Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 44 No. 3 (2023)

Properties of Semi Residuated Almost
Distributive Lattices

M. Madhavi
Assistant Professor,
Department of HBS, GIET Engineering College, Rajamahendravaram— 533 296, (A.P.), India, E-mail address:
madhavipenumetsa222@gmail.com

Ch. Pragathi
Associate Professor,
Department of Mathematics, GITAM Institute of Science, Visakhapatnam, (A.P.), India, E-mail address:
pchagant@gitam.edu

S.S. Raju
Professor,
Freshmen Engineering Department, Godavari Institute of Engineering and Technology(Autonomous),
Rajamahendravaram- 533 296, (A.P.), India, E-mail address: ssrajumaths@giet.ac.in

Abstract

In this paper, mainly we have proved some important properties of semi residuation ° @ ’ and multiplication . ’
in a Semi Residuated Almost Distributive Lattice(SRADL) P and given an example of a semi residuated ADL P.
For r, s € P, we have proved that the characterization of r @ s and r.s when s is a complemented element of a
semi residuated ADL P.
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11 INTRODUCTION

A Boolean algebra known as the Almost Distributive Lattice (ADL) had a considerable generalization in 1981 because
of the work of Swamy, U. M., and Rao, G. C. [5]. With the possible exception of commutativity of v, commutativity
of A and right distributivity of v over A, an ADL satisfies nearly all of the conditions of a distributive lattice.
Additionally, the class of ADLs can extend several concepts from the class of distributive lattices through the
distributive lattice formed by its principal ideals. The idea of residuation goes back to Dedikind, who introduced it
into ideal theory and the idea of an abstract study of residuation in multiplicative structures was initiated by Ward [6,
7]. Ward, M., and Dilworth, R.P., explored residuated lattices in [8, 9]. The concepts of Residuation and Multiplication
in an Almost Distributive Lattice and the definition of a Residuated Almost Distributive Lattice were first described
in [3] by Rao, G.C., and Raju, S.S. In the major body of this article, we have proved that the main important properties
of semi residuation ‘@ ’ and multiplication ‘. ’in a Semi Residuated Almost Distributive Lattice(SRADL) P and
also given an example of a semi residuated ADL P. Forr, s € P, we have proved that the characterization of r @ s
and r.s when s is a complemented element of a semi residuated ADL P. We reviewed the definition of an Almost
Distributive Lattice (ADL) and some of its fundamental characteristics in section 2.1. These are from Rao, G.C. [2],
Swamy, U.M., and Rao, G.C.[5]. We presented the idea of semi-residuation in an ADL P and defined a Semi
Residuated ADL in section 3.1 by Rao, G.C., and Raju, S.S. In this section we have proved that the main important

properties of semi residuation ° @ ’ and multiplication ° > in a Semi Residuated Almost Distributive
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Lattice(SRADL) P and also given an example of a semi residuated ADL P. For r, s € P, we have proved that the
characterization of r @ s and r.s when s is a complemented element of a semi residuated ADL P.

2.1 PRELIMINARIES
We have compiled a few important definitions and results which are well-known and shall be implemented
extensively in the present work.

Definition 2.1.1 [2]: A relation R on P is said to as a partial order relation on P if it satisfies the conditions
reflexive, antisymmetric and transitive. In general, partial orders are denoted with "<"
We define (P, <) as a partly ordered set (Poset) if "<" is a partial order on P.

Definition 2.1.2 [2]: A lattice is a poset (P, <) in which every subset of P with exactly two elements has supremum
and infimum in P. (P, <) is a lattice r, s € P &{r, s} has supremum and infimum in P. If (P, v, A) be any lattice.
Then

(i) A non-void set H of P is said to be a sub lattice of P, ifr A's, rv se H, forallr,s € H.

(ii) A sublattice H of P is said to be convex ifr,s e H,teP,r<s,r<t< s=>teH.

