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Abstract
New labeling such as Gaussian Product Anti Magic Labeling, Gaussian Product Odd Anti Magic Labeling, and
Gaussian Product even Anti Magic Labeling are introduced in this paper. We investigate if the above

mentioned labelings exist for the path, Y-tree, comb, key, and star graphs.
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Introduction

The concept of graph labeling was introduced by Rosa [3] in 1967. A graph labeling is an assignment of integers to
the vertices or edges or both subject to certain conditions. The graph labeling problem that appears in graph theory
has a fast development recently. This is not only due to its mathematical importance but also because of the wide
range of the applications which includes X-rays, crystallography, coding theory, radar, astronomy, circuit design, and
design of good Radar Type Codes, Missile Guidance Codes and Convolution Codes with optimal autocorrelation
properties and communication design. An enormous body of literature has grown around the subject in the last five
decades. They gave birth to families of graphs with attractive names such as graceful, harmonious, felicitous, elegant,
cordial, k-sequentially additive, magic, bimagic, pair sum, anti-magic and prime graphs, etc. An useful survey to know
about the numerous graph labeling methods is the one by J.A. Gallian recently [1].

11 Preliminaries
In this section, we give basic notions relevant to this paper.

Definition 2.1.A path P of length n in a graph G is a sequence {vy, v,, . . ., V(-1 Vo } Of distinct vertices such that
for 1 <i < (n- 1), the vertices v; and v;,, are adjacent. We say that P is a v;— v,, path. The vertices v, and v, are
called the origin and terminus of P respectively. The vertices v, . . ., v,_) are called the internal vertices of P. A
path on n vertices is denoted by P,.

Definition 2.2 : By joining a pendant edge to the first vertex of degree two in a path graph the Y-tree graph is obtained.
Definition 2.3 : By adding pendent edge to each of the vertices of P, , we obtain a comb graph. It has 2n vertices and
2n-1 edges.

Definition 2.4 : By joining a single pendent edge to each vertex on C,, the Huffman tree is a graph obtained.
Definition 2.5 : By connecting the edge between one vertex of C, and a vertex of degree two of Huffman tree, the

Key graph is obtained.
Definition 2.6. With n vertices and n-1edges, the star graph K1 n-1 is @ complete bipartite graph.
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Definition 2.7. The vertex-weight of a vertex x in G under an edge labeling to be the sum of edge labels corresponding
to all edges incident with x. Under a total labeling, vertex-weight of x is defined as the sum of the label of x and the
edge labels corresponding to all the edges incident with x. If all vertices in G have the same weight | , we call the
labeling vertex-magic edge labeling or vertex-magic total labeling, respectively and we call | a magic constant. If all
vertices in G have different weights, then the labeling is called vertex-antimagic edge labeling or vertex-antimagic
total labeling, respectively.

Definition 2.8. Gaussian antimagic labeling in a G(p,q) graph is a function v Vo {otiplabeN}1<a<p
< ¢ such that the induced function @* : E - N defined by @*(uv) = | @* (u)|?> + | @* (v)|? results all the edge labels
are distinct. A graph which admits Gaussian antimagic labeling is called Gaussian antimagic graph.

Definition 2.9. Gaussian product antimagic labeling in a G(p, q) graph is a function y: V — {a + i / a,f€EN} such
that the induced function t*:E — N defined by 7* (uv) = |yw(u)|? | w(v)|? results all the edge labels are distinct. A
graph which admits Gaussian product antimagic labeling is called Gaussian product antimagic graph.

Definition 2.10. Gaussian product odd antimagic labeling in a G(p, g) graph is a function yv:V—-{at+ip/ap
€N} such that the induced function t*:E — N defined by t* (uv) = |yw(w)|?> | w(v)|? results all the edge labels are
odd and distinct. A graph which admits Gaussian product odd anti magic labeling is called Gaussian product odd anti
magic graph.

Definition 2.11.Gaussian product even antimagic labeling in a G(p, q) graph is a function y: V - {a + if / a,pEN}
such that the induced function *:E — N defined by 7 (uv) = |y(w)|? | w(v)|? results all the edge labels are even
and distinct. A graph which admits Gaussian product even antimagic labeling is called Gaussian product even
antimagic graph.

