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Abstract:
The concept of semi centralizing automorphism of rings is generalized as Semi -
centralizing pair of automorphisms of rings and more general results are obtained.

1. Introduction:

Let T be an automorphism of ring. It is called commuting automorphism of R if x T(x)= T(x) X, V X € R and it
is called a semi-commuting automorphism if either x T(x)= T(x) x (or) x T(X)=-T(x) x , for each x € R . In[1]
L.O. Chung and J.Luh have proved that a prime ring R of characteristic # 2,3 possessing a non — trivial semi —
commuting automorphism is necessarily a commutative integral domain. In[5] A.Kaya and C. Koc have
defined semi — centralizing automorphism of a ring and proved that every semi — centralizing automorphism of
a prime ring is commuting.

In this paper we generalize the concept of semi-centralizing automorphism of a ring as semi — centralizing pair
of automorphism of a ring and more general results areproved.

2. Preliminary:
In this section we shall recollect some known definitions and results foreasy reference.

Definition 2.1

Let T be an automorphism of a ring R. T is called

i ) acommuting automorphism if x T(x) = T(x) x, V Xx € R and

i ) an anti commuting automorphism if x T(x) =-T(X) x, VXER..

ii ) a semi commuting automorphism if either x T(x) = T(x) x (or) X T(x) =-T(x) x

VXER.

iv ) a centralizing automorphism if x T(X) - T(X) x€Z,VXER.

v ) ananti - centralizing automorphism if x T(X) + T(xY) X€ Z, VX ER..

vi) a semi — centralizing automorphism if either x T(x) — T(x) x € Z(onxT(X) + T(X) x€Z,VXER.
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Definition 2.2 [5]

Let T be an automorphism of R, we defineR+={xX e R/XT(X)-T(X)x€eZ}and R-={X€eR/XT(X)+
T(X) X € Z}Lemma 2.3 [5]

Let R be any ring and T be a semi centralizing automorphism of R.

IfxyeR+{respinR-}

thenx+yeR+(respinR-)ifandonlyif x—yeR+(respinR-).

Lemma 2.4 [5]
Let R be a prime ring and if y" = 0, for all y ¢ R + where n>1 is a fixed integer, then y"* = 0.

Lemma 2.5 [4]
Let R be prime ring with non-trivial centralizing pair of automorphisms S and T such that S#T. Then R is a
commutative integral domain.

3. Main Results :

Definition 3.1

Let S and T be two non — trivial automorphisms of a ring. They are called ,a ) a commuting pair of
automorphism if S(x) T(x) = T(x) S(x) , VX € R.

b ) an anti — commuting pair of automorphisms if S(x) T(x) =- T(X) S(X) , V X € R.c) a semi — commuting pair
of automorphism if either S(x) T(x) = T(X) S(x) (or)

S(X) T(X) =-T(x) S(x) , VX ER.

d) a centralizing pair of automorphism if S(x) T(x) — T(x) S(X) € Z, VX ER.

e ) an anti — centralizing pair of automorphisms if S(x) T(x) + T(x) S(X) € Z, V x € R.f) a semi — centralizing
pair of automorphism if either S(x) T(x) — T(x) S(x) € Z (or)

SX)T(X) + T(x) S(x) e ZforallxeR..

Definition 3.2
Let R be anyring and S and T be two maps from R into R. We define,R + = { x € R/ S(x) T(x) — T(x) S(x) €
Z}and,
R-={xeR/S(X) T(x) + T(x) S(x) eZ}.
Remark 3.3
If S and T are semi centralizing automorphisms of R.ThenR=R+ UR -.

Lemma 3.4
Let R be anyring and S and T be non — trivial automorphisms of R.
IfxXyeR-{respinR+}thenx+y€eR-(respinR+)ifandonlyifx—yeR-
(respinR+).
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Proof :

Letx,yER-.

Then S(x) T(x) + T(X) S(x) € Z 1 >

S(y) T(y) + T(y) S(y) € Z 2—>
X+y€ER- iff S(x +y) T(x+y) + T(x+y) S(x+y) € Ziff (S(x) +S(y)) (T()+T(y)) + (T()+T(y))

(SX)+S(y)) € Z

iff S(x) T(x) + S(x) T(y)+ S(y) T(x) + S(Y)T(y)

T(x) S(x) + T(x) S(y)+ T(y) S(x) +T(y) S(y) € Z

Using (1) and (2) , we get

X+Yy€eR-iff S(X) T(y) +S(y) T(x) + T(X) S(y) + T(y) S(x) € Z.

iff -S(x) T(y) - S(y) T(x) - T(x) S(y) - T(y) S(x) € Z..

iff S(x) T(x) —S(x) T(y) —S(y) T(x) + S(y) T(y) + T(X) S(x) — T(x) S(y)- T(y) S(x)
+T(y) S(y) € Z . iff S(x) (T(x) — T(y)) — S(y) (T(xX) = T(y)) + T(x) (S(x) —S(y)) - T(y) (S(x) —S(y))€Z
iff (S(x) —S(y)) (T(X) —T(y)) + (T(X) - T(y)) (S(X) -S(y)) €Z,V X,y ER.
iffSX-yY)TX-yY)+TX-y)S(X-y)€EZ, VX, YER.ffX-YyER-.

