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Abstract

Let f:V(G) — {1,2,...,p + q} be an injective function. For a vertex labeling f the induced edge labeling

_ ; ; _ [f@P+f@)® fWi+f )3 : )
f(e = uv) is defined by f(e) = farrmrl O f(u)2+f(v)21’ then f is called Super Lehmer -3 mean

labeling, if {f (V(6))} U {f(e)/e € E(G)} ={1,2,3,..,p + q}. A graph which admits Super Lehmer — 3
Mean Labeling is called Super Lehmer — 3 Mean graphs. In this paper, we prove that path union related
graphs such as path union of two cycle, path union of three cycle, k — path union of two cycle with path
Py, path union of two crown, path union of three crown and k — path union of two crown with path P, are
all super lehmer — 3 mean graph.
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I. INTRODUCTION

In this paper we consider the graphs which are simple, finite and undirected with p vertices and q edges. For a
detailed survey of graph labeling, we refer to Gallain [1]. For all other standard terminology and notations, we
follow Harary [2]. The concept of some more results on Lehmer — 3 mean labeling of graphs has been
introduced by Somasundaram. S, Sandhya.S.S and Pavithra. T.S [3] and also proved that some Super Lehmer
— 3 mean labeling and k — Super Lehmer — 3 mean labeling graphs [4,5,6]. In this article, we investigate the
Super Lehmer — 3 mean labeling of path union related graphs. Some new examples are presented and verified.
We now give the definitions which are necessary for the present investigation.

Definition 1.1:
A graph G = (V, E) with p vertices and g edges is called Lehmer — 3 mean graph. If it is possible to
label vertices x € V with distinct labels f(x) from 1,2,3, ...,q + 1 in such a way that when each edge e = uv

. : _ _ [f@3P+r )3 Fa3+f )3
is labeled with f(e = uv) = f(u)2+f(v)2] Pt

called Lehmer — 3 mean labeling of G.

J, then the edge labels are distinct. In this case f is

Definition 1.2:
Let f:V(G) - {1,2,...,p + q} be an injective function. For a vertex labeling f the induced edge

; _ : : _ [fa3+r )3 F@3+rw)?
labeling f (e = uv) is defined by f(e) = ) Pt

labeling, if {f (V(6))} U{f(e)/e e E(G)} ={1,2,3,..,p + q}. A graph which admits Super Lehmer — 3
mean labeling is called Super Lehmer — 3 Mean graph.

J, then f is called Super Lehmer -3 mean

Definition 1.3:
A walk in which u,u, ... u,, are distinct is called a path. A path on m vertices is
denoted by B,,.
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Definition 1.4:
A closed path is called a cycle. A cycle on m vertices is denoted by C,,.

Definition 1.5:
The Corona of two graphs G, and G, is the graph ¢ = G; © G, formed by taking one copy of G, and
|V (G,)| copies of G, where the i*" vertex of G, is adjacent to every vertex in the it* copy of G,.

Definition 1.6:
The union of two graphs G, = (V4,E;) and G, = (V,, E,) isagraph G = G, U G,
with vertex set V = V; U V, and the edge set = E; U E,.

Definition 1.7:
Let G4, G, ..., Gy, n = 2 be n copies of a fixed graph G. The graph G obtained by adding an edge
between G; and G;,, fori = 1,2,...,n — 1 is called a path union of G.

Definition 1.8:
The k — path union of two cycles C,, is the graph obtained by joining two vertices from two copies of
C,, by a path P, of length k — 1.

I1. Main Results
In this paper, we investigate the Super Lehmer — 3 mean labeling of path union related
graphs.

Theorem 2.1
Path union of two cycles is a super lehmer — 3 mean graph.

Proof:
Let ay, ay, ..., ay, and by, b, ..., by, be the vertices of two cycles C,, in G.
LetV(G) = {ay,ay, ..., Ay, b1, by, oo, b}
E@G)={aa;4, /1 <i<m-1}U{bb,,/1<i<m-—1}
U {a,ay, byby, ab,}.
Define a function f: V(G) - {1,2, ...,4m — 1} by
fla) =2i+1 forl<i<m-1
flayn) =1
fb)=2m+2i+1 fori1<i<m-1
f(byp) =2m+1
Then the edge labels are distinct.
Hence f is a super lehmer — 3 mean labeling of G.

Example 2.1.1:
The super lehmer — 3 mean labeling of path union of two cycles C; is given below:

3 15
1 5 13 17
Figure 1
9 21

1426



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 44 No. 2 (2023)

Theorem 2.2
Path union of three cycles is a super lehmer — 3 mean graph.

Proof:
Let a,,a,, ... ay, by, by, ..., by, and ¢y, ¢y, ..., ¢,y be the vertices of three cycles C,, in G.
LetV(G) ={ay,ay, ... @y, b1, by, ooy by, €1, Cop ooy Cn )
E@G) ={aia;41/1<i<m-1}U{bbiy,/1<i<m-—1}
U{ciciy1 /1 <i<m—-1}U{apnay, a1by, byby, bicy, ey}

Define a function f:V(G) = {1,2, ...,6m — 1} by
fla) =2i+1 fori<i<m-1
f(am) =1
fh;))=2m+2i+1 fori1<i<m-1
f(bm) =2m+1
flc)=4m+2i+1for1<i<m-1
flen) =4m+1

Then the edge labels are distinct.
Hence f is a super lehmer — 3 mean labeling of G.