I11. Main Results

GAUSSIAN PRODUCT ANTI MAGIC LABELING IN PATH RELATED GRAPHS

Theorem 3. 1: The path graph P, n > 1 admits Gaussian product antimagic labeling

Proof: Let V={v1, v2, .. ., Vk,Vke1, Vks2, - - ., Un / NiSeven, k= ?"} be the vertices and

E ={vivir1 /1 < i< 2k—1}be the edges of the path Pn.

Define a function y: V — { a + i / a, BEN } such that

y(ve) =e+i(e+1) e=1,23...k

y(w)=1+il+2) I=k+1 k+2k+3,.......2k .

Define the induced function p:E — N such that p (vjvjs1) = | v ()| | v (vj+1)]?
The edge labels are obtained as follows:

p (W) = Iy )12 Iy (1) 2,1 <j<k-1

p (vver) = W (V)% W (vjs1)| % k+1 <ji< 2k-1

p (ki) =5 (N*+10n°+38n2+56n+40 )
p (Vn1vn) = 4n*+8n3+12n%+8n+8

If ger,g= h

p (vqug+1 ) = 4q*+160°+240?+160+5
p (Vvr1) = 4ri+16r3+24r2+16r+5
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p (Vgvg+1) = 4g*+24g3+60g%+72g+40
p (Vh vhe1) = 4h*+24h3+60h%+72h+40

This implies p (Vqvg+1 ) # p (Vivre1) | p (VgVgr1)# p (Un Uns1)
p (vqug+1) # p (V1) # p (VgVg+1)# P (Vh Unset)
Thus p (E) = {65, 325, 1025, 2501, ..., (14) (n*+10n%+38n%+56n+40 ), ...(4n*+8n%+12n%+8n+8 ) } in which all the

elements are distinct.
Therefore, the path graph B, is a Gaussian product antimagic graph.

Example3.1: The Gaussian antimagic labeling for Path with n(n is even)vertices is shown in figure -3. 1.

w = =

- ¥ 3 < -

w3 - I S £ 3

'-E f-: :1_- - x 7 § = £
= o M é z = x é E
65 |35 | | | | T

v
V1 V2 V3 Vk-1 Vg Vk+1 k+2  Up—q v,
S
(1/4) (n*+10n3+38n2+56n+40 )

4n*+8n3*+12n%+8n+8

Figure — 3.1. The Gaussian antimagic labeling for Path with n (n is even) vertices.

If nis Odd

Let V={v1, vo, ..., Un-1, Un+1, Uns3, ., ., ., Un} be the vertices and E = {vivi+1 / 1 <i< n—1} be the edges of the
2 2 2

path Px,

Define a function y: V — {a + if / a, BEN} such that

n-1)

y(ve) =e+i(e+tl) ,e=1,23........

y@)=l+il+2) 1= E2 &85 g

Define the induced function p:E — N such that p (vjvj«) = | v )2 | v (vj+1) |?

The edge labels are obtained as follows:

. -3
pwvi1) = [y ()12 Iy (vj+1)] 2,1 <j< ("2—)

+1 .
poven) = lv )12 | () 2, 22 <j< -l

p(Vn-1 vn+1) = (43) (n*+6n3+14n%+6n+13 ) , p(vn1vn) = 4n*+8n%+12n%+8n+8
2

2
If g=r,g#=h
p (Vqvgr) = 49*+1603+240%+160+5 , p (Ur Vre1) = 4r*+16r3+24r2+16r+5
p (Vg vg1) = 49*+24g%+6092+72g9+40 , p (vh vhe1) = 4h*+24h3+60h2+72h+40
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This implies p (vqvg+1) # p (Vr Vi+1), p (Vg Vg+1)# p (Vh Vhea)

p (Vqvgs1) # p (Vr V1) # p(Vg Vg+1)# p (Vh Vhe1) # p (Vnatn)

Thus p (E) = {65, 325, 1025, 2501, ... ,(41) (n*+6n3+14n%+6n+13), ...(4n*+8n%+12n%+8n+8 ) } in which all the
elements are distinct.