Definition 2.1.3 [2]: In a Poset (P, <) if for every r, s € P, either r <s or s <r hold, then (P, <) is said to be a chain
or simply it is said to be an ordered set. We observe that every chain is a lattice but not vice versa.

Definition 2.1.4 [2]: Lattice is an algebra (P, v, A) of type (2, 2), if it satisfies the following axioms:
Dayrvr=r,b)rar=r

2)a)rvs=svr, b)rAs=sAr

3)a)(rvs)vt=rv(svt), b)(rAs)At=rA(sAt)

Ha)(rvs)As=s,b)(ras)vs=s.

In any lattice (P, v, A) the following are equivalent:
FABSVEY=(FAS)V(rAL)
(rvs)At=(rAt) v (sAt)
rv(sant)=(rvs)A(rvs)
(ras)vt=(rvt)Aa(svit), forallr,s, teP.

Definition 2.1.5 [2]: A Lattice (P, Vv, A) is said to be a distributive lattice if it satisfies any of the above four
inequalities.

Definition 2.1.6 [2]: In a lattice (P, v, A) an element O€L issaid to be a zero element or least element of P, if it
satisfiesO Ar=0V r € P and an element 1 of P is said to be 1 element or greatest element of P, if it satisfies r v
1=1VreP. If suppose P has both 0 and 1, then P is said to be a bounded lattice.

Definition 2.1.7 [2]: A lattice P is said to be a complemented bounded lattice, if for any re P there is an element
sePsuchthatrvs=1andrAs=0.A lattice P is said to be relatively complemented lattice, if for any u,v € P
such that u <v and the bounded lattice [u, v] = {w € P/ u <w < v} is a complemented lattice.

A lattice P is known to be distributive if and only if the relative compliments of every element in every interval

[u, V], u <v are unique
Definition 2.1.8 [2]: A Boolean algebra is defined as a bounded distributive and complemented lattice.
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Definition 2.1.9 [2]: A sub lattice | of P is said to be an ideal of Pifiel,re PimplyrAiel.
If I =P, then an ideal | of P is said to be proper.

If an ideal | of P satisfies the following two properties:

1) rAsel,r,seP>eitherrelorsel

2) [+P,

then 1 is said to be a prime ideal of P.

If an ideal N of P satisfies the following two properties:
(i) N#£P (i) IfVisanideal of Psuchthat N €V < P = either N =V or V = P, then N is said to be
maximal of P.

In the following, we have defined an ADL.

Definition 2.1.10 [2]: An algebra (P, v, A) of type (2, 2) is said to be an Almost Distributive Lattice (ADL) if it
satisfies the following axioms:

@ dvmAn=(lAn)v(mAan)

@IAmvn)=(0Am)v(IAn)

@ JdvmAm=m

@Javmyal=l

B)lv(am)=I,foralll,m,neP.

From the above Definition, we have every distributive lattice is an ADL.

If suppose there exists an element 0 € P such that 0 A 1 = 0 for every | € P, then (P, v, A, 0) of type (2, 2, 0) is said to
be an Almost Distributive Lattice with an element 0 or simply it is said to be an ADL with 0.

Example 2.1.1 [2]: Suppose Z is a non-void set. We fix an element zo€ Z. For all p, g € P,
Zo,iprZo q,iprZo
definepAag={ q,ifp#z pvag={ p,ifp#zo.
Then (Z, v, A, 2o) is an Almost Distributive Lattice(ADL) with zo as its zero element. This ADL is said to be a discrete
ADL.

For any two elements r, s € P, r is said to be less than or equals to s and denote r <s, if r A s =r. Then binary relation
“<*“is said to be a partial ordering relation(or simply partial ordering) on P.

In any ADL P, the following results hold.
From here onwards by P we mean an ADL (P, v, A, 0).

