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Abstract

In this paper, we determine the Open neighborhood chromatic number of line graph of Comb graph and
double comb graph. Also, we obtain the open neighborhood chromatic number of the middle graph and total
graph of path graph P,, cycle graph C,.
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1 Introduction

All the graphs considered here are simple, connected and undirected graph G = (V' (G),E(G)). For every vertex a,b €
V (G), the edge connecting two vertices is denoted by ab € E(G). For all other standard concepts of graph theory, we
see [1], [2], [5]-

An open neighborhood k-coloring of a graph G(VE) is a k-coloring f: V (G) — {1,2,"--k},k € Z" which admits the
conditions such that for each ¢ € V' (G) and Va,b € N(c), fla) 6= f(b). The minimum value of k for which G admits an
open neighborhood k-coloring is called the open neighborhood chromatic number of G and denoted by yon(G).

[3], [4] Geetha K. N. introduced the notion and discussed the open neighborhood chromatic number of some graphs.
Also, Adjacent vertex distinguishing total coloring of line and splitting graph of some graph and line graph of snake
graph family has been obtained in the literature [6],

[71.[8]-

The line graph L(G) is the graph that represents the adjacencies between the edges of G. The vertex set of the middle
graph M(G) of the graph G is V' (G)UE(G) and in which two vertices are adjacent in M(G) if and only if either they
are adjacent edges of G or one is a vertex of G and the other is an edge incident with it. The total graph 7(G) of G has
vertex set V' (G) U E(G), and edges joining all elements of this vertex set which are adjacent or incident in G.
Definition 1. T/e comb graph denoted by c™ is obtained from the path graph P, with {vi,vs,** v} and the new vertices
{ur,uz,*-~um} by joining the vertices viu, for 1 <x <m.

(m )
V™ = ucU vy
i=1
and
(m—1 I'm )]
E[ecm] =[ vxvx+1 U [ uxvx
x=1 x=1
Here d(vi) = d(vm) =2, dvy)=3for2<x<m-—1and duy)=1for1 <x<m.

Definition 2. The double comb graph denoted by Dc" is obtained from the path graph P, with {vi,v2,"*-vn} and the
new vertices {ui,u, " un} and {wi,wy, - -wn} by joining the vertices v, and viwyfor 1 <x <m.
(m )
VD" = uy U v U wy
x=1

5346



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 44 No. 6 (2023)

and
(m—1 )]
E[Dcm] = [ (vxvx+1 U uxvx U vxwx
x=1
Here d(vi) = d(vm) =3, dv)=4for2<x<m-—1and d(ux) =dwy) =1 for 1 <x<m.
2 Open neighborhood coloring of Line graph of comb and double comb graph

In this section, An open neighborhood coloring of line graph of comb graph ¢” and double comb graph Dc¢™ are
discussed.
Theorem 2.1. For Comb graph c", yon(c") =3, for m > 3.
Proof. Let we denote {vi,va,"** ,vm,ui,u2," " ,um} as the vertices of ¢”. Hence |V (¢™))| = 2m and |E(¢™)| = 2m — 1. Now
we define f: V (¢™)) — Z' given by for m > 3,
Forl<x<m m. flvg) = { {1}, if 2 = 1,2 (mod 4)
{2}, if 2 = 0,3 (mod 4)
For1<x<m, fu)=3
It is easy to verify that fis an open neighborhood 3-coloring of ¢”.
& Yone(€™) =3, m>3.
Hence the theorem. O
Theorem 2.2. For Double Comb graph Dc™, yonc(Dc™) = 4,for m > 3.
Proof. Let we denote {vi,va, " " , Vi, U1, U, ,um,Wi,Wa,*** ,Wn} as the vertices of Dc™. Hence
|V (Dc™)| = 3m and |E(Dc™)| = 3m — 1. Now we define f: V' (Dc™)) — Z' given by for m > 3,
Forl1<z<m, f(v;)= { th, ifar=1,2 (mod 4)
{2}, if £ = 0,3 (mod 4)

For1<x<m, fu) =3 and flw,) = 4.
It is easy to verify that fis an open neighborhood 4-coloring of Dc™.
% Yone(Dc™) = 4, m23.
Hence the theorem. ]