Thus, the path graph B, is a Gaussian product antimagic graph.

Example 3.2: The Gaussian anti magic labeling for Path with n (‘n” is Odd ) vertices is shown in figure — 3.2.
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] L} 4
446n3+14n2+6n+
(ngon=+14n 9)‘21 13) V3 Un—3 VUn-1 Un+1 Un+3 VUn-1 Vn
2 5 2 2

Figure — 3.2 The Gaussian anti magic labeling for Path with n (‘n’ is Odd ) vertices.

Theorem 3. 2:
The Y» — tree admits Gaussian product antimagic labeling.
Proof: Let {v1, vo, . . . ks Vket, Vke2, - - ., Un / N IS €VEN, k= %} be the vertices and
E ={{vvin1 | 1 <i<(2k—2)} U{ v(n2) Vn}} be the edges of the Y tree.
Define a function v : V = {a +ip / o, p € N} such that
y(ve) =eti(e+1) e=123.......k
v (@) =1+i(l+2) 1= (k+1),(k+2),........(2k-1)
v (vn) =n+i(n+2)
Define the induced function p:E — N such that p (vjvj«) = | w ()17 | v (vj+1)|?
The edge labels are obtained as follows:
p (W) = v )12 v (V)] 2,1 <j<k-1

p (Vivier) = (41) (n*+10n3+38n2+56n+40 )
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p (vjvjs1) = Iy (W)I? v (V)| 2, kH1 <j<2k-2

p (Vn-2vn) = 4n*+16

If g=r,g#=h

p (vqVge1) = 40*+160°+240%+16q+5
p (Vr vret) = 4r441613+24r2+16r+5

p (Vg vg1) = 49*+249%+609%+72g+40
p (Vh Vhe1) = 4h%+2403+600%+72h+40

This implies p (vqvg+1) # p (Vr V1) |, p (Vg Vgr1)# P (Vh Vhea)

p (VqVgr1) # p (Vr Vre1) #p (Vg Vge1)# p (Vn Vne1) # p (Vn-2 Vi)

Thus p () = {{65, 325, 1025, 2501, ..... ,(;) (n*+10n%+38n?+56n+40 )

1+2i

Example 3.3:

2 + 3j
3 +4i

,...(4n*-8n+12n2-8n+8 ),(4n*+16) } in which all the elements are distinct.

Therefore, the graph Y tree is a Gaussian product antimagic graph.

The Gaussian product antimagic labeling for Y» — tree with n (‘n’ is even) vertices is shown in figure 3. 3.

(4n%+16)

Vn n+(n+2)i

(K+1)+(k+3)i
(K+2)+i(k+4)

K+(k+1)i
n-2)+ni

— (k-1)+ki

<
N
<
w
<
T
[SN
<
=~

( i) (n*+10n3+38n?+56n+40 ) Pa—

=TT _I (n-1)+(n+1)i

Vi1 Vg2 Un-2 | Vn-1

—

(4n*-8n3+12n%-8n+8) a—

Figure-3.3 The Gaussian product antimagic labeling for Y, — tree with n(‘n’ is even) vertices.

If nis Odd

Let {vy, vo, ..., Un-1, Unt1, Unss, . .
2 2 2

U{ vn-2 vn}}be the edges of the path Yn.

., Un } be the vertices and E = {{vivis1 /1 <i<n—-2}

Define a function y: V — { o +if / a, B € N } such that

n-1)

y(ve)=e+i(e+l) e=1,273......

_ . _ (n+1) (n+3) (n+5)
v()=z+i(z+2) z= e

v (vn) =n+i(n+2)

vieeen(n-1),
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Define the induced function p:E — N such that p(vvj«) = | v (@)? | v (v+1)]?