Theorem 2.1.1 [2]: For any I, m, n € P, we have
(1)IA0=0and0OVvI=1I

@Ial=1=1vI
@B)dAamvm=milv(mAal)=landIA(lvm)=I
@Hianm=lslvm=mandIAm=mesIlvm=I
B)IAm=lAmandlvm=mvVIwheneverl <m
B)lAm<mandl<lvm

(7) A is associative in P

B)IAmMAn=mAIAnN
@dvmyaAn=mvVvI)An
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10 IAm=0mAIl=0
a@ntv(mvh=lvm.

We have seen that an ADL P meets almost all of the characteristics of a distributive lattice, possibly with the exception
of the right distributivity of v over A, the commutativity of v, the commutativity of A and the absorption law (r A S) v
r =r. Here an ADL P forms a distributive lattice by means of any one of these properties.

Theorem 2.1.2 [2]: Suppose (P, V, A, 0) is an ADL with an element 0. Then the following conditions are equivalent:
MdAamyvn=(dvnAmvDforalll,mneP(ii)lAm=mAlforalllmeP(ii)lvm=mvliforalll,meP
(iv) (P, v, A, 0) is distributive.

Proposition 2.1.1 [2]: Suppose (P, V, A, 0) is an Almost Distributive Lattice. Then for any I, m, n € P with | <m, we
have the following properties:

D IAnN<mAnN

2)nAl<nAm

B)nvi<nvm,

Definition 2.1.11 [2]: An element m € P is said to be a maximal element (or maximal), if it is maximal as in the
partially ordered set (or simply poset)(P, <). That is, for any n € P, m <n implies m = n.

Theorem 2.1.3 [2]: Suppose P is an ADL and m € P. Then the following conditions are equivalent:
(i) m is maximal with respect to a binary relation <

(iymAr=r,foranyreP

@iiymvr=m,foranyreP.

Lemma 2.1.1 [2]: Suppose P is an ADL with maximal mands,t € P. IfsAt=tand t A s=sthen s isamaximal &
if t is maximal. Also we have the following equivalent conditions: (i) sAt=tandtAs=s(ii)sAm=tAm.

Proposition 2.1.1 [2]: If (P, v, A, 0, m) is an ADL, then the set I(P) of all ideals of P is a complete lattice under set
inclusion. In this lattice, for any I, J € I(P), the l.u.b. and g.l.b. of I, J are given by the following
MIvi={(ivj)amiiel, jel}
@i)IAJ=1INJ.

We have the set PI(P) = {(u] /u € P} of all principal ideals of P forms a sublattice of I(P). (Since (u] v (v] = (u Vv v]
and (u] N (v] = A V]).

Definition 2.1.13 [2]: An ADL P = (P, v, A, 0, m) with maximal m is said to be a complete ADL, if it satisfies the
property that PI(P) is a complete sub lattice of the lattice I(P).

Theorem 2.1.4 [2]: Suppose P = (P, v, A, 0, m) is an ADL with maximal m. Then the lattice
([0, m], v, A) is a complete lattice < P is a complete ADL.

3.1 PROPERTIES OF SEMI RESIDUATED ALMOST DISTRIBUTIVE LATTICES(SRADL’s)

In this section, we have given an example of a semi residuated ADL P. we have proved some important properties of
semi residuation * @ ’ and multiplication ‘. ’in a Semi Residuated Almost Distributive Lattice(SRADL) P. For r, s
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€ P, we have proved that the characterization of r @ s and r.s when s is a complemented element of a semi residuated
ADL P.

Initially, we start with the definition of Semi Residuation. It has taken from [4].

Definition 3.1.1:[4] Suppose P be an ADL with maximal m. A binary operation ‘@’ on an ADL P is said to be a
Semi Residuation over P if, for r, s, t € P the following conditions are satisfied.

(R1) ras=sifandonlyifr @ s is maximal
R2)rAs=s=20)@ AP t)=sPtand (i)t DSH)AN{ADN=tDr

RY(rD )DtIAmM=[rDY)Ds]Am

RO AS)DAM=(rDOYA(SBHAM

Definition 3.1.2:[3] Suppose P be an ADL with maximal m. A binary operation . on an ADL P is said to be a
Multiplication over P if, for r, s, te P the following conditions are satisfied.

