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Abstract: - The present mathematical manipulation is designed to study a Finsler space with a generalized (a, )-
t+1

metric F(a,f) =a+ B + ﬁ—t satisfying few conditions. We have obtained a condition for a Finsler space with
a

ageneralized (a, B)-metric to be a Berwald space. Further, we have proved that if a two-dimensional Finsler space
with a generalized (a, 8) metric F is a Landsberg space then it is a Berwald space.
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1. Introduction

Many geometers have studied real Landsberg spaces, in particular real Berwald spaces, over the years. In 1926,
L. Berwald [8] proposed a particular class of Finsler spaces, which was named after him in 1964. If the local
coefficients of the Berwald connection depend only on position coordinates, a real Finsler space is known as a
FZ
n
the Cartan connection CT, a Finsler space is termed as Landsberg space. Cp,;;, = 0 characterizes a Berwald space.
Berwald spaces are very interesting and essential since the connection is linear, and there are several examples of
a Berwald space. However, no real example of a Landsberg space that isn't a Berwald space has yet been found.
A Finsler space is essentially a Berwald space if it is a Landsberg space and satisfy some additional conditions
[7]. A general Finsler space is a Landsberg space in the two-dimensional case if and only if its main scalar I(x, y)
satisfies I,;y* = 0 [20]. Recently, several authors [12-15, 21] are discussed the main scalar and Berwald spaces.

Berwald space. If the covariant derivative Cy; ;. of the C-tensor Cy,;; = 9y, 9; 0; — satisfies Cpj i (x, ¥)y* = 0in

In 2003, Young Lee [22] obtained the two-dimensional Landsberg space with a special (e, ) metric and
demonstrated that metric F2 is Landsberg space and then it is a Berwald space. Shanker et al. [19] have proved
the two-dimensional Finsler space with first approximate Matsumoto metric to be Landsberg space and then it is
Berwald space. Shanker et al. [20], obtained the conditions for two-dimensional Finsler space F? with (a, 8)-
metric to be Landsberg space and then it is a Berwald space in two-dimension. Recently, Predeep Kumar et al.
[11] have obatined the two-dimensional Landsberg and Berwald spaces of Finslerian space with special (a, 8)-
metric. Also, [1, 2, 3, 5, 16, 17] are investigated the Finsler space with (a, 8)-metric.

The main aim of the present study is to find a two-dimensional Landsberg space with a generalized (a, 8)-metric

Bt+1
Fla,B)=a+p+ s
with a generalized («, 8)-metric to be berwald space. Further, with the aforementioned metric, we derive the
difference vector and the main scalar of F2. Finally, we have demonstrated the criteria for a two-dimensional
Finsler space F2 to be a Landsberg space and we prove that if F2 is a Landsberg space with the given metric, then

it is also a Berwald space. Firstly, we gave an introduction for Landsberg and Berwald space in section one. In
section two, we go through some basic preliminaries of Berwald connections. In section three, we have derived

satisfying few conditions. Initially we have obtained the conditions for a Finsler space
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the criteria for a Finsler space with a (a, 8)-metric to be Berwald space. Finally, in section four we have discussed
two dimensional Landsberg space with generalized (a, )-metric.

2. Prerequisites

Let F* = (M™, F(a, B)) be a n-dimensional Finsler space with (a, 8)-metric and R™ = (M™, @) the associated
Riemannian space, where a = faij(x)yiyf be a Riemannian metric and g = b;(x)y" be a differential 1-form
defined on M. Since the metric tensor a;; is invertible, we put a”/ = (aij)_l.

The Riemannian metric « is not supposed to be positive-definite and we shall restrict our discussions to a domain
of (x,y) where B does not vanish. The co-variant differentiation in the Levi-Civita connection (y]-"k (x)) of R™is
denoted by the semi-colon. Let's look at the symbols for later use

i.b? = a™b,bs, b* = a'"b,,

IIZSU = bi;j - bj:i,Zrij = bi;j + bj;il

iii.s/ = a"s,,1f = a"r;, 1 = b{,s; = bS],

. oL 9L aL 92%L

|V.La = E'Laa = ﬁ’l’ﬁ = ﬁ’LBB = w
The Berwald connection BT = (G}, G/, 0) of F™ plays a significant role in the current paper. Denote by B} the
difference tensor of Matsumoto [18] of G}, from (¥},)
Gh(x,y) = B (x,y) + v (x, %) (6]
With the subscript 0 and the contracting by y*, we have
Gf =v4; + B, 2G' = y§o + 2B 2
and then Bf = 9;B" and B}, = 0, B}. According to Matsumoto [18], the Berwald-connection BT of a Finsler space

with (a, 8)-metric F(a, B) is given by (1) and (2), where B}k are the components of a (1, 2)-type Finsler tensor
that is defined by

F,Bly'y, = aFg(b;; — Bfiby)y’ 3)
According to Matsumoto [18], B! (x; y) is called the difference vector, if

B2F, + ay?F,, # 0
where y2 = b2a? — B2. Hence, B' can be written as

. C . aF . F, 1 . .
B‘=;y‘+rj5(‘,—mD(—yl—%bl) (4)

Fa a

were

= ﬁﬁ D _ aﬁ(rooFa — ZasoFl;)
L) 2(B%Fy + ay?®Faq)

Further, by means of Hashiguchi, Hojo and Matsumoto [10], we have
ﬂliyi = 190 — 2b,B",
F
ali = _F_f'[;li'
blzl,yl = 2(7"0 + SO)'
i F
iyt =20 + sp)a’® — 2 (F_ﬁbza + .3) (ro0 — 2b,.B7).