The edge labels are obtained as follows:

. -3
p (0w = by ()17 Iy (w0)] 2,1 < =2

1 .
p (i) = v @)1 v (m0)| % 22 <j< (n-2)

p (V=) V) = () (N*+6n*+14n2+6n+13 )
2

2
p (Vn2 vn) = 4n*+16
If ger,g#h
p (vqVge1) = 40*+160°+2407+16q+5
p (Ur vre1) = 4r4+1613+24r2+16r+5
p (Vg vgr) = 4g*+24g%+60g2+72g+40
p (vh vn1) = 4h*+2403+60h%+72h+40

This implies p (vqvg+1) # p (Vr V1), p (Vg Vgs1) # p (Vh Vhet)
p (VgVge1) # p (Ur vr1)# p (Vg Vge1 )% p (Vh Uhet ) # p (Vn-2Vn)

Thus p(E) = {65, 325, 1025, 2501, ..., (i) (n*+6n%+14n%+6n+13 ), ...(4n*-8n%+12n%-8n+8 ), 4n*+16 } in which all
the elements are distinct.

Therefore, the path graph B, is a Gaussian product antimagic graph.

Example 3.4: The Gaussian product antimagic labeling for Y» — tree with n(‘n” is Odd ) vertices is shown in figure
3.4.

4n*+16

Vn n+(n+2)i

3 +4i
(k-1)+ki
n-2)+ni

V1

—12 + 3i

I '''' I I I_ - _I (n-1)+(n+1)i

(%) V3 (n-3)/2 (n-1)/2 (n+1)/2 (n+3)/2 Vn-2 Vn-1

(1/4) (n*+6n3+14n2+6n+13)  <¢— (4n*-8n3+12n2-8n+8) <«—

Figure 3.4. The Gaussian product antimagic labeling for Y» —tree withn (‘n’ is Odd ) vertices.
Theorem 3.3: The comb graph of odd length admits Gaussian product antimagic labeling.
Proof: Let {v1, va, . .., VnWi1,W2,Ws,.....wn} be the vertices of comb graph.
Let E = {{vwvii/ i=1,3,5,...(n—1)}U {wiwia / i= 1,3,5,...(n—1)}u{vivisz / i= 2,4,6,...n}U

{wiwisz / i=2,4,6,...n }}be the edges of the comb graph. where n is even
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Define a function y: V = { o+ 1B / o, B € N }such that
v (ve)=e+i(e+1) ,1<e<n
pw)=z+i(z+2) ,1<z<n

Define the induced function p:E — N such that p(vjvj«1) = |y (v))|? | v (vj+1)|% The edge labels are obtained as
follows:

p (Wja) = ly ()% v (V)] 2, j=1.3,5,...(n—1)

p (Wiwjar) = (W)l 2 | (Wj)| 2, j=1,3,5,...(n-1)
p (Wvjr2) = Iy )| 2 v (Vj+2)| 2, j =2,4.,6,...n

p (Wiwji2) = 1 (W)l 2 | (Wjs2)| 2, j=2,4,6,...n

p (vkavi) =4k*+1,k=2,4,6...n

P (Vn-an) :4n4+1

p (Wiawi) =4k*+8k3+12k2+8k+8 , k=2.4,6...n

p (Vivis2) =4K4+24K3+48K2+36k+13 , k=2,4,6...(n-2)
p (vaW2) =40n%+40n+20

p (WiWis2) =4k4+32k3+96k?+128k+80 , k=2,4,6...(n-2)
P (Wn-z Wn) :(4n4+16)

If ger,g=hlE#m, 0+ p

p (Vqvg+1) = 40*+160°+240%+160+5

p (Vr vra ) = 4r+16r3+24r2+16r+5

p (WqWg1 ) = 4g*+249°+60g?+729+40

p (WhWhe1 ) = 4h*+24h3+60h?+72h+40

p (1 Vis1) = 64I+1923+192[2+721+13

p (Um Vme1) = 64M*+192m3+192m?+72m+13

p (WoWo+1 ) = 640%+2560%+3840%+2560+80
p (WpWp+1 ) = 64p*+256p3+384p2+256p+80

This implies p (vqugi1) # p (ViVie1) ,
p (WgWg+1) # p (WhWhe1)

p (Mivik) # p (VmVms1)

P (WoWos1) # p (WpWp+1),

P (Vavg+1) # p (Vrvess ) # p (WgWgs1) # p (WhWne1) # p (V1 Vis1) # p (Um Umit) # p (WoWos1) # p (WpWps1 )# p (Wn-
2Wn)

Thus p (E) ={65,1025,5185,
...,(4n%+1),200,1768,7400,...,(4n*+8n3+12n%+8n+8),533,3485,12325,...,(40n>+40n+20),1040,5200,16400,...,(4n*+1
6)}

in which all the elements are distinct.

