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Abstract

The total chromatic number of a graph ( is defined to be the minimum number of colors needed to
color the vertices and edges of a graph in such a way that no two adjacent vertices, no two adjacent edges
and no edge and its end its end vertices given the same color. In this paper, we have obtained the total coloring
and total chromatic number of comb product of arrow graph with path, star, fan and cycle.
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INTRODUCTION
Chromatic number of graphs is a special area in a Graph theory. Bezhad [1] introduced the concept of total coloring
and found the chromatic number of some simple graphs.

Total coloring of a graph G is coloring all the vertices and the edges of G simultaneously in such a way that no
two adjacent vertices have the same color, no two adjacent edges have the same color, and that each edge and end
vertices does not receive the same color. The total chromatic number of a graph G is the minimum number of
colors that required to produce a total coloring and is denoted by y:(G).

Bezhad [2] conjectured that for any graph of maximum degree A(G) has a total chromatic number satisfying the
condition

AG)T 1< xee(G)<SA(G)+2.

S. Sudha , K.Manikanda [4] have discussed the total coloring and total chromatic number of the central graph of
a path, a cycle and a star. Muthuramakrishnan and G. Jayaraman [5] have discussed the total coloring of middle
graph, total graph of path and sunlet graph. Also,they have obtained the total chromatic number of those graph.

We found the total chromatic number of the following graphs in [6]: Middle graph of Extended duplicate graph
of path graph, Total graph of Extended duplicate graph of path graph, Middle graph of Extended duplicate graph
of star, Total graph of extended duplicate of star, Central graph of Extended duplicate graph of star graph.

In this paper, we investigated about total chromatic number of comb product of arrow graph with the path graph,
star graph, fan graph, and cycle graph.

DEFINITIONS:

2.1 PATH
A path in a graph is a finite or infinite sequence of edges which joins a sequence of n vertices which are all
distinct and is denoted by P.,.

2.2 CYCLE
A cycle graph or circular graph is a path P, (n>3, if the graph is simple) whose end vertices are joined to form a
closed chain. The cycle graph with n vertices is denoted by C,,
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2.3 STAR GRAPH
A Star graph is a complete bipartite graph K, for 1 = 1.

2.4 FAN GRAPH
Let P, =v; ‘- vy be the path of order n. The fan graph F, = K; VP, is the join of and P,

2.5 COMB GRAPH
A comb graph is a graph obtained by joining a single pendant edge to each vertex of a path.

2.6 SUPERIOR VERTICES
Let Graph, PnxP;, (grid graph on m n vertices) vertices Vi,1,V2,1,V3,1, -..,Vm,1and Verticesvi n,v2,n Vi, ...,Vmn are
called as superior vertices.

Vi.2 Vi3
Vi1 @ € € @ Vin
V22 V23
V21 @ €y L @ V2
Vi1 @ LLZ Y Ve ® Vs
Vm,1
¢ \g.z Vm;3 ‘Vm n

2.7 ARROW GRAPH

An arrow graph A'n with width t and length n is obtained by joining a vertex u with superior vertices of PyxPy
by m new edges from one end. Let G= A’n be an arrow graph obtained by joining a vertex u with superior vertices
of P,xP, by 2 new edges.

Let G= A’n be an arrow graph obtained by joining a vertex u with superior vertices of

P3xP, by 3 new edges. [7]

2.8 COMB PRODUCT:

Let G and H be two connected graphs and o be a vertex of H. The comb product between G and H denoted by G
> H, is a graph obtained by taking one copy of G and |V (G)| copies of H and grafting the vertex o of i-th
copy of H with the i-th vertex of G. [3].

3. MAIN RESULTS:
Theorem: 3.1. The total chromatic number of Comb product of Arrow graph with

path graph is Xte(AZ > B,)=6 for n > 2.
Proof:
2
Let G be an arrow graph(An) and H be path graphFn.