®)
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Lemma 2.1 [6]. If a? = 0(modp) (i.e, a”y"yf contains b;(x)y® as a factor) then the dimension n is equal to 2
and b? vanishes. In this case we have 1 -form § = d;(x)y" satisfying ? = 6 and d;b* = 2.

Lemma 2.2 [10]. We consider the two-dimensional case

i.If b2 = 0 then there exists § = d;(x)y" such that «? = §6 and d;b* = 2,

ﬁZ

ii.If b2 # 0 then there exist a sign e = +1 and § = d;(x)y" such that a? = = + €52 and d;b’ = 0.

b2
If there are two functions f(x) and g(x) satisfying fa? + gB% = 0 then f = g = 0 is obvious, because f # 0
implies a contradiction a? = _f—gﬁz. Throughout the paper, we shall say "homogeneous polynomial (s) in (y*) of

degree r" as hp(r) for brevity. Thus y&, are hp(2).

The (a, B)-metric is a class of Finsler metric in Finsler geometry. Let F = a¢(b?,s);s = g is defined as a general
(a, B)-metric. where a = /aij(x)yiyf be a Riemannian metric, 8 = b;(x)y" be a differential one-form defined
on manifold M and ¢ = ¢(s) isa C™ positive function on (—b,, b,) satisfying

(b? = s2)¢"(s) —s¢"(s) + () > 0, |s| <b < by, (6)

where b: =|| B(x) ll. Itis known that F = a¢(s) is a Finsler metric if and only if || 8(x) Il,< b, forany x € M
[9].

Bt+1
a

In this study we have consider a generalized (a, §)-metric F(a, ) = a + f +—;

defined on manifold M, which

2
is a generalized form of first approximate Matsumoto metric F(a,8) = a+ B + %. And the aforementioned
metric can be written as F = a¢(s) where ¢(s) = 1 + s + st*1. We know that ¢(s) > 0, then (6) becomes

1+ (t2+t)b2st 1 — (t2 + 2t)st*1 > 0, |s| < b < b,

1
Lets = b, wegeth < (%)(1”),t > 0,Vb < b,.
1\(530)
(z)

If t =1, then by < 1.50, Il B(x) llu< (%)

Bt+1 ) . )
Therefore, F(a,B) =a + S + —risa Finsler metric.

3. Berwald Space
In this section, we have obtained the conditions for a Finsler space F™ with generalized (a, 8)-metric to be a
Berwald space. Let F* = (M™, F(a, B)) be a n-dimensional Finsler space with a generalized (a, 8)-metric given
by

B 1

t+
at

O

Let us assume b? # 0. Suppose b? = 0, then by lemma (2.2) we have at = B**1§,s0 F(a,f) = a+ B+ 8
which is Rander's metic. As a result, the presumption that b2 = 0 is fair. Then from (7), we have

Fla,B)=a+p+
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Bt+1

F,=1-¢

at+1’
Bt+1

Faa = t(t + 1) W, (8)

t

Fp=1+(t+ D5,

Bt—l

Fﬁﬁ = t(t + 1)7

Substituting (8) into (3), we get

(@t =t 1Byl + a(—at*t = (£ + Dap®) (b — Bib )y’ = 0. ©)

Assume that the Finsler space with («, 8)-metric (7) be a Berwald space, i.e., G}k = G]-ik(x). Then we have B]-ki =
Bj’ﬁ(x), so the left-hand side of equation (9) have the form

Pi(x,y) + aP,(x,y) =0 (10)

where P; and P, are polynomials in (y*) while « is irrational in (y*). Hence (9) shows P, = P, = 0.

By our assumption b% # 0 implies (—a‘** — (t + 1)aB") # 0. Hence, we have

Bﬁakhyiyh =0, (bjli - B]kibk)yj =0. (11)

The former yields Bffa,, + By;ax; = 0, so we have Bf = 0. Then the latter leads to b;;; = 0 directly.

Conversely, suppose b;; = 0, by well-known Okada's axioms, (v}, v;,0) becomes the Berwald connection of
F™. Hence F™ is a Berwald space. Thus, we have the following outcome

. . . . gyt . . .
Theorem 3.1 The Finsler space F™ with generalized (a, 8)-metric F(a,8) = a+ 8 + p: satisfying b2 = 0 is

a Berwald space if and only if b;; = 0, and then the Berwald connection is essentially Riemannian (¥}, v4;,0).

4, Two-dimensional Landsberg Space

Let the Finsler space F™* = (M™, F («, 8)) with an generalized (a, 8)-metric given by equation (7) be a Landsberg
Space. The difference vector B! of the Finsler space has been first given in [18]. Here, by means of (4) and (8),
we have

A

_ 2a2(at+(t+1D)BY)
T (attl-tptt)g 1 _ppt+ly

2B (at+i-¢pt+1) °0

(£t + Daptpt + 20) + (12)
where

A =ryo(attt —tpt) — 2a?s,(at + (t + 1Y),
B =a'! — (t% + 2t)BH + t(t + 1)b*a?BtY,
0= a2t+1 _ (tZ +t+ 1)atﬁt+1 _ (t2 _ 1)at+1'gt _ 2t(t + 1),82t+1-

It is trivial that (at™* — tB**1) = 0 and Q # 0, because «a is irrational in (y*).
From (12) it follows that

A[(at+1—tﬁt+1)2+K]
Too — 2B"b, = at(att1-tgt+1)Fn

(13)
where
K=—-1-t)atp™? + t(t + Db?*(—a® + a'*?pt — 1)F.

