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Abstract: The present study describes the 3D magnetohydrodynamic flow over a permeable stretched surface in 

the presence of nanoparticles in Casson fluid. Extended Buongiorno’s replica has been implemented in the current 

research. To study the nanofluid model, Brownian motion and thermophoresis impacts are used in recent research. 

Similarity solutions are implemented to get the final set of ODE’s. To solve the system of equations, RKF 

algorithm has been used to calculate numerical results by following Shooting technique using ODE45 solver. The 

outcomes are computed using the MATLAB software. The motive behind to do this research is to analyze the 

impact of controlling fluid parameters, especially stretching ratio parameter 𝑐 (0 ≤ 𝑐 ≤ 8), Lewis number 

𝐿𝑒 (1.0 ≤ 𝐿𝑒 ≤ 5.0), thermophoresis 𝑁𝑡 (1.0 ≤ 𝑁𝑡 ≤ 3.0), Brownian motion 𝑁𝑏, Prandtl number 𝑃𝑟  (0.1 ≤

𝑃𝑟 ≤ 0.5), Casson parameter 𝛽 (0.1 ≤ 𝛽 ≤ 0.9) over three-dimensional stretching surface. To calculate results 

for quantities of interest, contour plots, and tables are drawn. The final results are compared with existing 

literature, and a very good convergence has been noticed for the current research.  

Keywords: Casson Fluid, Shooting Method, Nanofluid, Buongiorno's Model, Chemical reaction, Three 

dimensional MHD flow. 

 

1. Introduction 

The properties of nanofluids, particularly low resistivity and compelling thermo-physical qualities, are significant 

in research. To keep up, support, and foster mechanical items like PC, PCs, power hardware, powerful beams, and 

engine motors are exceptionally compelling in different modern strategies. Nanofluids have promisingly expanded 

their usefulness and results for industrial purposes. Examining non-Newtonian liquids has made an impressive 

consideration because of their escalated mechanical and designing applications. Instances of these liquids are 

suspensions, paints, emulsions, greases, paints, and numerous organic liquids. Recently, Shafiq et al. [1] explored 

the concept of nanofluid among Bioconvective Newtonian heating in the presence of chemical reaction by 

shooting procedure following RKF scheme. Hall and Ion effects over three-dimensional exponential stretching 

surfaces in non-Newtonian nanofluids were studied by Ibrahim and Anbessa [2]. Rana et al. [3] discussed the 

thermal convection flow by using monophasic model utilizing FEM technique. Goyal et al. [4] presented 

thermodiffusive effects in MHD nanofluid towards power law stretching surface by employing GFEM technique. 

Rana et al. [5] follows the Boussinesq approximation to discussed nonlinear flow by utilizing ANOVA. Also, 

three-dimensional convective MHD nanofluid flow for alumina particles was studied by Gupta et al. [6] by 

employing OHAM. In recent years, nanofluid flow in the presence of Magnetohydrodynamics under different 

physical aspects has been explored by authors [7-11].  

The examination of non-Newtonian liquids has made an impressive consideration because of their escalated 

mechanical and designing applications. Instances of these liquids are suspensions, paints, emulsions, greases, 
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paints and numerous organic liquids. The regular highlights of every one of these day by day experienced items 

are that they don't submit to Newton's law of thickness. Consequently, these liquids are famous as non-Newtonian 

liquids. Accordingly, to contemplate broadening and inherent thermo-actual qualities of these intricate liquids, 

different liquid models have been proposed. These models are essentially called viscoelastic and inelastic liquids, 

polar liquids, anisotropic liquids, and miniature organized fluids. Gupta et al. [12] investigated the multiple 

solutions for Casson nanofluids with thermodiffusive effects along chemical reaction over 3D stretching surface 

by following shooting technique. Bio-convective three-dimensional slip flows in the presence of gyrotactic micro-

organisms with chemically reactive non-Newtonian nanoparticles have been explored by Nayak et al. [13] by 

following bvp4c function in MATLAB. Ramzan et al. [14] presented 3D stretching surface for a viscoelastic 

nanofluid and found that temperature rises with a rise in Dufour parameter. Non-linear radiative impact on 3D 

surfaces in the presence of convective conditions has been analyzed by Mallikarjuna et al. [15]. Ramamoorthy 

and Pallavarapu [16] presented the Williamson fluid model with thermal radiation and magnetohydrodynamic 

flow by 3D stretching surface. Khan et al. [17] showed the impact of gyrotactic micro-organisms in Oldroyd-B 

nanofluids by employing theoretical treatment over an exponential surface. Recent research on non-Newtonian 

nanofluids in presence of MHD flow formation has been presented by the researchers in [18-25]. 