LeevdR) = ufupl1<i<niu{y:1<j<nj

E(A%?) = {xu,} U {xv} U {uu;p:1<i<n-1}u
vyl <j<n—-1} v{ywl1<i<n}

and
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V(P)={w;:1 <i<n}
E(Pn) = {Wiwi+1: 1<i<n-— 1}

By definition of comb product of arrow graph with path graph the vertex W1 of path P 1S identified with each

2
vertex of the arrowgraph A3 the vertex set and the edge set
2
of (A = B) as follows:

V(A2>P) ={x}ufuzl<i<nju{v:l<j<n}u

{xlklngn,lskSn—l}U

{yp:l<j<nl<k<n-1}u

{zp1<i<n-1}
E(An?>P,) = {xu;} U {xv;} U {xz;} U
fuuipy:1<i<n-1}u
1 <j<n—-1}u
fuivpl<i<n}ufux;:1<i<n}u
{vjyjl:l <j< n} U {ziz,1:1<i<n-2}uU
{XigXig+1:1<i<n,1<k<n-2}uU

{yjkyjk+1 nl<j<nl<k<n- 2}
The number of Vertices and Edges of (A2 >P)is2n? + nand2n% + 2n — 1

respectively.
LetS = V(A2 >P,) U E(A2E>P,) and C = {1,2,3,4,5,6)

Now we define total coloring f: S — C by
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f(x)=6
1 if [ is odd or 1 <i<n,
f(u)_{ i 2 ifiiseen
- 2 ifj <j<n
is odd ) = or1=J =
iseen f( ]) [1 ifj
if [ is odd orl<i<n f(z) = {1
2 ifiiseen

Forl1<i<n,l<k<n-1

1 ifiiseen, is odd and ifiis odd, iseen
ik f(x ):
2 ifiiseen, iseenandifiisodd, isodd
Forl<j<n,1<k<n-1
1 ifjisodd, isodd andifjiseen, iseen
f(J’jk)z{
2 ifjisodd, iseenandifjiseen, isodd
f(xuy) =5
flxv) =4
f(xz) =3
Fori<i<n-—-1 f(uu )={4 l.l.fl“SOdd _
5 iflis e en

5
{FOI‘lS <n 1 f(vv ): it] is odd

J - J i+l 4 irJ iseen
Forl<i<n fuv;)) =6
For1<i<n f(uix;1) =3
. ifi is odd
Forl<i<n-2 f(zz ):{4 i ie1 .
Jifiseen
Forl<i<n,l1<k<n-2
3 ifiisodd, iseenandifiiseen, iseen
f(x X ) ik “(+14 ii . . .
f isodd, is odd and ifiiseen, isodd
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Forl<j<n,1<k<n-2

3
f(J/chJ/jk ) {+1 4ij

if] isodd, iseen andifjiseen, iseen

f isodd, isodd andifjiseen, isodd
The above defined function f gives the total coloring for the graph

Hence Xtc(A% >P,) =6 for n > 2.

2
Ilustration 1: Consider the Arrow graph with path graphAS > Psg igure 1

Xec(AE> Ps)_g

Theorem 3.2.
The total chromatic number of comb product of Arrow graph with Star graph is

xfC(A% B> Sp)=n+5 for 1 = 2.

Proof
Let G be an arrow graph(A%) and H be a star graphSn.
LetvdR) ={xju{uz1<i<n}u{v:1<j<n}
E(A?) = {xu} U {xv;J U {yuj:1<i<n-—1}u
{vivjp:1 <j<n—1} Ufuw1 <i<n}
and
vES{wpu{wpl <i<nj}
E(S,) ={uwi:1 <i <n}
By definition of comb product of arrow graph with star graph the vertex u, of star Sn IS identified with each

2
vertex of the arrow graph Afthe vertex set and the edge set
2
Of(An &> Su) as follows:
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V(A2r>S,) ={xjufui:1<i<n}iu
{v:1<j <nju

for
1<i<n
v 1<) ST E (A20-S,) = {xuy)
for 1<k<n I=n {u['uj_+1}
u {xv {vjvi 1}V
U {u[_vi:11Si§n—1}
U : {ux_lstn—l}
< [ L Ek'sn}u
1 <i<n
v — —
1 for []yjk SkSn}
. 1 <j<n
p1<i<nj} 1 for <{C<n}u{xz
for for
The number of Vertices and Edges of (ARD>Sp) is 2n% 4+ 3n+ 14nd 202 + 4n
respectively.
Let S = V(42 >5,) UE(A2>S,) and C = 4
Now we define total coloring/ : S = € by
fx)y=n+1
For << N = n+3 it:iisoddl
st=n f ) {n +4 [ if iseen
. n+4 ifj is odd
Forl<j<n Vi) =
g f() {n+3 ij
iseen
orl<i<n1<k <n f(xy)=n+5
1<j<ni<k<n f(yu)=n+5 _
ForlSiSnf(Zi):n‘I'S
fxu)) =n+2
f(xvy) =n+3
Forl<i<n Flutiey) = {n t1  ifiisodd ifiiseen ifJ  isodd
n+2 |
) 11 if iseen
For <j<n flvv ):{n Pt g

