Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 44 No. 3 (2023)

Steiner Distance Related Parameters of
Wheel graphs

LT.L. AbilaTheres, 2 V. Sheeba Agnes

1 Research Scholar, Department of Mathematics, Annamalai University,Annamalainagar — 608002, Tamil
Nadu, India. abilatl345@gmail.com

2 Assistant Professor, Department of Mathematics, Annamalai University,
Annamalainagar-608002, Tamil Nadu, India. juddish.s@gmail.com

Abstract

For a connected graphG of order at least 2 and S € V(G), the Steiner distance d; (S) among the vertices of S is
the minimum size among all the connected subgraphs whose vertex sets contain S. In this paper, we calculate
the Steiner distance parameters such as Steiner degree distance, Steiner Gutman index, Steiner Harary index and
Steiner reciprocal degree distance of a wheel graphs.
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1. Introduction

All graphs considered in this paper are undirected, finite and simple. The basic concept of graph theory is
distance. If G is a connected graph and u, v € V(G), then the distance d(u, v) between u and v is the length of a
shortest path between u and v. The degree of a vertex v in G is denoted by deg. (v).

The Steiner distance of a graph, introduced by Chartrand et al., is a natural generalization of the concept of
classical graph distance [4]. For agraph G(V,E) and aset S € V(G) of at least two vertices, the S-steiner tree or
Steiner tree connecting S is a subgraph T(V,E) of G that is a tree with S € V. The Steiner distance d;(S)
among the vertices of S is the minimum size among all connected subgraphs whose vertex set containss.

Li et al. [5] introduced the concept of Steiner Wiener index by using thegeneralization of Wiener index. The
Steiner Wiener indexSW, (G)of the graph G is defined by SW,.(G) = Xscv(s) dg(S).

IS|=k
Recently, Gutman[7] generalized the concept of Steiner degree distance by using Steiner distance. The Steiner
degree distanceSD D, (G) of G is defined by

SDDL(G) = > degs (v)l d; (5).

SCV(6), [VES

IS|=k
Recently,Y. Mao et.al [9] generalized the concept of Steiner Gutman index by using Steiner distance. The
Steiner Gutman indexSGut, (G) of G is defined by

SGut,(G) = 1_[ degq (v)l g (S).

SSV(G), Les
|S|=k

In 2018, Y.Mao[10]generalised the concept of Harary index in terms of Steiner distance. The Steiner Harary
index of G is defined as
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1

SEVG), dg (S)
IS|=k

SH(G)

In 2019, A.Babu et.al [1] introduced the concept of Steiner reciprocal degree distance of G as

[Xvesdege ()]

SRDD,(G) = NG)

SSV(6)

IS|=k
The Wheel graphW, with n vertices is defined to be the join of K; and C,,_;, where K, is the complete graph
and C,, is the cycle on n vertices. Clearly, |[V(W,)| = n and |E(W,)| = 2n — 2.The vertex corresponding to K;
is known as apex, while the vertices corresponding to C,_; are known as rim vertices.(see Figure: 1)

In 2020, X.Li et al. [6] computed the Steiner wiener index of wheel graphs. Followed by the results obtained in
[6], we obtain the Steiner parameters such as Steiner degree distance, Steiner Gutman index, Steiner Harary
index and Steiner reciprocal degree distance of a Wheel graph.

i

U5
FIGURE 1 {TWg)

2. Steiner Degree Distance of Wheel graphs

In this section, we obtain the Steiner distance and Steiner degree distance of a Wheel graph.

Theorem 2.1.LetGbe a wheel graphwithnvertices. Letk > 2be an integer andSbe a subset ofV/(G)with|S| =
k.Thenk — 1 < d;(S) < k,if2 < k <n —2.Alsod;(S) = k — 1ifk =n—1, n.

Proof. Let w be the apex in G andV(G) — {w} = {vy,v,,...,v,,_1} be the vertices in the outer cycle C,_;. Let
Scv() such that S| =k, where k=2 is an integer.
Case (i)2<k<n-2

Let S € V(G) with |S| = k. Clearly w € S or w & S. Suppose w € S. As w is adjacent to all the remaining
k — 1 vertices, which belongs to the outer cycle, we obtain an optimal steiner tree T, which is a star with w as
centre and k — 1 vertices as leaves. This tree T contains exactly k — 1 edges.

Now ifw & S, then S is the set of vertices on the outer cycle of G.