With all the above examinations done by different scientists and broad mechanical just as designing applications 

at the top of the priority list, we are therefore expecting to unfurl the meaning of three-dimensional 

magnetohydrodynamic flows over a permeable stretching surface in the presence of non-Newtonian nanofluid by 

following Buongiorno's model. RKF algorithm is used to calculate numerical results in the form of tables and 

graphs. In particular, the present study of various controlling parameters, especially non-Newtonian Casson fluid, 

chemical reaction, and nanoparticles, makes this research novel. The details of this research are planned as 

follows. In Section 2, the materials and methods part is introduced. The received mathematical strategy is clarified 

in Section 3. The entire summary with diagrams and their interpretation of various controlling fluid parameters 

are elucidated in section 4. Ultimately, Section 5 closes the present study and includes the central discoveries of 

the current investigation. 

2. Materials and Methods 

Three dimensional Casson nanofluid model induced by a permeable stretching surface with 

magnetohydrodynamic flow is considered. In this model, thermophoresis and Brownian motion impact of 

nanofluid have been incorporated among stretched velocities 𝑼𝒘 = 𝒂𝒙 and 𝑽𝒘 = 𝒃𝒚 in 𝒙 and 𝒚 direction serially. 

Governing equations are (see [26-28]): 
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Using similarity variables (See [29]): 
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Final transformed D.E’s are:          
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Fig. 1: Schematic diagram 
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Reduced B.C’s are: 
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Non-dimensional physical quantities are: 
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Reduced physical quantities of interest are: 
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3. Numerical scheme 

The arrangement of D.E's (8)-(11) with B.C's (12) are addressed mathematically by utilizing RKF procedure 

following the Shooting procedure by utilizing ODE45 solver in MATLAB R2014a, and these arrangement of 

conditions are changed over into ten 1st order D.E's as 
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4. Results and Discussion 

Table 1 presents outcomes for – Θ′(0) when compared with Abolbashari et al. [30] and Gorla and Sidawi [31] for 

prominent values of Prandtl number 𝑃𝑟 along with the residual errors. It is observed from the table that results 

obtained from the numerical simulation are highly accurate and have very little residual error. Results for 𝑓′′(0) 

and 𝑔′′(0) for variable in the values of stretching ratio parameter ranging from 0.0 − 8.0 and Casson fluid 

parameter ranging from 0.1 − 0.9 when 𝐾 = 0.1, 𝑀 = 1.5, 𝑃𝑟 = 0.73, 𝑁𝑏 = 0.1, 𝑁𝑡 = 0.5, 𝐿𝑒 = 2.0 are shown 

in Table 2. 

Table 1: Results for – 𝚯′(𝟎) with variation in Pr: A comparison 

 

𝑷𝒓 
Abolbashari 

et al. [30] 

Residual 

Error 
Gorla and 

Sidawi [31] 

Residual 

Error 

Present 

result 

2 0.9114 -0.00055 0.9114 -0.00055 0.91135 

7 1.8905 0.00000 1.8954 -0.00490 1.89540 

20 - - 3.3539 0.00000 3.35390 

70 - - 6.4622 0.00001 6.46219 

 

 

Table 2: Results for 𝒄 and 𝜷 with 𝑲 = 𝟎. 𝟏, 𝑴 = 𝟏. 𝟓, 𝑷𝒓 = 𝟎. 𝟕𝟑, 𝑵𝒃 = 𝟎. 𝟏, 𝑵𝒕 = 𝟎. 𝟓, 𝑳𝒆 = 𝟐. 𝟎 

 

𝒄 𝜷 𝒇′′(𝟎) 𝒈′′(𝟎) 

0.0 0.1 -0.572112 -0.51645943 

2.0  -0.624727 -0.671375152 

4.0  -0.672729 -0.79608024 

6.0  -0.717334 -0.90349963 

8.0  -0.759231 -0.999325368 

2.0 0.1 -0.624727 -0.671375152 

 0.3 -0.915383 -0.995627838 

 0.5 -1.079947 -1.178022181 

 0.7 -1.190544 -1.300354577 

 0.9 -1.271079 -1.389345923 

 

