

m-1n-1

V(G OH) = U U{uivj;eivj}

i=0 j=0
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n-1m-1

E(GOH) = U U{(uivj)(u(Hl)(mod mVp); (Wivp)(e;v)); (€;v)) (U(i+1)(moa m)vj)}
j=0 i=0

m-1n-2n-1

U U U{(uivj)(uivk ); (evj)(evi)}

i=0 j=0 k>j

The colouring of vertices as follows from theorem 4.1 case 2.

Each colour (0,1,2, ...,n — 1) appears exactly 2m times. Thus, the difference does not exceed one.
By theorem 3.4, we get, y_(G O K,,) =nform =3kandn = 3k, k = 1.

Case2:LetH =K,,form=3k,k>1andp=2,gq=1landp—-1<qg<p

Cleary, the number of vertices in T,(C,,) O K, 4 is 2m(p + q) vertices and the number of edges is m(3p + 3q +
pq) edges.

Let the vertex set and edge set of the Cartesian product T, (C,,) O K, , be

m-1p—1 m-1q-1
V(G OH) = UU{uivj;eivj} UU{uvr e;vjr}
i=0 j=0 i=0 j'=0
P—1m-1
E(GOH) = U U{(uivj)(u(Hl)(mod my;)s (Wiv;) (€v)); (€9 (U(i1ymoa myVj) }
j=0 i=0
q-1m-1
u U {(u'v")(u(Hl)(mod mVj1); (Wivyr)(evir); (eiv) (Ugi+1)(moa m)vj’)}
v U{(u o) (v )s Cervy)ervy)
i=0 j=0 j'=0

The colouring of vertices as follows from theorem 4.1 case 3.

The sets V,, V; and V, are independent of G O H, also |V,| = V| = |V,]| = w.

The inequality ||Vl-| - |V]|| < 1 holds for every pair (i, /). By theorem 3.4, we get, y-(G O K,,) =3 form =
3k,bk=landp=>2,g=1landp—-1<q <p.

Theorem 4.4 Let G and H be the two graphs, where G is a semi-total point graph of complete, T, (K,,) onm > 4
vertices, the equitable colouring of the Cartesian product of G and H,

0] x=(GOR)=m;n=2

(i) ¥-(GOC,)=m;n+mk+1

(iii) ¥-(GOK,))=m;mz=n

(iv) x-(GOK,,)=mm=2k,p>2q>1&p-1<qg<p+1landalsom=2k+3&p=
2

vk=>1.
Proof. Definethemapo: V(GO H) —-{0,1,2,..,.l} VIeW

The proof of the theorem is divided into four cases,
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The graph G is a semi-total point graph of complete on m > 4.

Case 1: LetH = B, forn > 2.

Cleary, the number of vertices in T, (K,,) O B, is %m“)

vertices and the number of edges is %(4mn —2n—
m — 1) edges.

Let the vertex set and edge set of the Cartesian product T, (K,,,) O B, be

m-1n-1 m-2m-1n-1
V(GOH) = U U{uivj} u U U U{eikvj}
i=0 j=0 i=0 k>i j=0
n-i1m-2m-1 m-1n-2
eccom=(J U{(u ) s o) Ceuvys e o} | | | |l ey
j=0 iZ0 kS i=0 j=0
m-2m-1n-2
U U {(eiv)) (eikvj+1)}
i=0 k>i j=0
The colouring of vertices,
vo<i<m-land0<j<n-1,
((k+j+1)(modm); i=0and1<k<(m-3)
(G + 2)(mod m) ; i=0and k= (m-2)
a(eikvj) = (G + 1)(mod m) ; i=0and k=(m—-1)

(i+j+2)(modm);1<i<k<(m-1)andk=i+1
(i+k+j)modm);1<i<k<(m-1andk+#i+1

Vk=123.,(mn—1)&Vm

Form =4
(i+j)(mod4);i=0andi=3
a(uivj) =<+ 2)(mod 4); i=1
(G + 1)(mod 4) ; i=2
Form > 4

J(uivj) = (i +j)(mod m)

When m is even and n is odd then each odd colour appears exactly [M] times and even colour appears exactly
ln(m+1) 1)

. Thus, the difference does not exceed one.

J Otherwise, each colour appears exactly
The inequality ||VL-| - |V}|| < 1 holds for every pair (i, j).

By theorem 3.4, we get, y_(G O B) =m ;n = 2.
Case 2: LetH = C, forn = 2.

nm(m 1)

Cleary, the number of vertices in T, (K,,) O C, is vertices and the number of edges is ? (4m — 3) edges.