Example 2.2.1:
The super lehmer — 3 mean labeling of path union of three cycles C; is given below:

3 13 23

Theorem 2.3
k — path union of two cycles with path P, is a super lenmer — 3 mean graph.

Proof:
Let ay, ay, ..., a, and by, b, ..., by, be the vertices of two cycles G, in G.
Let a; = ¢y, ¢y, .-, € = by be the vertices of the path P,.
Define a function f: V(G) - {1,2, ...,2m + k} by

fla)=i+1 fori<is<m-1
f(am)=1

fb)=m+k+i fori<i<m-1
f(by) =m+k

flc)=m+i—1for2<i<k-1
Then the edge labels are distinct.

Hence f is a super lehmer — 3 mean labeling of G.
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Example 2.3.1:
The super lehmer — 3 mean labeling of k —path union ofCs is given below:

2 6 7 8 11
1 3 10 12
> 4 14 13
Figure 3
Theorem 2.4

Path union of two crowns is a super lehmer — 3 mean graph.

Proof:

Let ay, ay, ..., a, and by, b, ..., by, be the vertices of two cycles G, in G.

Let ai, a3, ... a,, be the pendent vertices attached at a,, a,, ..., a,, respectively and b, b,
pendent vertices attached at by, by, ..., b, respectively.

Define a function f:V(G) = {1,2,...,8m — 1} by
fla) =4i+1 fori<i<m-—1
f(am)= 1
f(b))=4m+4i+1forl<i<m-1
f(by) =4m+1
fla)) =4i+3for1<i<m-1
flam) =3
fb))=4m+4i+3fort<i<m-1
f(by) =4m+3

Then the edge labels are distinct.
Hence f is a super lehmer — 3 mean labeling of G.
Example 2.4.1:

The super lehmer — 3 mean labeling of path union of two crownC; is given below:

7 23
5 11 19 21
3 1 9 L ® 17 25 27
13 29
Figure 4
15 31

..., by, be the
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Theorem 2.5
Path union of three crown is a super lehmer — 3 mean graph.

Proof:

Let a,,a,, ... ay, by, by, ..., by, and ¢y, ¢y, ..., ¢,y be the vertices of three cycles C,, in G.

Let a;, ay, ... a;, be the pendant vertices attached at a,, a,, ... a,, respectively and by, b5, ..., by, be the
pendant vertices attached at by, by, ..., by, respectively and c;, c3, ..., ¢y, be the pendant vertices attached at
€1, Co, -, CplESPECtively.

Define a function f: V(G) - {1,2,...,12m — 1} by

fla) =4i+1 fori<i<m-1
flan) =1
f(a)) =4i+3 forit<i<m-1
flaw) =3

fh))=4m+4i+1 fori<i<m-1
f(by) =4m+1
f(b)=4m+4i+3 fori<i<m-1
f(bp) =4m+3
flc)=8m+4i+1 fori1<i<m-1
flcp) =8m+1
fch=8m+4i+3 fori1<i<m-—-1
flch) =8m+3

Then the edge labels are distinct.

Hence f is a super lehmer — 3 mean labeling of G.

Example 2.5.1:
The super lehmer — 3 mean labeling of path union of three crownCjy is given below:

7 23 39
5 11 19 21 27 35 37
3 1 9 o o 17 25 33 41
13 AL 29 45
15 31 47

Theorem 2.6

k —Path union of two crownwith path P, is a super lehmer — 3 mean graph.
Proof:

Let ay, ay, ..., a, and by, b, ..., by, be the vertices of two cycles G, in G.

Let a; = ¢y, ¢y, ..., ¢ = bybe the vertices of the path Py.

Let aj, a3, ... a;, be the pendent vertices attached at a,, a,, ..., a,, respectively and bs, b, ..., by, be the
pendent vertices attached at by, b, ..., by, respectively.

Define a function f: V(G) - {1,2,...,.4m + k — 1} by

fla;)) =2i—1for1<i<m
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f(aj) =2ifor1<i<m
f(b)=2m+k+2i—-2for1<i<m
f(bj)=2m+k+2i—1for1<i<m
flc))=2m+ifor2<i<k-1

Then the edge labels are distinct.

Hence f is a super lehmer —3 mean labeling of G.

Example 2.6.1:
The super lehmer — 3 mean labeling k —path union of C; is given below::

2 15
10 11 12 13

L 4 L 4

4 21 14
8 ° L 20 16 17
) 18
Figure 6
6 19
111 CONCLUSION

As all graphs are not super lehmer — 3 mean graphs, it is very interesting to investigate graphs which admits
super lehmer — 3 mean labeling. In this paper,we prove that path union of some cycle, crownare super lehmer
3 mean graphs. Then, we present six new results on super lehmer — 3 mean labeling of graphs. It is possible to
investigate similar results for several other graphs.
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