 

Table 3: Values of 𝑵𝒖𝒙𝑹𝒆𝒙
−𝟏/𝟐

 for variables 𝑵𝒃, 𝑷𝒓 
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𝑵𝒃 𝑷𝒓 𝑵𝒖𝒙𝑹𝒆𝒙
−𝟏/𝟐

 

2 0.73 0.33065 

4 
 

0.10494 

6 
 

0.03034 

8 
 

0.00828 

10 
 

0.00218 

0.1 0.1 0.28959 
 

0.2 0.44883 
 

0.3 0.56678 
 

0.4 0.65905 
 

0.5 0.73401 

 

Table 4: Values of 𝑺𝒉𝒙𝑹𝒆𝒙
−𝟏/𝟐

 for variables 𝑷𝒓, 𝑵𝒕, 𝑵𝒃, 𝑳𝒆 

𝑷𝒓 𝑵𝒕 𝑵𝒃 𝑳𝒆 𝑺𝒉𝒙𝑹𝒆𝒙
−𝟏/𝟐

 

0.1 0.5 0.1 2.0 -0.37389 

0.2 
   

-0.46996 

0.3 
   

-0.48351 

0.4 
   

-0.46462 

0.5 
   

-0.42381 

0.73 1 
  

-1.31182 
 

1.5 
  

-1.80865 
 

2 
  

-1.92854 
 

2.5 
  

-1.79595 
 

3 
  

-1.50237 
 

0.5 0.01 
 

-17.92028 
  

0.02 
 

-8.11443 
  

0.03 
 

-4.84604 
  

0.04 
 

-3.21201 
  

0.05 
 

-2.23173 
  

0.1 1 -1.32196 
   

2 -0.27216 
   

3 0.39794 
   

4 0.90612 
   

5 1.32325 
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Fig. 2: (a) Velocity profile for 𝒄, (b) Velocity profile for 𝜷, (c) Temperature profile for 𝑵𝒃 and (d) 

Temperature profile for 𝑷𝒓. 

 

Also, Table 3 shows the values of 𝑁𝑢𝑥𝑅𝑒𝑥
−1/2

 against 𝑁𝑏 (2.0 ≤ 𝑁𝑏 ≤ 10.0) and 𝑃𝑟 (0.1 ≤ 𝑃𝑟 ≤ 0.5) with 

fixed values of parameters as 𝑐 = 2.0, 𝐾 = 𝛽 = 0.1, 𝑀 = 1.5, 𝑁𝑡 = 0.5, 𝐿𝑒 = 2.0. Furthermore, Table 4 

displayed the numerical values of 𝑆ℎ𝑥𝑅𝑒𝑥
−1/2

 against crucial parameters 𝑃𝑟, 𝑁𝑡, 𝑁𝑏 and 𝐿𝑒 when 𝑐 = 2.0, 𝐾 =

𝛽 = 0.1, 𝑀 = 1.5. Figure 2 comprises the graphical representation of horizontal and tangential velocity against 

parameters 𝑐 (0 ≤ 𝑐 ≤ 8), 𝛽 (0.1 ≤ 𝛽 ≤ 0.9) and temperature profile under the influence of 𝑁𝑏 (2 ≤ 𝑁𝑏 ≤ 10) 

and 𝑃𝑟 (0.1 ≤ 𝑃𝑟 ≤ 0.5). Figure 2(a) shows that non-dimensional velocity profile, 𝑓′(𝜂), 𝑔′(𝜂) (shown by solid 

and dotted lines, respectively) against stretching ratio parameter 𝑐 and 𝑓′(𝜂), 𝑔′(𝜂) declines for higher 𝑐. Variation 

in 𝑓′(𝜂), 𝑔′(𝜂) under the impact of Casson parameter has been displayed in Figure 2(b). Since the fluid is non-

Newtonian thus, sheer stress is produced, which ultimately declines the velocity profile for higher values of 𝛽. 