(M1) (rs)Am=(s.r) Am

(M2) [(r.s).t] Am=[r.(s.t)] Am

(M3) (rm)Am=rAm

(M4) [r.(s V)] Am = [(r.s)V (r.)] A m.

In the following, we have given the definition of a Semi Residuated Almost Distributive Lattice. It has taken from
[3].

Definition 3.1.3:[3] An ADL P with maximal m is said to be a Semi Residuated Almost Distributive Lattice (or
Semi Residuated ADL)(or SR ADL), if there exists a semi residuation “@” and a multiplication ‘“=’” on P satisfying
the following condition (K).

(K)Y(x@ r)As=sifandonly if x A (r.s) =r.s, forany x, r, s € P.
In the following, we have given an example of a Semi Residuated Almost Distributive Lattice (SRADL).

Example 3.1.1: Let P be a discrete ADL with 0.

Fix m(#0) € P. Define two binary operations ‘@@’ and ‘*’ on P by
XxX@y = x forallx,yeP,

x.y =m, forall x, y € P-{0}

and x.y =0, if either x =0 ory = 0 or both.

Then L is a semi resituated ADL.

First we have given the following Lemma, whose proof can be obtained from the definition of Semi Residuated ADL.

Lemma 3.1.1: Let P be a semi residuated ADL. Then
(1) (réd r) @ sismaximal, forallr,seP
(2) If an element m of P is maximal then m @ r is maximal, for all r € P.

Lemma 3.1.2: Let P be a semi residuated ADL with maximal m. For r, s, t, u € P, the following hold in P.
(1) rafr(rd s)]=r.(rds)
(2) rafs.(rds)]=s(rds)
(B) (r® 9)lar=r
4) rB@rds))a(rVs)=rVs
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(5) [r®s)DYIalr® (sHl=r D (s)
(6) F®EHIArDs)DY=(rDs)Dt
(7) [(ras) ®s]ar®s)=rDs
(B) r®s)al(ras) ®s=(ras)®ds
9) [(ras)Brlam=(s@r)am
(10) L@ as]Alt®NVED) =DV (tDS)
(11) Hré@s=rthenr A(SU)=su=rau=u
(12) {rOrDr @A Ds)=r®s
(13) [avb)@clal@®c)Vbdcl=@dc)Vbdc)
(14) ram>sam= r@dt)am> (sPBt)am
(15) (®NA{ B[ BCRIN =rB[r D (D)
(16) ras=s = (rt)a(st)=st
(17) rasa(rs)y=rs
(18) [r®GHIAr® (5at]l=r@ (sat)
(19) [(rs)®rlas=s
(20)  (rs)af(ras).(rVs)] = (ras).(rVs)
(21) rVsismaximal = (r.S)ATAS=raAsS
(2 2) (Xl V Xz)n+l AM= [X1n+1V (Xln.Xz) V(Xln'l.Xzz) V....... \Y% (X1.X2n) V X2n+1] AMm, for
any xi1, Xo € L, nez*.
(23) (X VXKt A m < (xIV XK am, forany xi, xoel, Ki, Kyez
Proof : Let r,s,t,ueP.
(1) Sincerar=r,byR1, we getthat r @ ris a maximal element of P.
Then(r@nNa(r@Ps)=r@Ps.
Now, by condition (K) of Definition 3.1.3, we get that
rafr.(r@s)l=r.(r @ s).
(2) Wehave (r@s)a(r@s)=r@s.
By condition (k) of Definition 3.1.3, we get that
rafs.r®s)]=s.(r ®s).
(3) By condition (1) of Lemma 3.1.1, (r @ r) @ s is maximal of P.
Sothat[(rér) @ s]ax=x, forall x eP.
Now, by R3, we get that [(r @ s) @ r] ax =X, forall x € L.
Therefore, (r @ s) @ r is maximal.
Now by R1, we getthat (r @ s) ar=r.
4) [(rds).(rVs)am=[r@s).(rVs)]am
= {r@s)r}V{rds)syiam =[(r@®s).(rVs)]am
= {r.(r®s)}V{s(r@s)}lam =[rDs).(rVs)] am.
2 [{ra((r@®s)V{aGr@®s)lam=[(ré@ds).(rVs)] am
(By (1) and (2))
Sra{r@®s)}am] V[ra{s.(r@s)am]=[(rDs).(rVs)]am
S[raf{(@s)r}am] V[ra{(r@®s)s}]am]=[(rPs).(rVs)]
2 [{ra(r@s).nN} V{ra((r®s)s)ylam =[(r @ s).(rVs)]
S [ra{(r@s)n) V({(r®s)Niam =[rDs).(rVs)]am
Dralr@®s).rvs)am=[r@s).(rVs)]am
SrAaf(rd@s).(rVs)] = [(r®s).(rVs)]
2@ rPs)a(rvVs)] = (rVs)
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(5) Wehave[r@® (s)]alrd (s)]=rD (st)