Let the vertex set and edge set of the Cartesian product T, (K,,,) O C, be
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m—-1n-1 m-2m-1n-1
V(GOH) = U U{uivj} u U U U{eikvj}
i=0 j=0 i=0 k>i j=0

n-1m-2m-1

£ om) = | | wm aum; @opean np

j=0 i=0 k>i

m-1n-1 m-2m-1n-1
U U U{(uivj)(uiv(j+1)(mod n))} U U U U{(eikvj)(eikv(j+1)(mod )}
i=0 j=0 i=0 k>i j=0

The colouring of vertices and results as follows from theorem 4.4 case 1.
By theorem 3.4, we get, y_(G OC,) =m; n#+mk+ 1,k > 1.
Case 3: LetH = K, form > n.

nm(m+1)

Cleary, the number of vertices in T,(K,,) O K, is
5m — 7) edges.

vertices and the number of edges is ? (mn+n+

Let the vertex set and edge set of the Cartesian product T, (K,,,) O K,, be

V( GO H) = U U{uivj} U U U U{eikvj}
i=0 j=0 i=0 k>i j=0
6 om = | |t @ oy o || @)
j=0 i=0 k>i i=0 j=0 k'>j

m-2m-1n-2 n-1

ol U U U Utewnewvon

i=0 k>i j=0k'>j
The colouring of vertices and results as follows from theorem 4.4 case 1.
By theorem 3.4, we get, - (GO K,,) =m; m = n.
Case4: LetH =K, ,forp>2,9 > 1.

Cleary, the number of vertices in T,(K,,) OK,, is mntD@+a)

%{3(7” —1)(p + q) + pg(m + 1)} edges.

vertices and the number of edges is

Let the vertex set and edge set of the Cartesian product T, (K,,) O K, ; be

m-1p-1 m-2m-1p-1 m-149-1 m-2m-14q-1
veoam= (U Jo UUUtewns o[ U)o UU Yt
i=0 j=0 i=0 k>i j=0 i=0 j'=0 i=0 k>i j'=0
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P—-1m-2m-1

E(GOH) = U{(uivj)(ukvj)i (u;vp) (e vy); (enevy) (Ui vj)}
j=0 i=0 k>i

q-1m-2m-1

u ( U{(uivj)(ukvj)i (uivj)(eikvj)i (eikvj)(ukvj)}
j'=0 i=0 k>i
m-1p-1q-1 m-2m-1p-1q-1

u( twwpamo} ol | U Utceamncenyn
i=0 j=0 j'=0 i=0 k>i j=0j'=0

The colouring of vertices,

VO<i<m-10<j<p-1land0<; <q-1

((k+1)(modm); i=0and1<k<(m-3)
2; i=0and k=(m-2)
a(eikvj)z{ 1; i=0and k=(m-—-1)
(i+2)modm);1<i<k<(m-1andk=i+1
k(i+k)(modm);1£i<k$(m—1)andk¢i+1
(k +2)(modm) ; i=0and1<k<(m-3)
3 ; i=0and k= (m-—2)
o(ewvy) = 2 ; i=0and k=(m-1)

(i + 3)(mod m) il1<i<k<(m-1andk=i+1
(i+k+1D@modm);1<i<k<(m-1Dandk+i+1

Vk=123,..,(m—1)

Form =4
i;i=0andi=3
U(uivj)={2; i=1
; i=2
(i+1)(mod4);i=0andi=3
a(uivjr) ={ 3 ; i=1
2 ; i=2
Form > 4

U(uivj) =1
J(uivj/) = (i + 1)(mod m)

Claim (i) Whenm =2k, k>21,p>22,q=>21&p—-1<qg<p+1.

(@) If g = p, then each colour (0,1,2, ..., m — 1) appears exactly (m“)zﬂ.

(b) If g = p — 1, then each odd colour appears exactly [W] and each even colour appears exactly

l(m+1)2(p+Q)J.

(c) Ifg =p + 1, then each even colour appears exactly [(W'llﬂ] and each odd colour appears exactly
l(m+1)(p+q)J
—

Claim (ii): Whenm =2k + 3,k > 1 & p = 2,q = 1, each colour (0,1,2, ..., m — 1) appears exactlym

times.