Now we deal with the condition for a two-dimensional Finsler space F? with (7) to be a Landsberg space. It is
known that in the two-dimensional case, a general Finsler space is a Landsberg space, if and only if it's main scalar
I(x,y) satisfies I;y* = 0 ([4, 22]).
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The main scalar of F? is obtained as follows

2 )/ZMZ

elc =
4atFQ3

where

M= 3a,2t+1 _ ala’t[)’t“ _ a2ﬁ2t+1 + a3b2at+2[3t_1 + a4b2a2ﬁ2t+1 _ asat“ﬂt + aﬁbzat”ﬁt_z,

Q=a"™ — (% +20)B" + t(t + Db*a®p
The co-variant differentiation of (14) leads to
4a?' FQtel? = M(a'QMyE + 2aQy?M,; — tat"1QMy?a;; — 3a*My2Q,;)
Trasvecting (15) by y*, we get
4a¥FQrelty’ = M(Pyiy' + XMuy' — Yauy' — ZQyY)

where

(15)

(16)

(14)

P =3a4t+2 _ a1a3t+1ﬁt+1 _ a2a2t+1ﬁ2t+1 + a3b2a3t+3ﬁt—1 + a4a2t+3ﬁ2t+1 _ a5a3t+2[)’t
+a6b2a4—t+4—ﬁt—2 _ 3a7a2t+1ﬁt+1 + a3a2tﬁ2t+2 + agatﬁ3t+2 _ a10b2a2t+2[32t _ a11b2

O.’t+2,83t+2 + a12a2t+1,82t+1 _ a13b2a2”3ﬁ2t‘1 + a14b2a3”3,8t‘1 _ a15b2a’2t+2ﬁ2t — Qi

b2at+233t + a17b2a2t+4ﬁ2t_2 + a18b4at+4ﬁ3t _ a19b2a2t+332t_1 + a20b2a2t+5[>’2t_3,

X =2b2a2t+3 _ 2a2t+1ﬁ2 _ sz(tz + 2t)at+zﬁ”1 + 2(t2 + Zt)atﬁt” + Zt(t + 1)b4a“4ﬁt‘1

=2t(t + 1)b2at*?pt+l

Y =3t(b2a4t+3 _ a4t+1ﬁ2) + tal(a3tﬁt+3 _ b2a3t+2ﬁt+1) + taz(a2t32t+3 _ b2a2t+2[)’2t+1)

+ta3(b4a3t+4ﬁt_1 _ b2a3t+2ﬁt+1) + ta4(b40£3t+4[32t+1 _ b2a3t+232t+3) + tas(a3t+1
ﬁt+2 _ b2a3t+3ﬁt) + ta6(b4a3”5ﬁt‘2 _ b2a3t+3ﬁt) + 3ta7(a3tﬁt+3 _ b2a3t+2ﬁt+1)
+ta8(b2a2t+1ﬁ2t+2 _ aZt—1ﬁ2t+4) + tag(b2a3t+2[3t+1 _ at—lﬁ3t+4) + talo(b2a2t+1
ﬂ2t+2 _ b4a’2t+3,82t) + tall(bzat+1,83t+4 _ b4at+3ﬁ3t+2) + ta12 (b2a2t+252t+1 _ aZt
,82t+3) + ta13(b2a2t+232”1 _ b4a2t+4,82t'1) + ta14(b4a3t+4,8t'1 _ b2a3t+2Bt+1) +

tals(b2a2t+1ﬁ2t+2 _ b4a2t+3’82t) + ta16(b2at+1ﬁ3t+2 _ b4at+3ﬁ3t) + ta17(b4a2t+5ﬂ2t_2

—b2a2t+3,82t) + talg(bﬁa“SB“ _ b4at+3,83t+2) + talg(b2a3t+2,82t+1 _ b4a3t+4ﬁ2t'1)

+ta20(b6a2”6ﬂ2t'3 _ b4a2t+432t'1)

VA =9(b2a3t+3 _ a3t+1’82) + 3a1(a2tﬁt+3 _ b2a2t+Zﬂt+1) + 3(12 (at52t+3 _ b2at+2ﬂ2t+1)
+3a3(b4a’2t+4ﬁt_1 _ b2a2t+2'Bt+1) + 3a4(b4at+432t+1 _ b2at+252t+3) + 3a5(a2t+1