= 1A [0 ® (s3] = (s.0) [(r ® (s:1)]
= 1A [s{t{r @ (03} =s[t.{r & (s}
2@ s)a[t{r® (s} =t[r® (s]
2[(rDs)DUalrD (] =rd(sy)

(6) Wehave [rDs) Dta[rDs)DY]=(rDs)Dt
2 @s)at{r &s) DY} =t[(rDs) Y]
SrAS{L[(rEs) DY} =s{t.[(rDs) Dt}
1Al ){r@s) O} =6 )[(rDs) D]

2@ EYA[rDs) D] = Ds) Dt
(7)) [ras)@UaA(Ds)=[((ras)Ds]amA(rDs)
=[r®s)a(sD)ama(rds)
=[r®s)a(s®9)a(r®s)
=[c@)ar D) a(rDs)
=(r®s)a(rds) (Since s s is maximal)
@ s
(8) We have r@s)a(r@s)a(sds)am=(rDs)a(sDs)
> (Ds)D[(rds)a(sds)]am] ismaximal.
> (r@s)D[{(ras)®s}am] ismaximal.
2> @s)a [(ras)@Ds]am] =[(ras)Ds]am
S Ds)a [ras)Ds] =(ras)Ds.
@ [(ras)@rlam=(r@na(s@r)am
=(s@ryam (Sincer @ ris maximal)

(10) Wehave rArAs=rAsandsArAs=rAs, byR2 (i) of Definition 3.1.1, we get that
D ras)lat®r)=tDrand LD (ras)]a(tDds)=tDs.
Therefore, [t@ (ras)]aft@nv (@ s)]

=t asa@nNIVHtD (ras)} at@®rn)]
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=(td nNVv(tds).

(11) Assumethat r@s=r.
Suppose r A (s.u) = s.u.
By condition (k) of Definition 3.1.3, we get that (r @ s) A u = u.
Hence rAu=u (Sincer@s=r).

(12) [rErDs)alrErD9)l=rd(rds)

STIA[r@){rdDs)= (Ds).[rd (rds)
MA@ {rerds)]Am=[rDs){rd (rds)rm
SMA[{rE (@)@ A m={rE&(rDs)}ds)Am
SMA[{r@(Ds)}rds)] =[{rd (@ s)}kr Ds)]
Sr@I®ID) ATDS)] =rds
(13) Wehave (rvs)Ar =r and (rVs)As=s.
>[rvs)dr(r@t)=rdtand [rvs)DA(SDY=s.
SHrVv)@UATOHIVHIVS) O AGSDY=0CDHV(sDI)
2[rvs) QUArDYV (DY =D Y V(s D).
(14) SupposerAm=> s Am
thensAmArAm=sAm
= INS=S.
Now, @O AmAGSDOAM=CH)A(SHtAm
=[(rAs) @t Am
=(s@t)Am (SincerAs=5s).
Therefore, r @ t) Am>(s @ t) Am.
(15) By property (4) above, we have
@A drds)Am>[rV @ r®s)lAm
S{ro{r@{drdINNdsIAm = [VE®r®s)]Ds]Am
(By property (14) above)
Now, [F®s) @ {r®{r® (rDs)}} Am