Repeating the above argument it can be proved that x +y e R +

iff Xx—yeR+.

Remark 3.5
Taking S =1 ,the identity automorphism of R , we get lemma 1[5]

Lemma 3.6
Let R be a prime ring and S and T be semi centralizing pair ofautomorphisms of R.
Ify € R+, then S(y?) T(y?) = 0.

Proof :

Casei) CharR # 2.

Since S and T are semi centralizing automorphisms of R, we haveR =R+ UR - .
If y¢R+,thenyeR-.

So, S(y) T(y) + T(y) S(y) € Z

Hence [S(y) T(y) + T(y) S(y) , S(y)] =0

e, [S(y) T(y), S()] + [T(y) S(y) , S(y)] =0
S(y) [T(y) . S()] + [S(y), S T(y) + T(y) [S(y).S(y)] + [T(y).S(y)] S(y) =0Oi.e, S(y) [T(y).S(y)] + [T(y),
S(y)IS(y)=0

S(y) (T(y) S(y) —S(y) T(y)) + (T(y) S(y) - S(y) T(y)) S(y) =0

S(y) I(T(y) S(y) — S(y?) T()I + [T(y) S(¥?) — S(y) T(y) S(y))| = 0S(y?) T(y) - T(y) S(y*) =0

i.e, [S(y?), T(y)]=0 Vye¢R+ > 2

Also [S(y) T(y) + T(y) S(y), T(W)] =0

e, [S(y) T(y), T(W] + [T(y) S(y) T(y)] =0

v
|
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S(Y) [T(Y) , TOT + [S(Y) , T(y) 1 T(y) + T(y) [S(y) T(¥)] + [T(Y) , T()] S(y) =0
(S(y) T(y) - T(y) S(y) ) T(y) + T(y) (S(y) T(y) - T(y) S(¥)) = 0.

e, S(y) T(y*) - T(y) S(y) T(y) + T(y) S(y) T(y) — T(y*) S(y) = 0.i.e, T(y*) S(y) - S(y) T(y*) = 0.

ie, [T(y?).S(y)]=0,vyeR+ > 3
Now, [S(y?+ ), T(y*+ y)] = [S(Y*) + S(y),T(y*) + T(y)]
= [S(y?),T(y*)] + [S(y?), T(W)] + [S(y), T(y*)] + [S(y), T(y)]

= S(Y)[S(Y), T(y*)] + [S(),T(Y*)] S(y) + [S(y), TW] [S(Y*+ y), T(y*+y)] = [S(Y). T(¥)] 4
Similarly, >
[S(Y?- y),T(y*- )] = [S(Y), T(Y)] > 5

Using (4) and (5), gives

[S(Y? + y). T(y*y)] = [S(y?- ). Ty - ¥)]

=[SW.TY)] VYyER+ > 6
Nowy & R +=> [S(y),T(y)] ¢Z.

Hence, [S(y* +y), T(y*+ y)] = [S(y*~y). T(y*~ 2)] & Z.
So neither y>+ y nor y>—ybelongsto R+ .Soy?+y € R -and y>-y € R —.

Sincey € R _, it is clear that ny € R — for all possible integer n.Now, (y>+y) + (yY>*~y) =2y ER—,

So by lemma 3.4

(Y +y) +(y*-y) =2y €ER~-.

Hence y’€ R —.

Hence S(y*) T(y*) + T(y?) S(y*) € Z

Now, S(y?) T(y*) = S(y) (S(y) T(y*))

= S(y) (T(y*) S(y)) (Using (3))

= (S(y) (T(y*)) S(y)

= (T(y?) S(y)) S(y) (Using (3))

S(y?) T(y*) = T(y?*) S(¥?)

From (7) and (8) we get,

2 S(y?) T(y?) =2 T(y?) S(y*) € Z

Hence S(y?) T(y?) = T(y?) S(y’) €Z,Vy ¢ R +
Since y?+ y € R+ using( 2) we get,[S(y?+ y)?, T(y2+y)] =0
[S(y*+2y°+y?)T(y*+y)]=0

[SOy*), T(y?)] + [S(y*), TW] + 2 [S(Y*), T(Y?)] + 2 [S(y*), T(Y)] + [S(Y*), T(y*)]
+[S(y?*), T(y)]=0.

Since y2¢ R+ by (2) [S(y*),T(y2)] = 0.

Now, [S(y*),T(y)] = S(y?) [S(y*), T()] + [S(y*), T(¥)] S(y*) =0.