,Bt+2 _ b2a2t+3[5‘t) + 3a6(b40(2t+53t'2 _ b2a2t+3,8t).
Thus, the equation (16) is rewritten in the form
4a* FQtelty' = M(Pyiy' + Qa,y' + ShEy' + RB:y"Y),

where

17
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Q — {Ql — 3t(a4t+1[§2 _ b2a4—t+3) _ ta1a3t[)’t+3 _ tazaZt[)’Zt” + ta3b2a3t+2ﬁt+1 + ta4b2a3t+2
,82t+3 _ ta5a3t+1ﬁt+2 + ta6b2a3t+3ﬁt _ 3ta7a3tﬁt+3 + tasaZt_lﬁ’Z”‘* + tagat‘lﬁ3t+4 _ talO
b2a2t+132t+2 _ tallbzat“ﬁ““* + ta12a2tﬁ2t+3 _ ta13b2a2t+2[32”1 + ta14b2a3t+2ﬁ’t+1 _ ta15
b2a2t+1ﬁ2t+2 _ ta16b2at+1ﬁ3t+2 + ta16b40(t+3[)’3t + ta17b2a2t+3[>’2t _ talgbﬁat+5[33t + ta19b4-
a3t+432t—1 + ta20b4a2t+4ﬁ2t_1 + a21b2a4t+3 + a22a3tﬁt+3 + a23b4a3t+4[3t‘1 _ Zta1b2a3t+2
—a24a2t_1[)’t+3 _ a25b4a2”3[3t_1 + a26b4a3”4[3t_1 _ a27b4a2t+3[32t + a28b6a2t+5[32t_2 _
a29b2a2t+332“3 _ asobzat+3ﬁ3t+2 + a31b2at+5[?3t _ a32b2a3t+3[3t _ a33a2t32t+3 _ a34b4a2t+4
ﬁZt—l + a35b4a3t+5[§t_2 _ a36b4a2t+4[)’2t_1 + a37b6a2t+6[>’2t_3 _ 9(t + 1)b2a4t+3 _ a38a3tﬁt+4
+a39at+133t+4 _ a40b4a3t+4ﬁt‘1 + a41b2a2t+2[?2”3 + a42b2a3t+3[3t _ a43b4a3t+5[3t‘2 + a44b4
a4t+4[)’t_1 _ a45b4a3t+3[?2t + a46b4at+3[33t + a47b4a2t+3[>’2t _ a48b6at+5[>’3t + a48b4at+3ﬁ3t+2 +
a49b4a2t+4[§2t_1 + asg(b4a2t+4ﬁ2t_1 _ b2a2t+6[)’2t_3)} + a{QZ — ta1b2a3t+1ﬁ”1 + ta2b2a2t+1
,82t+1 _ ta3b4a3”1ﬁt_1 _ ta4b4a3t+1ﬁz”1 + ta5b2a3t+2[3t _ ta6b4a3t+4ﬁ’t_2 + 3ta7b2a3t+1ﬁt+1
_ta8b2a2tﬁ2t+2 _ ta9b2a3t+1,8t+1 + ta10b4a2t+2B2t + ta11b4a’t+2,83t+2 _ ta12b2a2t+1ﬁ2t+1 +t
a13b4a2”3[32t'1 _ ta14b4a3”3ﬁt‘1 + ta15b4a2t+2B2t _ ta17b4a2”4,872t‘2 + ta18b4at+zﬁ3”2 _

ta19b2a3t+1ﬁ2t+1 _ ta20b6a2t+5ﬁ2t—3 _ a21a4tﬁ2 _ a22b2a3t+1ﬁt+1 _ a23b2a3t+1ﬁt+1 + 2ta1a3t

,82 + a24b2a2tﬁt+1 + a25b2a2t,8t+1 _ a26b2a3”1ﬁt+1 + a27b2a’2t,82t+2 _ a28b4a’2t+2ﬁ2t + a29b4

a2t+3ﬁ2t+1 + a30atﬁ3t+4 _ a31b4a”2ﬁ3t+2 + a32a3tﬁ”z + a33b2a2t+132”1 + a34b2a2“1ﬁz”1
—a35b2a3”2[3t + a36b2a3t+1[€2”1 _ a37b4a2t+3[€2t‘1 + 9(t + 1)a‘”B2 + a38b2a3t+1ﬁ”1 — dg

b2a2t+1ﬁ2t+3 + a40b2a3”1ﬁ”1 _ a41b4a2t+3[7’2”1 _ a42a3tﬁ”z + a43b2a3t+2,8t _ a44b2a4—t+1
t+1 2., 3tp2t+4 2 ,tp3t+2 6 ., 2t+4 p2t—2 2 .,2t+2 p2t+1

BT+ aysba'p — a4eb”a’p — ay47b°a B — agob*a B }

R =a51(a3”1[3“2 _ b2a3t+3ﬁt) + asz(b2a3t+2B2t+1 _ aZt'BZt+3) + a53(b2a2”232”1 _ b4a5t+4—
,BZt_l) + a54(a2“1ﬁ2”2 _ b2a2t+3B2t) + a55(b2a”2,83”1 _ atﬁ*”t”) + a56(b2at+zﬁ3”1
—b4(1t+4ﬁ3t_1) + a57(b4a3t+5[>’t_2 _ b2a3t+3ﬁt) + ass(b2a2t+2ﬁ2t+1 _ b4a2t+4ﬁZL’—1) + a59
(b4a2t+6ﬁ2t‘2 _ b2a2t+4B2t) + a60(b4a2”5ﬁ2t _ b2a2”3ﬁ2”2) + a61(b2a”233”3 _ b4at+4—
,83t+1) + a62(b6at+6,83t'1 _ b4at+4,83t+1) + a63(a3”2,83 _ b2d3t+4,8) + a64(b2a2”3[3”2
—a2t+1ﬂt+4) + a65(b2a2”3,8t+2 _ b40(2t+53t) + a66(b4a3t+6,8t'3 _ b2a3t+4,8t'1) + a67(b2
0{2t+3ﬂ2t _ b4a’2t+5ﬂt_2) + a68(b2a2”7,82t_4 _ b4a2t+552t_2) + a69(b2a3t+zﬂt _ a3t+1ﬁt+2)
+a70(a’2t,82t+3 _ b2a2t+2ﬁ2t+1) + a71(at,83t+3 _ bzat+253t+1)
+a72(b4a2t+4ﬁ2t_1 _ b2a2t+2ﬁ2t+1) + a73(b4at+4—’83t+1 _ b2at+253t+3) + a74(a2t+1ﬂ2t+2
—b2d2t+3ﬁ2t) + a75(b4a2t+5,82t_2 _ b2a2t+3[32t) + a76(b4a4t+5[3t_2 _ b2a4t+3ﬁt) + a,;
(b2a3t+2,82t+3 _ b4a3t+4[32t_1) + a78(b40(t+4,33t_1 _ bzat+253t+1) + a79(b4a2t+4ﬁzt—1
—b60!2t+6,82t_3) + ago(b4at+4ﬁ3”2 _ b6at+6,83t_1) + agl(b4a2t+5,82t'2 _ b2d2t+4ﬂ2t)