THro{ro{r O (r®s)iOslAm
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> [(rvr@®r®s)Dsj]lAm
2[(Ds)V{r D (rDs) Bs}Am (By (13))
"{rer®s) s} v(I@s)Am
>2{tD (D) DsjAm
=[r®s) @ Ds))Am
=m.
Therefore, [r®s)@{rd (rd (rds))}]Am=m.
= @Ds)D{rd (rd (r d s))} is maximal.
By condition R1 of Definition 3.1.1, we get that
rE)ArEr@)=re{rd (rds)}
(16) Suppose rAS=s.
Then [(r.t) A m] v [(s.t) A m]
=[(t.r) V (ts)] Am
=[t(rvs)]Am (By M4 of Definition 3.1.2)
=(trAm (Sincervs=r)
=(rtyAm (By M1 of Definition 3.1.2)
() AmA(GSH)AM=(st) Am
= (1) A (s) =s.t.

(A7) [rAs) @ rias=[(rAs)Dr]AmAs
=r@nNA(s®nAmAs.
=(s@®nAs=s  (Byproperty (3), above)

=rASA(rs)=rs  (By condition (k) of Definition 3.1.3).

(18) By property (17), above we have sAtA (s.t) =s.t.

By R2(ii) of Definition 3.1.1, we get that

[rPEHIA[FrB (sA)]=r@d (sAt).
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(19) We have (r.s) A (1.s) =r.s.
By condition (k) of Definition 3.1.3, we get that [(r.s) © r] As=s.
(20) We know thatsATAS=rAS
2N A[rAS).I]=(rAs).r
2(rs) A[(rAs).r=(rAs).r
Similarly, (r.s) A [(rAs).s]=(rAs).s
Now, (r.s) A[(rAs).(rvVs)]Am
=(rs) A[{(rAs)ry v{(rAs)si]Am
={r) A As)r} v () A{(rAs)si}]Am
=[{rArs)r} v{(rrs)si}]Am
=[rAs).(rvs)]Am
Therefore, (r.s) A[(rAs).(rVs)]=(rAs).(rvs).
(21) Suppose r Vs is maximal.
By (19), above, we have (r.s) A [(r A s).(r V)] = (rVvs).
= (rs) AL(rAs).(rv o)l Am=[(rAs).(rvs)] Am
S(S)ATAS)AM=(TAS)Am
= (rS)ATAS=rAs.
(22) Letxy, Xz € L.
This result is proved by Mathematical Induction on n.
Put n=1, then
[(X1V x2)2 A M = [(X1VX2).( X1VX2)] A m
[(x1V %23 A M= [X12V (X1.X2) V (X2.X1) V X22] A m
= [x2 V (X1.X2) V x22] A m.
Therefore, the result is true forn = 1.
Assume that the result is true for n = k.
That is [(X1 V x2)%*1] A m = [x5 V (x15.x2) V (x5 . x2) V... .. V (x1.X25) V x21 A m.