Also, figure 2(c) represents the temperature field against controlling nanofluid parameter 𝑁𝑏 and shows that 𝜃(𝜂) 

enhances with enhancement in 𝑁𝑏 from 𝑁𝑏 = 2.0 to 𝑁𝑏 = 10.0. This is due to the random motion of 

nanoparticles produced by suspended particles that consequently raises the width of boundary layer. Furthermore, 

a graphical representation of temperature for the Prandtl number is shown in Figure 2(d). This figure elaborates 

that the temperature behavior of the Prandtl number is reversed to that of 𝑁𝑏, which is due to the declination of 

diffusion rate for higher 𝑃𝑟. 
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Fig. 3: (a) Concentration distribution for 𝑷𝒓, (b) 𝑵𝒕, (c) 𝑵𝒃 and (d) 𝑳𝒆. 

Figure 3 shows the concentration distribution against Pr(0.1 ≤ 𝑃𝑟 ≤ 0.5),𝑁𝑡(1.0 ≤ 𝑁𝑡 ≤ 3.0), 𝑁𝑏(0.01 ≤

𝑁𝑏 ≤ 0.05) and 𝐿𝑒 (1.0 ≤ 𝐿𝑒 ≤ 5.0). Figure 3(a) displays the impact of 𝑃𝑟 over the concentration field. This 

figure shows that a higher Prandtl number 𝑃𝑟 declines nanoparticle concentration due to a lower diffusivity value 

because diffusivity rate and Prandtl number are inversely proportional to each other. Variation in Φ(𝜂) against 

nanofluid parameter thermophoresis is shown via Figure 3(b), and this graph represents that concentration rises 

with the rise in 𝑁𝑡. Consequently, the Sherwood number declines for higher 𝑃𝑟, which can be visualized in Table 

4. Figure 3(c) portrays the variation in concentration profile under the impact of nanofluid parameter 𝑁𝑏. Higher 

𝑁𝑏 falls down boundary layer thicknesses that ultimately decrease nanoparticle concentration, as seen in Figure 

3(c). Figure 3(d) displays the graphical representation for Lewis number over nanoparticle concentration, and it 

is noticed that Φ(𝜂) decreases for more 𝐿𝑒. Moreover, all plots of this figure fall distinctly upto 𝜂 = 4.0 

(approximately) when 𝐿𝑒 (1.0 ≤ 𝐿𝑒 ≤ 5.0) and meets the convergence criterion. 
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Fig. 4: Contour plots for Skin friction coefficient against (a) 𝑳𝒆 & 𝑵𝒃, (b) 𝑴 & 𝑵𝒕, (c) 𝑵𝒕 & 𝑵𝒃 and (d) 

𝑷𝒓 & 𝑵𝒃 when 𝑪𝒓 = 𝟎. 𝟕, 𝒄 = 𝟐, 𝑲𝟏 = 𝟎. 𝟏, 𝜷 = 𝟎. 𝟏, 𝑴 = 𝟏. 𝟓, 𝑷𝒓 = 𝟎. 𝟕𝟑, 𝑵𝒃 = 𝟎. 𝟏, 𝑵𝒕 = 𝑳𝒆 = 𝟎. 𝟓. 

 

Figure 4(a)-4(d) shows the impact of skin friction under the influence of  𝐿𝑒 & 𝑁𝑏, 𝑀 & 𝑁𝑡, 𝑁𝑡 & 𝑁𝑏 and 

𝑃𝑟 & 𝑁𝑏 when 𝐶𝑟 = 0.7, 𝑐 = 2, 𝐾1 = 0.1, 𝛽 = 0.1, 𝑀 = 1.5, 𝑃𝑟 = 0.73, 𝑁𝑏 = 0.1, 𝑁𝑡 = 𝐿𝑒 = 0.5 via 

contour plots. Skin friction coefficient augmented with augmentation in 𝐿𝑒 & 𝑁𝑏 as visualized in Figure 4(a). 

Figure 4(b) manifests the impact of skin friction against 𝑀(1 ≤ 𝑀 ≤ 2) & 𝑁𝑡(1 ≤ 𝑀 ≤ 3), and it shows that 

for higher values of 𝑀 & 𝑁𝑡, enhancement in value of skin friction has been noticed. The same impact of skin 

friction when a rise in values of 𝑁𝑡 & 𝑁𝑏 has been noticed, as presented in Figure 4(c). Figure 4(d) illustrates 

skin friction against 𝑃𝑟 & 𝑁𝑏. For higher 𝑃𝑟(1 ≤ 𝑃𝑟 ≤ 3)& 𝑁𝑏(1 ≤ 𝑁𝑏 ≤ 3), skin friction coefficient rises 