+a82(b4a2t+5,82t_2 _ b6a2t+7[32t_4).

S =a83(b2a3t+5ﬂt'1 _ b2a3t+3,8t+1) + a84(a2t+232t+2 _ b2d2t+4,82t) + a85(b4a2t+6,82t'2
—b2a2t+4,82t) + age(b2a2t+5ﬁ2t+1 _ a2t+4,82t+3) + a87(at+253t+4 _ bzat+4ﬂ3t+2)
+a88(b4at+6[33t _ bzat+4ﬁ3t+2) + asg(b2a3t+6[3t_2 _ a3t+4ﬁt) + ago(a2t+352t+1
—b2a2t+5,82t_1) + agl(b4a2t+732t'3 _ bzat+4ﬁ3t) + agz(bza‘”"sﬁt'l _ a‘””[)’”l)
+a93 (a3t+2ﬁ2t+4 _ b2a3t+4‘82t) + a94(b2at+4ﬁ3t _ at+2[;3t+2) + a95(b2a2t+4ﬁ2t _
b4-a,2t+6‘82t—2) + agﬁ(bzat+4ﬁ3t+2 _ b4a,t+6‘83t) + a97(b2a2t+5ﬁ2t—1 _ a2t+4ﬁ2t+1)
+a98(b2a2t+5ﬂ2t_1 _ b40_’2t+7B2t_3),

in which
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a, = t3 + 6t% + 8t,
a, = 4t3 + 6t% + 2t,

a, = 4t3 + 12t% + 8¢,
as = t3+ 3t2 — 4,

as = t3 + 3t? + 2,
ag =t3—t,

a, = t? + 2t, ag = t° + 8t* + 12t3 + 26t2 as = 4t° +20* + 32t + 16
ajo = t° + 5t* + 8t + 4t2, a;, = 4t° + 14t* + 14t3 + 4 a;3 = t° + 2t* — 3 — 2¢2,
a;, = t>+5t* +6t3 —4t2 -8 a,4 = 3t? + 3t, a5 = t° + 7t* + 14¢3 + 8t?
a;¢ = 4t° + 16t* + 20t3 + 8¢2 a;; = t5 + 4t* + 5t3 + 22, a;g = 4t° + 10t* + 8t + 21
a;o = 3t° + 6t* + 3t3 — 4t2 — ayo = t°+t*—t3 —t?, az, =62t + 1),
a, = 6(2t + 1)(t? + 2t), ay; = 6t(t + 1)(2t + 1), Ay, = 2t(t% + 2t)a,,
ays = 2t%(t + 1ay, a6 = 2(t + 2)as, ay; = 2(t + 2)(t? + 2t)as,
ayg = 2t(t + 1)(t + 2)as, a9 = 4ay, aso = 4(t% + 2t)a,,
az; = 4t(t + Day, as, = 2(t + Das, ass = 2(t + 1) (t2t)as,
as, = 2t(t + 1)2as, ass = 2(t + 3)ag, ase = 2(t + 3)(t*2t)a,,
asz; = 2t(t + 1)(t + 3)a,, azg = 3(t + Day, azg = 3(2t + Da,,
as0 = 3(t + Das, ay = 3(t + Day, ay, = 3(t + Das,
a43 = 3(t + Dag, au, = 18t(t + 1), ay5 = 6t(t + Day,
a46 = 6t(t + Day, au7 = 6t(t + 1as, aug = 6t(t + 1)ay,
49 = 6t(t + Das, aso = 6t(t + 1)a,, asy = 2(t + Day,
as, = 2(t + D(t? + 2t)a,, ass = 2t(t + 1)%ay, asq = 2(2t + Day,
ass = 22t + 1)(t* + 2t)a,, ase = 4t(2t + 1)(t + 1)a, as; = 2(t — Das,
asg = 2(t — 1) (t? + 2t)as, asg = 2t(t —1)(t + Das, ago = 2(2t + 1ay,
ag; = 22t + D(t% + 2t)a,, agz = 2t(2t + 1)(t + Day, ag3 = 2tas,
agy = 2t(t? + 2t)as, ags = 2t*(t + 1as, age = 2(t — 2)ag,
ag; = 2(t — 2)(t2 + 2t)a,, agg = 2t(t — 2)(t + 1)ag, ago = 9(t + D(t* + 21),
a;o = 3(t + 1)(t? + 2t)a,, az; = 3(t + D(t* + 20)ay, a7, = 3(t + D(? + 2t)a,
a;; = 3(t + 1)(t2 + 2t)ay, azq = 3(t + D(t* + 2)as, azs = 3(t + D(? + 2t)ag,
a,6 = 9t(t?2 — 1), a;; = 6t(t? — 1ay, a,g = 6t(t? — 1a,,
a,9 = 6t(t? — 1)as, age = 6t(t? — Day, ag; = 6t(t? — Das,
ag, = 6t(t? — 1a,, ags = 3as, ags = 2(t% + 2t)as,
ags = 2t(t + 1)as, Age = 204, ag; = 2(t% + 2t)a,,
agg = 2t(t + Day, age = 20, ago = 2(t% + 2t)a,,
aq; = 2t(t + Da,, gy = 9t(t + 1), Qg3 = 3t(t + 1ay,
ag, = 3t(t + Day, ags = 3t(t + Das, Age = 3t(t + Day,