Now, [(X1 \ Xz)k+2 ] A m=[(x1 V X2 )k+1 . (Xl V Xz) A m.
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Hence [(X1 V x2)*2 ] Am = [{x5 V (x44.%2) V (X£*1 . X2 V...V (X0 X2) V x2 (X1 V X2)] A m
= [{X1? v (x141x2) V (x15 X2 V...V (%02 x2K) V x2K V {(%K L xR)
V(X2 X2 V (xCTx%) VLY (XX VxR A m
= X2V (x€x0) V (XKL X2) Ve V (x1.X2K) V x242] A m.
Therefore the result is true for n = k+1.
Hence (X1V X2)* A m =[xV (x1%2) V (x1%T. X22) V...V (x1.%25) V %21 A m,
forany xi, X2e L, neZ*.
(23) Let X1, x2€L, ki, ko € Z*.
Then (X1V X2) 2 Am=[(x1Vx2)* .(X1V x2)¥] Am.
By property (22), above we get that

(Xl iV, Xz) Kl+k2 A m= [{Xlkl Vv ( Xlkl'l.Xz) V; (Xlkl'z.Xlz) V...V szl}.{Xlkz V; (X1k2—1)lx1

(XXM ] A m,
<(xAm)V(x/2Am)
= (% V x) A m.

Hence (X1Vx2)**2Am < (x4 Vx) Am, forany xi, X2e P, ki, kp € Z*,

Now, we conclude this paper with the characterization of r @ s and r.s when s is a complemented element of a semi
residuated ADL P.

First we have given the following definition.

Definition 3.1.4: Suppose P is an ADL and r € P. An element r!e P is said to be a complement of rin P, if r Art =0
and r V r'is maximal. In this case, we say that r is a complemented element of P. If each element of P is
complemented, then P is called a complemented ADL.

Theorem 3.1.1: Suppose P is a semi residuated ADL with maximal mand r, s e P. If an element s is a complement
ofsinP,then (rds)Am= (rvs)Am.

Proof: Suppose an element s is a complement of s in P.
Then{(r ®s) P (rVvsh} Am
F{re) @ A {t®s) @st]Am
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=@ @sINCDs)Ds']Am
={r®s)Ds}]Am (Since (r ®r) D s is maximal)
=[r@® (ssh] Am
Therefore, [(r@®s) D (rvsh]Am=m and
hence (r @ s) @ (r v st) is a maximal element of L.
Thusby R1, (ré@s)A(rvs)=rvsl
Now, [(rvsh) @ (réds)Am
>{r@(rdsvis® rds)}Am
(By property (13) of Lemma 3.1.2)
=[(svnAm]V[{s'® (r@ds)} Am
(By property (4) of Lemma 3.1.2)
>(svsh)Am=m (SincesV s!ismaximal).
Thus [(rvs)® (r®s)]Am=m.
Sothat (rvs) @ (r@®s) ismaximal.
Hence, by R1, we getthat r VsH) A ré s)=r @ s.

Thus (r@ s) Am=(rvsh)Am.

Theorem 3.1.2: Let P be a semi residuated ADL with a maximal element m and

r,s e P. If s is a complemented

element of P, thenr A s A m = (r.s) A m. Proof: Suppose s is a complemented element of P and s!is a complement

of s inP.Then sAs'=0andsV s!ismaximal.

We have [r.(sVsH)]A(sVs)=rAa(svsl)

orsvshHlia(svsham =ra(svsh)Am

= [r(svsh)]Am=rAam (Since svs! ismaximal)

sram= [(r.s)V (rsh)] Am

rAm=[(rs)V(stn] Am ( By M1of Definition 3.1.2)

< [(rs) Vs Am
Thus ram<[(rs)Vvsi]Am - (1).

From above (1), we get that
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sSATAmM <sA[(rs)vsam
=[{sA(rs)} vV(sAshH]Am
=[sA(rs)] Am
=[sA(sH]Am (ByMlof Definition 3.1.2)

=(s.rHAm

Now,rAsAm= SArAm.

<(sr)Am

=(r.s) Am.

Also, we haver As A (r.s) =r.s.

Sothatr AsAm>(rs) Am.

Hence rAsAm=(r.s)Am.

CONCLUSION

In this paper, we conclude that for r, s € P, the characterization of r @ s and r.s when s is a complemented element
of a semi residuated ADL P.
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