Theorem 2.3. For Line graph of Comb graph c”, yonc(L(c™)) = 5,for m > 4.
Proof. From the defn (1), The Line graph of ¢” is obtained by replacing all edges as vertices, we have v+ = sy, for 1
<x<m-— 1, uw=t.for 1 <x<m. Here sy, are the vertices of L(c"). Hence, the vertex set and edge set of L(¢") is

given by
(m=1!m!)
VIL(c™)] =Lsx U ()
x=1 x=1
(m—2 ' m—1 1)
E[L(c™)] = U(susx+1) U [(s3tc U sty 1)
x=1 x=1

Therefore |V (¢™))| =2m — 1 and |E(L(c™))| = 3m — 4. Now we define f: V' [L(c¢™)] — 5 given by for m >4,
U
L {1}, ifx =1 (mod 3)
Forl1<x<m-—1, flso) = {2}, ifx =2 (mod 3)
P90 {33, if x =0 (mod 3)

4}, ifz =1 (mod 2
For1<x<m, m, [f(ty)= {4} ‘ ( )
{5}, if 2 =0 (mod 2)
It is easy to verify that fis an open neighborhood 5-coloring of L(c™).
Xonc(L(Cm)) = 5, m> 4.
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Hence the theorem. O
Theorem 2.4. For Line graph of double Comb graph Dc", yon(L(Dc™)) =7 for m > 4.
Proof. From the defn (2), The Line graph of Dc” is obtained by replacing all edges as vertices, we have vvy+ = sy, for
1 <x<m—1. uw,=rcfor 1 <x <m. vow, =t for 1 <x < m. Here s, 7yt are the vertices of L(Dc™). Hence, the vertex
set and edge set of L(Dc™) is given by

(m=1!'m!m!))

V [L(Dc™] = sy Ulr Ul
x=1 x=1 x=1
(m=2 ' m—1 ' m—1 I'm 3}
E[L(Dc™)] =(susxt1) U [(sure U sarvt ) U (st U st 1) U [(tary)
x=1 x=1 x=1 x=1
Therefore |V (Dc™))| =3m — 1 and |E(L(Dc™))| = 6(m — 1). Now we define f: V [L(Dc™)] — 7 given by for m > 4,
O
OO0 {13}, ifx=1 (mod 3)
For1<x<m-1, flsx) = {2}, if x=2 (mod 3)
BEL {3}, if x =0 (mod 3)
(
{6}, if x=1 (mod 2)
Forl<x<m, fir) =
{4}, if x=0 (mod 2)
(
{7}, ifx=1 (mod 2)
For1<x<m, At =
{5}, if x =0 (mod 2) It is easy to verify that f'is an open neighborhood 7-coloring of L(Dc™).
& Yond(L(Dc™)) =17, m>4.
Hence the theorem.
O
3 Open neighborhood coloring of Middle graph of Path and cycle graph

In this section, An open neighborhood coloring of middle graph of path P, and cycle graph C, are discussed.
Theorem 3.1. For middle graph of path graph M(P), yonc(M(P»)) = 5,for n > 4

Proof. The middle graph of P, is obtained from the path graph P, with the vertices {vi,v,,---v,} and let take the edges
of P, as vertices of M(P,), we have viv1=ex, for 1 <x<n-—1.

VIM(P,)] = { (U 'U_'r:) U (U 8;;;) } 056, vone(M(C)) { {5}, if n=0,5 (mod 6)

x=1 x=1 {6}, otherwise

n—2 n—1 n—1
E[M(P,)] = { (U 6;,;e:l;+1) U (U (’U;EE’;,;) U (U ’U;1;+1€;,;) }
r=1 r=1 r=1
and

Now we define f: V' [M(P,)] — 5 given by for n >4,
: (1}, ifx=1 (mod 3)

For1<x<n-—1, S .
It is easy to verify that f fle)= {2}, ifx=2 (mod 3) "= {3},is an open neighborhood
5-coloring of M(P,). if x =0 (mod 3)
_ {4}, if x =1 (mod 2)  * yond(M(Pr)) =5,n>
flve) =

{5}, if =0 (mod 2)

O]

4 For1<x<n, n,

Hence the theorem.
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Theorem 3.2. For middle graph of cycle graph M(C,), for
Proof. The middle graph of C, is obtained from C, with the vertices {vi,v2,"--v,} and let take the edges of C, as vertices
of M(C,), we have vy =ey, for | <x<n—1 and v,vi = e,.