5312



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 44 No. 6 (2023)

For <i<n, Skgnf(uixik)Zk | 1

For <j<n, <ks<nf(yyp)=k
11

Forl<i<nf(xz)=i
Forl<i<nf(uyv;)=n+5

The above defined function f gives the total coloring for the graph

Hence Xtc(A,zft |>Sn) =n+5 for n > 2.

2
Illustration 2: Consider the Arrow graph with star graphAé >S5 6 Figure 2.

X CC(Ang 6)-11

Theorem: 3.3
The total chromatic number of Comb Product of Arrow graph with fan graph

i Xee(A2>FE)=n+5 for n > 2.

Proof:

Let G be an arrow graph(Arzl) and H be a fan grapth,
Letv43) ={xtu{uz1<i<n}u{v:1<j<n}

E(A%) = {xuJ U {xv} U {uyu;si1<i<n-—-1}u
{vjij: 1<j<n—-1} u{yw:1<i<n}
and
vE)A{wu{wil<i<nj}
E(F) ={uwzl<i<nju{ww,:1<i<n-—1}

By definition of comb product of arrow graph with fan graph

T . . 2
The vertex u, of star Fy IS identified with each vertex of the arrow graphAn

2
the vertex set and the edge set of (A7 > Fy) as follows
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V(A2 F) = {x}u{upl1<i<n}lu
{vi1<j<n}u

{x. 1=i< n}
1<k<n
1<j<n
Wity Sk <)
{Zi: 1< n}' i<
E(A21-E) = {xuy} v'1} u (x
{uiqu U i<n—-1}u 1<
{vjvj41 j<n—-1ju <
{ujvi 1 . i<n}u <
[u-x- . 1<i< n}
itik- for 1<k<n
{xz;: for 1<i<n}u
{x- X o 1<i<n }
k "1<k<n-1 *1
{wwf ; I=sj=sn }U +1
1<k<n-1 ik
{ziziy <i<n-1}. jk1:1
The number of vertices and edges of (A7 > Fn)is2n? + 3n + land 4n% + 3n — 1
respectively.
LetS = V(A%DFn) U E(A%D'Fn)andc =n+5
Now we define the total colouringf N be
fx)=n+1
. n+3 ifiisodd if [ s e
<1 < ;) =
Forl<i<n fu) {n+4 on
. n+4 iff isodd
<)< ) =
For l<jsn f(vj) {
n+3 iff iseen
ol<i<nl<k<nf(xu)=k+1
1<j<ni<k<nf(yx)=k+1
or or

1515?1 f(Zl)=k+1
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f(xvy)) =n+3
fxu)) =n+2
Fori<isn-1  f(uusq) {n+1 if s oad
n+2 ifiiseen
n+1
) = it J is  odd {

fluixy) =k

f(vv

Forl1<i<n-1

Jj oJj+1

Forl<i<nl<k<n n+ 2iff iseen

Fori<j<mi<k<n  f(yyu) =k
Forl1<i<n f(Xz) =i
For1<i<n fuv) =n+5

Fori<i<n1<k<n-1 f(xgXks1)=k+3
Forl1<j<nl1<k<n-1 f(ijyj'k+1)=k+3

Forl1<i<n-1 f(zizis1) =k+3

2
The above defined function f gives the total coloring for the graph(An >F,)
Hence Xec(AZ>F,)=n+5 for n > 2.

2
Ilustration 3: Consider the arrow graph with fangraphAS = 5 Figure 3.

Xt )=10 for

Theorem: 4
The total chromatic number of Comb Product of Arrow graph with cycle graph is

(A% > C,)=T7 for n > 2.

5315



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 44 No. 6 (2023)

Proof:
2
Let G be an arrow graph(An) and H be a cycle graphCn.