Suppose S is a set of k consecutive vertices, then G[S] is a path with k — 1 edges and thus we obtain a steiner
tree on k vertices with k — 1 edges.
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Otherwise, suppose S contains a set of k vertices in which at least one vertex is non-consecutive. Then we
obtain an optimal steiner tree T which is a star with w as centre and the vertices in S as leaves. Thus T contains
k edges.
Case (ii):k =n

Let S be a set with k = n vertices. By the structure of G, we see that there exists a steiner tree with w as centre
and remaining n—1 vertices as leaves. Therefore this tree has n—1=k—1 edges.
Case (iii)k=n—-1

Let S S V(G) with k =mn — 1 vertices. Clearly we S or w¢ S. Ifw € S and as w is adjacent to all the
remaining n — 2 vertices, which belongs to the outer cycle, we obtain an optimal steiner tree T, which is a star
with w as centre and n — 2 = k — 1 vertices as leaves. This tree T contains exactly k — 1 edges.

Now ifw & S, then S is the set of n — 1 vertices on the outer cycle of G.Then the minimum connected subgraph
G[S] is a path P on n — 1 vertices and n — 2 edges. Thus we have an optimal steiner tree T which contains
exactly k — 1 edges.

This completes the proof.

Theorem 2.2.LetG = W, be a wheel graph withn > 4vertices. Letkbe aninteger with2 < k < n.LetSbe a subset
ofV(G)with|S| = k.Then

SDDL(C) = 4(n —1)?, if k=n,
KT 4 -12(n-2)), ifk=n-1

2 _ _
andSDD, (G) = DA (1) _3k(n 1), if 2<k<n-2.

Proof. Let G = W, be a wheel graph with n vertices, n = 4. Let w be the apex in G and V(G) — {w} =
{vi,vy,...,v,_1} be the vertices in the outer cycle C,_;. Let k=2 be an integer with |S|=k.
Case (i):k = n.

Let S be a set of all vertices in the wheel graph. From the definition ofG, we have deg;(w) =n —1 and
deg;(v;) =3,1<i<n-—1. By Theorem 2.1, we haved;(S) =k —1=n—1 and hence Y, csdeg;(v) =
3(n—1)+ (n—1) = 4(n — 1). Therefore,

SDD,(G) > degs@|ds(s)

SCV(6), Les
|S|=k

4(n—-1n-1) =4(n-1)>2

Case (ii)k=n—-1
Let S € V(G) with k = n — 1 vertices. Clearly w € Sorw & S.

Ifw ¢ S, then S contains the vertices of the outer (n — 1)- cycle of G. By Theorem 2.1, we have d;(S) = k —
1 =n -2 and the degree of each vertex in the outer (n — 1)- cycle is 3. Then we have Y, csdeg;(v) =
3(n—1).

Suppose w € S. By Theorem 2.1, we have d;(S) =k — 1 =n — 2.Asw € S, the remaining k — 1 vertices can
be chosen from the vertices of (n — 1)- cycle.

Therefore Yoesdege (@) =[B3(n—2)+ (- DI,
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and hence SDD,(G) = Z degg (v)l dg(S)

SSV(G), Les
ISI=k

=4(n—-1)>2*(n-2).
Case (iii):2<k<n-2.
Let S € V(G) with k vertices. Thenw € Sorw ¢ S.

Ifw € S, then by Theorem 2.1, we have d;(S) = k — 1. Also as w € S, the remaining k — 1 vertices can be
chosen from the vertices of the outer (n — 1) — cycle in (Zj) ways. Therefore Y, esdege(v) = [(n—1) +

3(k—DIG).

If wesS, then by Theorem 2.1, we have k — 1 < d;(S) < k; S contains the vertices of the outer (n — 1) —
cycle of G.

In this case if we chooseS to be k consecutive vertices in the outer cycle, then there are n — 1 such sets
forn — 1 > k.and d;(S) = k — 1. The degree of each vertex in S is 3 and hence),csd eg; (v) = 3k(n — 1)

Otherwise, ifS € V(G), is a set of k vertices in the outer (n — 1) — cycle which contains at least one non-
consecutive vertex, then there are [(";") — (n — 1)] such sets with d;(S) = k.

Hence, Y csd egq (v) = 3k[(";1) —(n-— 1)].

SDD,(G) = [3k(n “ D +[(n=1) +3%k-1)] (” . 1)] (k—1)

+ [Bk [(" . 1) —(n- 1)]] O

2 — —
Therefore SDD (6) = =2 () _3p(n—1), if 2<k<n-2

This completes the proof.
3.SteinerGutman Index of Wheel Graphs
Theorem 3.LetG = W, be awheel graphwith nvertices, n > 4.Letkbe aninteger with2 < k < n. Let She a subset

3D (- 1)2)if k =n.

ofV(G)and let|S| = k.ThenSGut, (G) =
@) 51 ut (6) {3("—2>[3+(n—1)2](n—2),if k=n-1.

and
k _ -
SGuty (@) = ;,)l(k 2 [k (Z) +3n|
k A
+M(Z)—k3k(n— D if2<ksn-2

Proof. Let G = W, be a wheel graph with n vertices, n > 4. Let w be the apex in G and V(G) — {w} =
{vi,vy,...,v,_1} be the vertices in the outer cycle C,_;. Let k=2 be an integer with |S|=k.
Case (i):k = n.