Ag7 = 3t(t + 1)a5, Qgg = 3t(t + 1)a6.

Consequently, the two dimensional Finsler space F? with (7) is a Landsberg space, if and only if

Pyity' + Qayy' + Sbiiy' + RBy' =0 (18)
when M = 0. If M = 0, then b? = 0, namely, it is a contradiction.

By means of equation (5), the above equation is written as

2(at*t — B (a?P + S) (1 + sg) + {(at*t — tBHR — Qal(at + (t + 1BY) (19)

—la®b?(a’ + (t + DB + pa** =t )P} (oo — 2b,B™) = 0.

Substituting the values of P, Q, R, S and (1o — 2b,B™) in (19) and separating the rational and irrational terms with

respect to (y*), we get
{O_’ZHZE1 + QZCBFerO + 20(2t+261$0} + a{a2t+2E2 + Fzroo + 2a2tﬁsto} =0 (20)

where

2700



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 45 No. 1 (2024)

E1 — 2{a2t+2 + t(t + 1)b2(at+3ﬁt—1 + at+2ﬁt) + (t _ t3)b2a2ﬁ2t _ tﬂt+2 _ tZ(t + 1)b2(ﬁ3t+1
a+ al—tﬁ3t)}(at+1 _ tﬁt+1){3a3t+3 + a3b2a2t+4ﬁt‘1 _ a5a2t+3[3t + a6b2a3t+5[3t‘2 + asa
,83t+2 _ alobzat+3ﬁ2t _ a13b2at+432t‘1 + a14b2a2t+4ﬁt_1 _ alsbzat+3l32t _ a16b2a3,6’3t + a,;
bza’t+5ﬁ2t_2 + a18b4a5[?3t _ a19b2at+4ﬁ2t—1 + a20b2at+6ﬂ2t—3 + a83at+1ﬁ2”3 _ a84b2at+3
,BZt + ass(b4at+5ﬁ2t_2 _ bzat+3[?2t) + a88b4a5,33t + agg(b2a2t+sﬁt_2 _ a2t+3ﬁt) _ a90b2
at+432t—1 + agl(b4at+6ﬁ2t‘3 _ b2a3ﬁ3t) + a92b2a3t+4ﬁ’t_1 _ a93b2a2”3ﬁ’2t + a94b2a333t
+a95(b2a“3ﬁ2t _ b4at+5B2t—2) _ a96b4a5l;3t _ a97b2at+4[32t‘1 + agg(bza”‘*ﬁ’“_l _ b4

t+6 p2t—3
attepET)},
E, =2{(1 —t? = 3t)a®**1p + a3 — (£2 + 20)a?* B + (t3 + t2 — 20)b%atf?H Y + t(t? + 2t) (at?
ﬁ2t+2 + a_1ﬁ3t+1) _ th(IZtﬁZt +}(at+1 _ tﬁt+1){—a1a2t+2ﬂt+1 _ azat+2ﬂ2t+1 + a4at+4
ﬁ2t+1 _ 3a7at+2[?t+1 + asat_1ﬁ2t+2 _ a11b2a3ﬁ3t+2 + alzat+2ﬁ2t+1 _ a83b2a2t+23t+1 + Qga
at+132t+2 + a86(b2at+432”1 _ at+3[?2t+3) + a87(aﬁ3t+4 _ b2a3ﬁ3t+2) _ a88b2a3ﬂ3t+2
+a90a”2[32“1 _ a92a3t+2Bt+1 + a93a2t+1‘82t+4 _ a94a,83”2 + a96b2a3ﬁ3”2 _ a97at+3[32”1