Thus, the difference does not exceed one. By theorem 3.4, we get, y_(G O C,)=mform=2k,k>1,p =
2,g=21&p—-1<g<p+1landalsom=2k+3 &p =2.
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Theorem 4.5 Let G and H be the two graphs, where G is a semi-total point graph of complete bipartite, T, (K, ,,)
on p = 1 vertices, the equitable colouring of the Cartesian product of G and H, forn = 3k, k > 1

() x=(GOR)=x(GOC,) =3
(ii) x-(GOK,)=n

Proof. Definethemapo: V(GO H) —»{0,12,..,[} VIeW
The proof of the theorem is divided into three cases,

Let the graph G is a semi-total point graph of bipartite on p,q = 1.
Case la: LetH =P, forn=3k, k> 1

Cleary, the number of vertices in T, (K, ;) O B, is np(q + 1) vertices and the number of edges is 4npq — pq +
np — 2nq — p edges.

Let the vertex set and edge set of the Cartesian T, (K, ;) O B, be

n-1p-1 n-14q-1 n-1p0-2q-
scoom= (U)o (U)o (U oo
j=0 i= j=01i"=0 j=0 i=0 i'=0
n-1p-1q-1

—-1p-2q-1
seom = U@y Ju U U |t ewnys cwrmpaum
j=0 i=0i'=0 =0 i=0 i'=0
(U

p—1n-2

ol | rwmp vy

i=0 j=0

{(ui’vj)(ui’vj+1 )}
i=0 j=0

pP-2q-1n-2
vl UJU U{eiuv,-)(ewv,-ﬂ)})
i=0 i=0 j=0
The colouring of vertices
V0<i<p-1,0<i'<g—-land0<j<n-1,
o(uivj) = j(mod 3)

a(uirvj) = (j + 1)(mod 3)

o(eyv;) = (j + 2)(mod 3)
If p = g, then G is a semi-total point graph of complete bipartite, T, (K, ).
Each colour (0,1,2) appears exactly @ times. Thus, the difference does not exceed one.
By theorem 3.4, we get, y_(G O B, ) =3 forn =3k, k = 1.
Caselb: LetH =C,forn=3k, k> 1

Cleary, the number of vertices in T, (K, 4) O C, is np(q + 1) vertices and the number of edges is n(4pq — 2q +
p) edges.
Let the vertex set and edge set of the Cartesian T (K, ;) O C,, be

n-1p-1 n-1q-1 n-1pv-2q-1
V(GOH) = UU{uivj} UU{urv] UUU{e”rv]
j=0 i=0 j=0i'=0 j=0 i=0i'=0
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n-1p-1q-1 n-1pr-2q-1
rccom={JJ U{(u o U | teum e eumvpaem)y
j=0i=0i'= j=0 i=0i'=0
p—-1n-1 q-1n-1
u U U{(uivj)(uiv(j+1)(mod )} |V U U{(ui’vj)(ui’v(j+1)(mod )}
=0 j=0 i=0 j=0
p—2q-1n-1
U U{eii’vj)(eii’v(j+1)(mod )}
i=0 i=0 j=0

The colouring of vertices and the result as follows from theorem 4.5 case 1a.

By theorem 3.4, we get, y_(G O C,,) =3 forn =3k, k = 1.

Case2: LetH =K, forn=3k, k=1

Cleary, the number of vertices in T, (K, ;) O K;, isnp(q + 1) vertices and the number of edges is g (npq — 5pq +
np — 4q — p) edges.

Let the vertex set and edge set of the Cartesian T, (K, ;) O K, be

V(GOH) = UU {uv;} |V UU{uirvj} UUU{e”rv]
j=0 i=0 j=01i'=0 Jj=0 i=0i'=0
E( GO H) = UU U{(u Uj (u 'v])} UU U{(u vj)(ell'vj) (ell’v])(u ’v])}
j=0i=0i'= j=0 i=0 i’
u UUU{(uivj)(uivk)} u UUU{(ui’vj)(ui’vk)}
i=0 j=0 k>j i=0 j=0 k>j

2q-1n-2n-1

v U U U U{ell'v])(ell'v(]+1)(mod )}

i=0 i=0 j=0 k>j
The colouring of vertices as follows from theorem 4.5 case 1la.
If p = g, then G is a semi-total point graph of complete bipartite, T, (K, ,,).

Each colour (0,1,2,...,n — 1) appears exactly p(p + 2) times. Thus, the difference does not exceed one. By
theorem 3.4, we get, y-(G O K, ) =nforn =3k, k = 1.

5. Conclusion

In this research article, the Cartesian product is considered for a variety of graphs of semi-total point graph such
as path, cycle, complete and complete bipartite with path, cycle, complete, bipartite and complete bipartite. The
admittance of equitable colouring to these graphs has been established by defining suitable colouring function.
The same concept can be applied to different types of product graphs and thereof.
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