From the definition of G, we have deg;(w) =n —1 and deg;(v;) =3, 1 <i <n— 1. By Theorem 2.1, we
have d;(S) =k—1=n—1.And
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Hd egc(v) =30"D(k-1).

vES

Therefore,SGut, (G)

[1_[ degs <v>] 45 (5)
scv(6), Lves
|S|=k

3-D(p - 1)2,

Hence SGut,(G) =3V (n —1)2.
Case (ii):k=n—-1
Let S € V(G) with k = n — 1 vertices. Clearly w € Sorw ¢ S.

If w ¢S, then S contains the vertices of the outer (n — 1)- cycle of G. By Theorem 2.1, we have d;(S) = k —
1 and the degree of each vertex in the outer (n — 1)- cycle is 3. Thus we have [],csd egg (v) = 3*~D,

Suppose w € S. By Theorem 2.1, we have d;(S) = k — 1.Asw € S, the remaining k — 1 vertices can be chosen
from the vertices of (n — 1)- cycle.

s06e-] ()

Therefore, 1_[ deg; () 1

vVES
SGut, (G) = [1_[ degg (v)l d;(S).
scv(6), Lves
|S|=k
= [30+ (302w -0) (7 ;)] (k- D).
=303+ (n—-1?%](n-2).
Therefore SGut,(G) = 3@ D[3+ (n—1)%](n-2).

Case (ii)y:2< A <n-—-2
Let S € V(&) with # vertices. Then we Sorw e .

Ifiw € 5, then by Theorem 2.1, we have & ,(S5) = £ — 1. Also as w € .5, the remaining # — 1 vertices can be
chosen from the vertices of (2 — 1) — outer cycle in (;"7) ways. Therefore [1,e5 @ € g,-(#) = [3¥ (2 —

DI,
If we.s, then by Theorem 2.1, we have # — 1 < Z,(5) < 4; now let .§ contains the vertices of the outer
(7 —1) — cycle of &.

In this case, if we choose .5 to be £ consecutive vertices in the outer cycle, then there are 7 — 1 such sets
forz — 1> #.Andd ;(8) = £ — 1. The degree of each vertex in .5 is 3 and hence

ndegg(v) = 3Fz-1.

Otherwise, ifS € V(&), is a set of £ vertices in the outer (z — 1) — cycle which contains at least one non-
consecutive vertex, then there are [(”;1) — (7 — 1)] such sets. And hence & () = #.
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Thus, St ¢ ,(6) = [3* (2 -D]# -1+ [3’f [(”/; 1) —(n - 1)]] (#)

N

¥ -k -V (2 ¥ (mk — #?) (n P
- 37 [/f (/f> * 3”] * 7 (é) — 437 (2 =D,
This completes the proof.

4. Steiner Harary Index of Wheel graphs

Theorem 4.Let& = W,be a wheel graph withzzvertices,7z = 4.Let4be aninteger with2 < # < 7 .LetSbe a
subset of ¥ (&)and let|.S| = £.Then

1
1 if £ =n7.
SH(e)=3"",
m, if #=7n-1
SH() =2y Ik (5)+ 2=l o<k sn-2
O Py R LV Ry b =r=sn-s
Proof. Let & = #;, be a wheel graph with 7 vertices, 7z > 4. Let w be the apex in & and V(&) — {w} =
{vi,vy...,v,_1} be the vertices in the outer cycle C,_1.
Let £ =2 be an integer with |5 = 4.
Case (i):£ = 7.

From the definition of &, we have & g, (w)=7n —land & g;(v,)=3,1</ <7 — 1. ByTheorem2.1,
wehave 7 ,(S)=4—-1=72n—1

Therefore, SH (&) = i

Case (ii):£ =2 — 1L
Let s € V(&) with £ = 2 — 1 vertices. Clearly we Sorw ¢ S.

Ifw ¢ 5, then .5 contains the vertices of the outer (7z — 1)- cycle of &. By Theorem 2.1, we have Z,(5) =
£ =1

Suppose w € .S. By Theorem 2.1, we have &,(5) = # — LAsw € 5, the remaining # — 1 vertices can be
chosen from the vertices of (z — 1)- cycle in (/’j:i) ways. Therefore,

1 n-—1

W; 7.5 (,_p)*-v
1
f”k(ﬁ) = m
Case (iii)2< A <n-2
1

SH (&) = —
g S;m d:(8)

|S|=4

Let .S € V(&) with 4 vertices. Then we Sorw e 5.