4 ,t+6 p2t-3

—aggh*a™"p }

F2 — {tzﬂZHZ + (1 _ t)atBHS + a3t+1(t2 + t)bz(a”ZBt_l _ a,3 _ aZBHl)}(a,Hl _ t,BHl){(
at+1 _ tﬁt+1)(a51a3t+1ﬁt+2 _ aszaZtﬁ2t+3 + a53b2a2t+2ﬁ2t+1 _ a54b2a2t+3ﬁ2t _ assatﬁ3t+3
—a56b4a”4ﬁ3t'1 + a57b4a3t+5Bt2 + a58b2a2t+2B2t+1 _ a59b2a2t+4,82t _ a6ob2a2t+3ﬁ2t+2 +
a61(b2at+233t+3 _ b4at+4ﬁ3t+1) + a62b6at+6ﬁ3t_1 _ a63b2a3t+4ﬁ + a64(b2a2t+3ﬁt+2 _ a2t+1
ﬁt+4) + a65b2a2t+3ﬁt+2 + a67b2a2”3ﬁ2t + a68(b2a2”7,82t‘4 _ b4a’2t+5,82t_2) _ a69a3“1ﬁt+2
—a70b2a2“2ﬁ2”1 + a71(atﬁ3”3 _ bzat+zﬁ3”1) _ a72b2a2”232”1 + a73(b4a,t+4—ﬁ3t+1 _ b2
(Xt+2,83t+3) + a74a2t+1ﬁ2t+2 _ a75b2a2”332t + a76b2a‘”+3ﬁt + a77b2a3”232”3 + a78b4at+4
BBt_I + a80b4at+4ﬁ3t+2 _ a81b2a2t+4ﬁ2t + a82b4a2t+5ﬁ2t—2) _ (Q)(at+1 + (Zt + 1)aﬁt) _
(bZaZ(a,t + (t + 1)[3) + B(at+1 _ tﬁt+1))(—a1a2t+2ﬁt+1 _ azat+2ﬁ2t+1 + a4a,t+4ﬁ2t+1 _ 3(17
O.’t+2ﬁt+1 + asat—1ﬁ2t+2 _ a11b2a3ﬁ3”2 + alzat+2ﬁ2t+1 + a17b2a2”4,82t‘2 + algb‘*a”“ﬁ“ _
a19b2a2“3ﬁ2t‘1)},

G, = (a' + (t+ DBH2ta?p* + (t — Daf*? + t(1 + t)(b%a? — b2a?Bt + a*™h) + a2}
(—a51b2a3t+3[3t + a52b2a3t+2[32t+1 _ a53b4a5t+4’82t—1 + a54a2t+132t+2 + asstat+Zﬁ3t+1 _
a56b20{t+2[33“1 + a57b4a3t+5,8t2 + a59b4a2t+632t'2 + a60b4a2t+5,82t + a62b6at+6ﬁ3t'1 + (g3
(a3t+2ﬁ3 _ b2a3t+4ﬂ) _ a65b4a2t+5[3t + a66(b4a3t+6[3t_3 _ b2a3t+4ﬁt_1) _ a67b4a2t+5ﬂt_2
+a68(b2a2t+7,82t'4 _ b4a2t+532t'2) + a69b2a3t+2,8t + a70a2t,82t+3 + a72b4a2t+4ﬁ2t'1 +
a74a2t+1[32t+2 + a75b4a2t+5B2t—2 + a76(b4a4t+5[3t_2 _ b2a4t+3ﬁt) _ a77b4a3t+4ﬂ2t_1 + (g
b4at+4,83t'1 + a79(b4a2t+4,82t'1 _ b6a2t+6,82t_3) _ a80b4at+6,83t'1 + agl(b4d2t+5ﬁ2t_2 _
b2a2t+4ﬁ2t) + agz(b4a2t+5ﬁ2t_2 _ b6a2t+7ﬁZt_4)) _ (Q)(at+1 + (Zt + l)aﬁt)} _ (bZaZ

(a,t + (t + 1),8) + ,B(at“ _ tﬁ”l))(Sa‘”*Z + a3b2a3t+3,8t'1 _ a5a3t+2,8t + a6b2a4—t+4—

ﬁt—z + agat,83t+2 _ a10b2a2t+432t _ a13b2a2t+332t'1 + a14b2a3t+3,8t'1 _ a15b2a2t+2ﬁ2t
—a16b2at+2ﬂ3t + a20b2a2t+4ﬁ2t'3).