up as shown in Figure 4(d). Figure 5(a)-5(d) shows impact of Nusselt number 𝑁𝑢𝑥𝑅𝑒𝑥
−1/2

 against 𝑁𝑏 & 𝑐, 

𝑁𝑏 & 𝐿𝑒, 𝑁𝑏 & 𝑁𝑡 and 𝑁𝑏 & 𝑃𝑟 respectively. In Figure 5(a), 𝑁𝑢𝑥𝑅𝑒𝑥
−1/2

 enhances with a rise in 𝑁𝑏 but 

declines when there is an increase in 𝑁𝑏 and 𝑐(2.5 ≤ 𝑐 ≤ 4.5). Impact of 𝑁𝑢𝑥𝑅𝑒𝑥
−1/2

 against 𝑁𝑏(1.0 ≤

𝑁𝑏 ≤ 3.0) for different 𝐿𝑒(1.0, 1.2, 1.4, 1.6, 1.8) has been visualized in Figure 5(b). This plot shows that 

𝑁𝑢𝑥𝑅𝑒𝑥
−1/2

 falls with a rise in both 𝑁𝑏 & 𝐿𝑒. Figure 5(c) and 5(d) manifests influence of 𝑁𝑢𝑥𝑅𝑒𝑥
−1/2

 over 

𝑁𝑏 & 𝑁𝑡 and 𝑁𝑏 & 𝑃𝑟 respectively. Both the plots show Nusselt number, 𝑁𝑢𝑥𝑅𝑒𝑥
−1/2

 declines with a rise in 
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𝑁𝑏 (1.0 ≤ 𝑁𝑏 ≤ 3.0) & 𝑁𝑡(0.1, 0.2, 0.3, 0.4, 0.5) and 𝑁𝑏(1.0 ≤ 𝑁𝑏 ≤ 3.0) & Pr (1, 2, 3, 4, 5) as visualized 

in Figure 5(c) and 5(d) serially. 

 

Fig. 5: Nusselt number against a) 𝑵𝒃 & 𝒄, (b) 𝑵𝒃 & 𝑳𝒆, (c) 𝑵𝒃 & 𝑵𝒕 and (d) 𝑵𝒃 & 𝑷𝒓. 

 

5. Conclusion 

This study has considered three-dimensional magnetohydrodynamic flows in non-Newtonian nanofluids over 

permeable stretching surfaces. Final results and residual errors are compared with Abolbashari et al. [30] and 

Gorla and Sidawi [31]. Good agreement regarding the convergence criterion has been observed. The main fallout 

of current research are: 

• Brownian motion parameter 𝑁𝑏 amplifies temperature distribution whereas higher Prandtl number 𝑃𝑟 

lessens temperature profile. 

• Velocity profiles (horizontal and tangential) decline for higher stretching ratio parameter 𝑐 and Casson 

fluid parameter 𝛽. 
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• Augmentation in 𝑃𝑟, 𝑁𝑏, and 𝐿𝑒 will help to decline the concentration of the nanofluids while higher 

thermophoresis  reverses the impact on concentration due to temperature gradient and mass flux.   

The resulting outcomes of the current research help the technological, biological, and manufacturing fields 

produce the desired product. Additionally, recent research can be extended by adding gyrotactic micro-organisms 

with Stefan blowing impact in non-Newtonian nanofluids over different geometries. 

 

Nomenclature: 

 

, ,x y z  Coordinate axes 

  Kinematic viscosity 

  Casson parameter 

  Electrical conductivity 

1k  Permeability parameter 

,u v  Velocity components 

C
 Ambient concentration 

T
 Ambient temperature 

rC  Non-dimensional chemical reaction parameter 

Nt  Thermophoresis parameter 

Pr  Prandtl number 

TD  Thermophoresis diffusion coefficient 

k  Thermal conductivity 

BD  Brownian diffusion coefficient 

xSh  Sherwood number 

Le  Lewis number 

  Similarity variable 

, ,a b c  Constants 

C  Concentration 

T  Temperature 

wC  Wall Concentration 

xNu  Nusselt number 

wT  Wall temperature 

( )p f
C  Heat capacity of the fluid 

M  Magnetic parameter 

1K  Permeability parameter 

,x yCf Cf  Axial and transverse skin friction coefficients 

xRe  Reynolds number 
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( )p p
C  Heat capacity of the particle 
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