If we.s,then by Theorem 1, we have & ,(S8) = # — 1. Also as w € .5, the remaining # — 1 vertices can be
chosen from the vertices of (z — 1) — outer cycle in (/’jj) ways. Therefore
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1 n—=1 1
27 - LoJeo
Ifw ¢ 5, then by Theorem 2.1, we have # — 1 < 2 ,(5) < #; .5 contains the vertices of the outer (2 — 1) —
cycle of ¢.
In this case if we choose S to be £ consecutive vertices in the outer cycle, then there are 7z — 1 such sets for

7n—1>FAdd (S5) = # — 1.

1 1
And hence ZWES m = (72 — l)m

Otherwise, if S € V(&), is a set of 4 vertices in the outer (7 — 1) — cycle which contains at least one non-
consecutive vertex, then there are [(”;1) —(n - 1)] such sets. And hence &,(5) = 4.

I e

Therefore, S 7, (&) =

+

[n(/f—l) ”/:/( <”> 71 i 2<k<n-2.

W EG -
This completes the proof.

5. Steiner Reciprocal Degree Distance of Wheel graphs

Theorem 5.Let& = #,be a wheel graph withzzvertices,7z = 4.Let £be aninteger with2 < £ < z.LetSbe a

4, if £ =n.
subset of V(&)and let|S| = £.Thens® 0,(&) = {4(72 12 A 1_amd
V4 k(7 -1
SR D,(6) = [(72 —1)—+3] (”) =Y s ifa<h<n-2
7 Ve -1

Proof. Let & = W, be a wheel graph with 7 vertices, 7 > 4. Let w be the apex in ¢ and V(&) — {w} =
{vi,v,...,v,_1} be the vertices in the outer cycle ¢,_;. Let # =2 be an integer with |5| = 4.
Case (i): £ = 7.

From the definition of &, we have @ g, ,(w)=n—-1and & g, (v;)=3,1<7 < —1. By Theorem
21, wehave () =#4—-1=n—-1.

AndY,ecdeg (v)=3(n -1+ (n—-1)=4(n-1).

ves @
Therefore, S0 0,(&) = Xoesdeg (v)]
&7 d;(5)
V(o)
|S1=4
_ 4(n2 —1)
T (-1
=4,

Therefores® 0,(&) = 4.

Case (ii):£ =2 — 1L
Ifiw ¢ S, then using the Theorem 2.1, weget Z,(S) = 4 —1land X, cs @ ¢ g ,(v) = 3(z — 1).

Suppose w € 5. By Theorem 2.1, we have & ,(S5) = # — 1.

Also Y, esd e.g4(v) = [3(n —2) + (2 — DI 7).
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[Xves 2 eg4:(v)]
2;(8)

n—2

L = [S(n —D+ (B -2+ (2 -1)) (” N 1)]ﬁ
|S|=4

= 4(7n — 1)?

Therefore, S0 0,(&) = 4(n — 1)

Case (iii)2< £ <n-—2

Let S c V(6 with Vs vertices. Then wE.S or we&.Ss.

de v ae v
SO D,(6) = [Zwefd (5)5( )] [Zw&fd (j);( )]
SER6), ¢ SETO), ¢
|S1=# |S|=4

If we .S, then by Theorem 2.1, we have & ,(S8) = £ — 1. Also as w € .5, the remaining # — 1 vertices can be
chosen from the vertices of (z — 1) — outer cycle in (/’jj) ways. Therefore Y ccd e g (v)=[(z-1) +
34 - DI

Ifw ¢ S, by Theorem 2.1, we have # — 1 < & ,(5) < 4;.5 contains the vertices of the outer (z — 1) — cycle
of &.

In this case if we choose 5" to be £ consecutive vertices in the outer cycle, then there are 7z — 1 such sets for
7—1>kAndd,(S) =4 —1. The degree of each vertex in 5 is 3 and hence Y, csd eg (v) =
3k(2-1)

Otherwise, if.S € V(&), is a set of £ vertices in the outer (z — 1) — cycle which contains at least one non-
consecutive vertex, then there are [(”/:1) — (7 — 1)] such sets with 7 ,(5) = #.

Therefore, Z deg,(v) = 3% [(”; 1) —(n - 1)] .

vES

Ak —3n — £ (72

7k —1) /f)+3[,(—:ﬂ i 2<k<n-2

Thus, &0 2,(6) = [

This completes the proof.
6. Conclusion

In this paper, we have obtained the Steiner distance of wheel graphs. By using the Steiner distance we have
calculated the Steiner degree distance, Steiner Gutman index, Seiner Harary index and Steiner reciprocal degree
distance of wheel graphs.
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