GZ ={t20!t_1,82t+2 + (1 _ t)atBt+3 + a3t+1(t2 + t)bZ(at+ZBt—1 _ OI3 _ 0(2,8“'1)}(0(“'1 _ t'Bt+1
){(at+1 _ tﬁt+1)(a51a3t+1ﬁt+2 _ a52a2t‘82t+3 + a53b2a2t+2ﬁ2t+1 _ a54b2a2t+332t — Qs
atﬁ3t+3 _ a56b4at+4‘83t_1 + a57b4—a3t+5‘8t + a58b2a2t+2ﬁ2t+1 _ a59b2a2t+4ﬁ2t _ a60b2
a2t+3‘82t+2 + aﬁl(bzat+233t+3 _ b4a,t+4—‘83t+1) + aﬁzbﬁat+6ﬁ3t—1 _ a63b2a3t+4—ﬁ + a64(b2
a2t+3ﬁt+2 _ a2t+1ﬁt+4) + a65b2a2t+3ﬁt+2 + a67b2a2t+332t + a68(b2a2t+752t_4 _ b4a2t+5
ﬂZt—Z) _ a69a3t+1ﬁt+2 _ a70b2a2t+2ﬁ2t+1 + a71((ltﬁ3t+3 _ bzat“ﬁ““) _ a72b2a2t+2
ﬁ2t+1 + a73(b4—at+4—‘83t+1 _ bZat+ZB3t+3) + a74a2t+1ﬁ2t+2 _ a75b2a2t+3ﬁ2t + a76b2a4—t+3
ﬂt + a77b2a3t+2ﬂ2t+3 + a78b4at+4ﬁ3t_1 + a80b4at+4ﬁ3t+2 _ a81b2a2t+4[5’2t + a82b4a2t+5
B — (@)@ + (2t + Dap?) — (b*a(a’ + (t + DP) + pla™ —tp* ) (—a
a2t+2‘8t+1 _ aza,t+2‘82t+1 + a4a,t+4—‘82t+1 _ 3a7at+2ﬁt+1 + a8at—1ﬁ2t+2 _ a11b2a3'83t+2
+a12at+2‘82t+1 + a17b2a2t+4—‘82t—2 + a18b4at+4ﬁ3t _ a19b2a2t+3ﬁ2t—1)},
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Fl — {(tZ + t)(bzazﬁt‘l _ a4—t + b2a3‘t[?2t‘1) + (1 _ t)(aﬁ”l + al_tﬂ2t+2) _ Ztazﬁt}(a”l
_tﬁt+1){(at+1 _ tﬁt+1)(—a51b2a3t+3ﬁt + a52b2a3t+2[32t+1 _ a53b4a5t+4[32t‘1 + a54a2t+1
BZt+2 + assbzat+ZB3t+1 _ a56b2at+2[?3”1 + a57b4a3t+5[3t + a59b4a2”6[32t‘2 + a60b4a2t+5
ﬁZt + aﬁzbﬁat+6ﬁ3t_1 + a63(a3t+2ﬁ3 _ b2a3t+4ﬁ) — Qg5 — b4—a2t+5ﬁt + aee(b4a3t+63t_3 _
b2a3t+4ﬁt—1) _ a67b4a2t+5[?t‘2 + a68(b2a2t+7ﬁ2t_4 _ b4a2t+5ﬁ’2t_2) + a69b2a3t+23t +
a70a2tﬁ2t+3 + a72b4a2t+4ﬁ2t_1 + a74a2t+1ﬁ2t+2 + a75b4a2t+5ﬁ2t_2 + a76(b4a4t+5ﬁt_2 _ b2
a4t+3ﬁt) _ a77b4a3t+432t‘1 + a78b4at+4ﬁ3t‘1 + a79(b4a2t+4[32t‘1 _ b6(12t+6ﬁ2t_3) _ a80b4
at+6ﬂ3t_1 + a81(b4a2t+5ﬁ2t_2 _ b2a2t+4ﬁ2t) + agz(b4a2t+5ﬁ2t_2 _ b6a2t+7ﬂ2t_4)) _ (Q)
(at+1 + (Zt + 1)aﬁt) _ (bZaZ(at + (t + 1)[;) + ﬁ’(a”l _ tﬁt+1))(3a‘“+2 + a3b2a3t+3ﬁt—1
_a5a3t+2ﬁt + a6b2a4t+4ﬁt‘2 + agatﬁ3t+2 _ a10b2a2t+4ﬂ2t _ a13b2a2”3ﬁ’2t_1 + a14b2a,3t+3
Bt_l _ a15b2a2t+2ﬁ2t _ a16b2at+2[?3t + a20b2a2t+4[32t_3)},

The equation (20) yields two equations as follows

a?E,(ry + s¢) + BFi190 + 2a2Gys = 0, (21)
a?2BE, (1 + So) + Fargo + 2a%Gysy = 0. (22)
From (22), we get

—a39t%BO 075, = 0(moda?). (23)

Therefore, there exists a function f(x) such that r,, = a?f(x). Thus, we obtain

1y = aif (X). (24)
Transvection above equation by by’ leads to
1o = Bf(x), 1 = bif (x). (25)

Eliminating (ry + s,) from (21) and (22) using (23), we get

a?f(x)(a®*BE,F, — E1F,) + 2a?Bsy(a? E,G, — E;Gy) = 0 (26)
From a? # 0(modp) it follows that there exists a function g (x) satisfy s, = g(x)8.

Thus (26) reduces to

a?t B2(f(X)ELF, + 29(x)E Gy) — (f(x)E,F, + 28%g(x)E,G,) = 0. 27

Since only the term —asqagst?(f(x) + 4g(x))B 210 of (f(x)E F, + 2B%g(x)E,G,) apparently does not
contain a?, we must have hp(12t + 8)V, g Such that f12¢+10 = 2y, ... .. But it is a contradiction because of
a? # 0(modp), that is, (f(x)E,F, + 2B%g(x)E;G,) does not contain a? as a factor. Hence (f(x)E,F, +
229 (x)E,G,) must be zero, which implies f(x) = g(x) = 0, this leads to s, = 0 and s; = 0. From (24), we get
1 =0.

Recapping up, we obtainr;; = 0 and s; = 0, that is
b”j + bjli = 0, brbr“: b 0 (28)
Therefore b;(x) is the so-called Killing vector field with a constant length.

According to [8], the condition (28) is equivalent to b;; = 0. So, we have

ﬁt+1
t

Theorem 4.1 Let two-dimensional Finsler space F2 with a generalized (a, §)-metric F(a,8) = a + 8 + -

satisfying b? = 0. If F2 is a Landsberg space, then F? is a Berwald space.
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5. Conclusion

The purpose of this research is to find a Landsberg space in a two-dimensional Finsler space F2 with a generalised
t+1
(a,B)-metric F(a,B) =a+ B + ﬁa—t that meets certain conditions. First, we have determined the criterion for a

Finsler space with a generalized (a, 8)-metric to be a Berwald space. Further, we have calculated the difference
vector and the main scalar of F2 using the aforementioned metric. Finally, we have demonstrated that if the Finsler
space F? with the (a, 8)-metric is a Landsberg space under certain conditions, it becomes a Berwald space.
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