(n )
VIM(C)] =t U e
x=1
and
(n—1 I'n ! n—1 ! )
E[M(C))] ="ewert1 U lve, U by tle, U (exe1) U (Vien)
x=1 x=1 x=1
Then |V (M(C,))| = 2n and |E(M(C,))| = 3n.
Define f: V (M(C,)) — Z" as follows.
Case-1. When n =0 (mod 6).
O

Forl<x<n, DDDDL?‘%): if x = 1 (mod 3) if x
=2 (mod3)ifx=0
0003 mod 3)
4, ifx =0 (mod 2)
For 2<z<mn, f(v,)= and f(v1) =5

=4

5 ifz=1 (mod 2)

& Yoned(M(Cy)) =5, for n =0 (mod 6).
Case-2. When n = 1 (mod 6).
Forl1<x<n-—4
U
Lifx=1 (mod 3) if x
oono =2 (mod3)ifx=0
flex) = 2,(mod 3)
ooo 3,

Nei—3) = flen) = 6,len—) =2 fles1) =3
For2<x<n-2,

Uifx=1(mod2) ifx

4,=0 (mod 2)
L flv) =

L5,
and f(vi) = 4,f(vy) = 5,f(vi-1) = 1.
Xonc(M(Cn)) =6, fOT" n=1 (mod 6)
Case-3. When n =2 (mod 6).
Forl1<x<n-—-2 [
1, ifx=1 (mod 3)
aodo
fle) = 2, if x =2 (mod 3)

l 3, ifz =0 (mod 3)

f(en_l) = 4, f(en) =5

For2<x<n-3,
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O ifx=n—-1i1f

4, ’ [ 1 x=nifx=1
O flv) = if x =0 (mod 2) o

s, ) = 2,

ifx=1 (mod 2) l 3
and  flvi—)=6.
2 Xoncd(M(Cy)) = 6, for n =2 (mod 6).
Case-4. When n = 3 (mod 6).
Forl<x<n,

- - 1, ifx=1(mod 3)
S e) = 2, ifx=2 (mod3)
adno
For2<x<n, 3, ifx=0 (mod 3)
]

4,if x =0 (mod 2) if x =
“ Yond(M(Cy)) = 6, forn=3 v = 1 (mod 2) and fiv)) = 6 (mod 6).
Case-5. When n = 4 (mod 6). s,
Forl1 <x<n-1,
O
o1, ifx=1 (mod 3)
flex) = 2, if x=2 (mod 3) and fle,) =4
Lo 3, ifx=0 (mod 3)
For2<x<n-2,
4, ifx =1 (mod 2)
floe) = and f(vi) = f(vn-1) =6, f(va) =5
5, ifz =0 (mod 2)
Xonc(M(Cn)) =06, fOi" n=4 (mod 6)
Case-6. When n =5 (mod 6).
Forl1 <x<n-2,

[ L itx=1(mod3)
O
fe) = 2, if x =2 (mod 3) and fle,1) =4, flen) =5

, if x =0 (mod 3)
For2<x<n-2,

0 [ 1, fe=n-1
4, if x=0 (mod 2)
O o
Sfv) = Svi) = 2, ifx=n
05 ifx=1(mod2) | 3 ife=1

Xonc(M(Cn)) = 5, fOI” n=>5s (mod 6)
It is easy to verify that f'is an open neighborhood coloring of M(P,).

(

{5}, if n=0,5 (mod 6)

Kone(M(Cy)) = Hence the theorem. O
{6}, otherwise
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4 Open neighborhood coloring of Total graph of Path and cycle graph

In this section, An open neighborhood coloring of total graph of path P, and cycle graph C, are discussed.