Also ,[S(y?), T(y*)] = S(y?) [S(y), T(y*)] + [S(y?), T(y*)] S() -

= {SW)IS(y), T(y2)] + [S(Y), T(y*)] S(¥)} S(¥) (using (3))
=0.

Also,[S(y?), T(y*)] = S(y) [S(y), T(y*)] + [S(Y), T(V)IS(y)

=0

Hence, 2 [S(y®),T(y)] =0.

v

v

v
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Since, Char R # 2, we get[S(y®),T(y)] =0

i.e, S(y?)[S(y), T()] + [S(y*),T(y)] S(y) = Oi.e, S(y*) [S(y), T()] =0,Vy & R+.

= TY?) SOP)ISH).TW] =0, vy &R+.

By (9), T(y?) S(y?) € Z, Since R is prime and [S(y),T(y)] # 0, we have T(y?) S(y?) = 0.i.e, S(y?) T(y?) = T(y?
)S(y?)=0,Vy ¢ R+.

Case (ii) :

Char (R)=2.Thenx =-xV Xe R.

So every semi centralizing pair of automorphisms are centralizing pair of automorphisms. So byTheorem 2.5 [4
] they are commuting pair of automorphisms .

So, [S(y*),T(y*)] =0

e, S(y*) T(y?) - T(y*) S(y*) =0

e, S(y?) T(y?) =T(y*) S(y*) =- T(¥*) S(y?)

Now, 2 S(y?) T(y?) = S(y*) T(y*) + S(¥*) T(y*).

= S(y?) T(y?) - T(y*) S(y*).

=0.

Since Char R = 2, we get S(y?) T(y’) =0 ,Vy & R+.

Hence the proof.

Remark 3.8
Taking S = R, the identity automorphism of R, we get lemma 2[5].
Theorem 3.9

Let R be a prime ring and S and T be a semi centralizing pair ofautomorphisms of R. Then Sand T are
commuting pair of automorphisms.

Proof :
Let x € Rand y € R+. Consider the element x y>+y ,since S and T are semi
centralizing pair of automorphisms of R. We have
C=S(X Yy y?) +T (x y*+ y?) £ T(x y*+y2 ) S(x y*+ y*)€ Z.
.8, ¢=S(XY?)T(xy?) + S(X Y?)T(y?) + S(y*)T(x y*) + S(y?) T(y*) = T(x y*)S(x y?)
+T(x y?)S(y? )+ T(y?)S(x y*)+T(y*)S(y?) € Z.
Using lemma 3.6 we get
C=S(X y?)T(x y*) + SM)S(y*)T(y* )+S(y* ) T)T(Y?) + T(x y*)S(X y* I+ TO)T(y?)S(y?)
+T(y?)S(M)S(Y?) € Z.
Again using lemma 3.6, we get
¢ =SM)S(Y*)T)T(Y?) + S )TIT(Y?) + T)T(Y?*)S(X)S(y?) + T(y?)S(x) S(y?) € Z .
CT(Y?) = SE)SY*)TEIT(Y?)T(Y?) + Sy*) TOIT(Y*)T(Y?) + T)T(Y*)S)S(y*)T(Y)
+ T(y?)S(X)S(y*)T(y?) € Z .
Le, ¢ T(y?) = S)S(Y*)TQT(Y*) + S(Y*)TX)T(y") € Z.. > 1
Similarly considering the element x y?— y?, we get
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d T(y?) = S(X)S(y?)T(X)T(y*) — S(y*)T(X)T(y*) € Z, forsomed € Z . > 2
(1) - (2) gives,

(c—d) T(y*) =2 S(y*) T(x) T(y*).

“TY?) (C-d) T(Y?*) =2T(*) S(Y*) T®) T(y*) € Z. » 3

Using lemma 3.6, we get

(c—d) T(y*)=0(usingc-deZz)

Ifc#d, T(y*)=0andsoy*=0 > 4
If ¢ = d, then from (4) and (2), we get

S()S(Y*)TITY*) + S )T TY*) = SEIS(Y* ) TTY*) = SY*)TO)T(Y*) e, 2 S(y*)T()T(y*) =0
Since R is prime either S(y?) = 0 (or) T(y*) = 0.In either case we get y*= 0.

Thus if y ¢ R+, then y*=0 > 5
Then using lemma 2.4 repeatedly, we get y = 0, Hence R = R+ and so S and T are commutingpair of
automorphism of R.

Corollary 3.10

A prime ring R possessing a non — trivial semi centralizing pair of automorphism is a
commutative integral domain .
Corollary 3.11

A prime ring R possessing a non — trivial semi commuting pairof automorphism is a commutative
integral domain .

Proof :

Since every semi — commuting pair of automorphisms is asemi centralizing pair, we get the
result.
Remark 3.12

Taking S = R, the identity automorphism of R, we get Theorem [5].
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