LetV(A?zl) ={xjUu{uzl<i<nj U{vj: 1<j< n}

E(A?) = {xu,} U {xv} U {uu;p:1<i<n-1}u
{ujvjﬂ: 1<j<n- 1} Ufuvi:l <i<n}
and
vGAwil<si<n}
E(C,) ={wiwi i1 <i<n}

By definition of comb product of arrow graph with cycle graph

: 2
The vertexW1, of cycle Cn IS identified with each vertex of the arrow graph Aq the vertex set and
2
the edge set of (AR > Cy) as follows:
v(Ai>C,) = {x}u{upl1<i<n}u

yr1<j<njufsi<isni<ks<n-1 }u
{yr1<jsnisk=n-1 Jufzn 1<i<n-1}
E(AR > Cy) = {xug} U {xv } U {xz;} U

{xz,}u{wu;;;1<i<n-1}u
vyl <j<n—-1} u{wril<i<n}

{uxp:1<i<n}u {yyl <j<n} Uy <i<n}
Wiy 1 <j < n}ufxuXp; 1Sisnls<k -2}
sl <jsni<sks<sn-2}u{zzu:1s  j<n-2)

. <
The number of vertices and Edges of (A5>C,) is 2n* +n and 2n2 +4n = respectively.
Let O = V(A3c>C,) UE(A% > C,) and C = {1,2,3,4,5,6,7}
Now we define the total colouringf :S->C by

f(x) =7

. 3 if iis odd
Fori<i<n f(u)= A
if liseen
4 if J. is odd

v )= .

For1<<n () { J ' J 3
ifJiseen
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For 1 <i<n,

2

if {iseen,

Forl<js<nl<k<n-1

)=

it] is
Forl <i <n-1

1<i<n -1

or
if/ is odd or

iseen

ForlSLSTL

FOI«].S]'STI

J

1<k<n-1
1

ifiis odd, iseen andifiiseen, iseen

f&x)=

is odd and ifiis odd, is odd

1 ifisodd, iseenandifjiseen, iseen
Vik 5

odd, isoddandifjiseen, isodd

{il

if i is odd
2f(xvy) =6 f(xz,) =5

f(z)

J

ifiiseen
flxuy) =2 f(xzy) =3
5 ifi
is odd (§ )
{15]Sn—1 f(vvie) = 6i
if iseen
fuv) =1
4 fiisodd
fuixip) = {3 o0
fiiseen
3 : .
f(vj)’ﬂ) — {4 ] f is odd
fj iseen

Forl<is<nl<k<n-2

f(x X ) {34

ifi isodd, isodd and ifiiseen, iseenik iKis

i fisodd, iseenandifiiseen, isodd

Forl1<j<n,1<k<n-—-2

fo6y ) {3

it/ is odd , iseen andifjiseen, isodd

ik Jk

i 4 fJ isodd, isoddandifjiseen, iseen

f(u; 2 i) =7=F (V) Vjny
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For

1<i<n-2 flzz ) :[4 ifiis odd® 1 3ifiis e en The above
defined function f gives the total coloring for the

graph.

Hence XtC(A%D'Cn):F/' for n > 2.

2
Ilustration 4: Consider the arrow graph with cycle graphAE. > Cs Figure 4.

XtC(A% > C6)=7

CONCLUSION:
We have obtained the total chromatic number of comb product of arrow graph with path graph, star graph, cycle
graph, and fan graph by defining total coloring for those graphs.

References:

1. Behzad M., “Graphs and their chromatic numbers” Ph.D. Thesis, Michigan state university.

2. Behzad M, Total concepts in graph theory, Arscombiri,23 (1987),35-40.

3. Rohmatulloh MY, Slamin Al Kristiana, Dafik, and R Alfarisi, On metric ~chromatic number of comb
product of ladder graph, ICCGANT IOP Publishing doi:10.1088/1742-6596/1836/1/012026.

4. Sudha S. Manikanda K, Total Coloring of Central Graphs of a Path, a Cycle and a Star Volume 5, Issue
10, 2017, PP 15.

5. Muthuramakrishnan G. Jayaraman. Total Chromatic Number of Middle and Total Graph of Path and
Sunlet Graph. Volume 6, Issue 4, 2018, PP 1-9 .

6. Thirusangu K,.Vimala Bai M, Shobana Sarma C., Total Chromatic Number of extended duplicate graph
of path and star graph families, ,ISSN (Online): 0493-2137 E- Publication: Online Open Access Vol:54
Issue:10:2021 .

7. Kaneriaa VJ. Jariyaband MM Makadia Graceful labeling of arrow graphs and double arrowgraphs

Malaya J. Mat. 3(4) (2015) 382-386.

5318