Theorem 4.1. For total graph of path graph T(Py), yonc(T(Pn)) = 5,for n>4

Proof. The total graph of P, is obtained from the path graph P, with the vertices {vi,v5,---v,} and let take the edges of
P, as vertices of T(P,), we have vy =ey, for | <x<n—1.

V{T(P?’l)] = { (U 7"17) U (U e:r:)}
r=1 r=1

and

n—1 n—2 n—1 n—1
E[T(Pn)] - { (U IU.’I"U:L'-F]) U (U ﬁ;,;€51;+1) U (U IU.’I,'e:L') U (U V41 e:t:) }
=1 r=1 r=1 r=1

Now we define f: V[T(P,)] — 5 given by for n >4,

O
U000l {{12} 3, ifif xx == 3 (4 (modmod 5)5)

For1<x<n-1, flex) = {3}, if x=0 (mod 5)
bEO0O0O {{45}},, ifif xx =1 (2 (modmod 5)5)

For1<x<nand 1<y<4, fve) =y, if x =y (mod 5), fvsy) =5
It is easy to verify that f'is an open neighborhood 5-coloring of 7(P,).

Xonc(T(Pn)) =5, n=>4.

Hence the theorem. 0

©h i 02( 3
{7}, otherwise
n= mod

T(Cp) forn =5, Xonc(T(Ch)) = {

Theorem 4.2. For total graph of cycle graph
Proof. The total graph of C, is obtained from C, with the vertices {vi,v,,---v,} and let take the edges of C, as vertices
of T(C,), we have vivir1 = ey, for 1 <x<n—1 and v,v; = e,.

VITr(c,)| = { (0 v; U (’.x) }
r=1

and

n—1 n n—1
E[T(Cn)] = { (U €rCry1 U U.T’U;H»l) U (U ’U;re:c) ) (U U$+lcz) U (Cnel) U (’Ulen) U ('Unvl)}
r=1

r=1 x=1

Then |V (T(Cy))| = 2n and |E(T(C,))| = 4n.

Define f: V (T(C,)) — Z" as follows.

Case-1. When n = 0 (mod 3).

O
Ooonl,  ifx=1 (mod 3)
For1<x<n, flen= 2, ifx=2(mod3)

[9853,  ifx=0 (mod 3)

L0004, ifx =2 (mod 3)
For2<x<n, flve) = 5, if x =0 (mod 3) and f(vi) = 6.
oot 6, ifx=1 (mod 3)
& Xone(T(Cy)) = 6, for n =0 (mod 3).
Case-2. When n = 1 (mod 3).
For1<x<n—4
O
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Lifx =1 (mod 3) ifx
ooo =2 (mod3)ifx=0
flex) = 2,(mod 3)
odod 3,
A=) =4 flen) =5.Mei 1) = 6.en) = vima) =7

[4

, if x =2 (mod 3)

For2<x<n-3,

U
fve) = 5, if x =0 (mod 3)
l 6, ifz=1 (mod 3)

and f(vi) =3,f(va) =2, fvp-1) = L.
~ xone(T(Cy)) =17, for n=1 (mod 3).
Case-3. When n =2 (mod 3).
Forl1 <x<n-2,

l6

O
1, ifx =1 (mod 3)
oo
flex) = 2, if x =2 (mod 3)

BEL 3, ifx =0 (mod 3) flen—1) =4, flen) =5
For2<x<n-2,

0
O0poo4, ifx=2(mod3) ool flv)= 5 ifx=0(mod3);r _,_1if
v = 2’x =n
0003, ifx=1, ifx=1 (mod 3)
% Xon(T(Cr)) = 6, for n =2 (mod 3).
It is easy to verify that f'is an open neighborhood coloring of 7(P,).

(

{6}, if n=0,2 (mod 3)

Xonc(T(Cy)) = Hence the theorem.
{7}, otherwise
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Conclusion

In this paper, we have proved that the open neighborhood chromatic number of comb graph, double comb, line graph
of comb, line graph of double comb graph. Also, we found the middle and total graph of path and cycle graph admits
open neighborhood coloring conjecture.
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