Therefore, the comb graph is a Gaussian product antimagic graph.
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Example.3.5: The Gaussian product even antimagic labeling for comb graph with 2n vertices is shown in figure 3.5.

5 & T 5 g g 8
+ + + + + + +
o 2 © £ o < ©
+
533 3485 c 1040 5200
vy Vy Vg v, wy Wa We
-
65 1025 5185 + 200 1768 7400
2
<
U1 U3 Vs Un-1 wq w3 Ws
'c
= F 5 3 5 =
S @ & S
+ + + < + + +
=] 2 < £ al ) L)

Figure- 3.5. The Gaussian product even antimagic labeling for comb graph with 2n vertices.

Theorem 3.4: The key graph admits Gaussian product antimagic labeling.

Proof: Let V = {1, va, ..., van , W1, W2, Wa,..... wan } be the vertices and
2 2

2 n+(n+2)i

N

g
T

(n-1) + (n+1)i

4n*+8n3+12n2+8n+8

E={{vwwn1 /1 <h< 3711—1} U{wwha/l<h< g-l}U {Whns2 Va2 JU{ V(n/z)+h)W(n/2)+h/ 1 < h <n} be the edges of the

key graph. Where n is even.

Define a function y: V - { o +if / a, B € N } such that

y(ve)=e+i(e+l) 1 Se§32—n
w(wy) =z+i(z+2) ,1<z< 3771
Define the induced function p: E — N such that

p(vvs1) = [wW)|? | w(vjsa) |

The edge labels are obtained as follows:
p (vn viw1) =4h*+1, 1 <hs>™1

p (Wh Whe1) =4h*+24h%+60h%+72h+40 , 1 <h < >-1
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p (wn vn ) ==(n +6n*+18n2+24n+16)
2 2

p (Vnsh wnan ) = 4h*+12h3+18h%+12h+4, 1 <h<n
2 2

p (van wan)= —(81n*+162n°+162n>+72n+16)
2 2

If qg#7r,g#=hlEm
p (vq V1) = 49*+160°+240°+16q+5
p (Ur vre1) = Ar*+16r3424r2+16r+5

p (Wg Wgs1) = 4g*+249°+60g2+72g+40
p (Wh Whe1) = 4h*+24h3+60h?+72h+40
p (Wiv)) = 414+1213+181%+121+4

p (WmVm) = 4m*+12m3+18m?+12m+4

This implies p (vq vge1) # p (Vr Vre1) s
p (Wg Wg+1) # p (Wh Wh+1)
p (Wiv1) # p (Wmvm)

P (Vg Vgs1) # p (Vr Vrs1) # p (Wg Wge1) # p (Wh Whet) # p (Wi 1) # p (Wm Vm)

Thus p (E) = {65,325,1025,...,14(81n4+4), 200, 680, 1768...., l4(n4 +6n3+18n%+24n+16), ...,
14(81n4+162n3+162n2+72n+16) } in which all the elements are distinct. Therefore, The Key graph admits Gaussian

product anti magic labeling.

{2+ 3
. L&
(L+28) g
RN L.
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{1+ 3i)
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8 el
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.
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Example 3.6: The Gaussian even antimagic labeling for Key graph with 3n vertices is given in figure -3.6
Figure -3.6. The Gaussian even antimagic labeling for Key graph with 3n vertices.
If nis odd

LetV ={vi, vo, ..., Usn+1, W1, W2, W3, . . ., Wan-1 } be the vertices and
2 2

E = {{vwnr /1 <h < E223 U fwiwnes /1 <h < 230 {wnos, vnes}
2 2

U{wvntr,, wn-r /1< h<n}be the edges of the key graph.
2 2

Define a function y : V - {a+if / a, p € N } such that

(3n+1)

y(v)=e+i(e+l) l<es——

nw) =z +i(z+2) 1<z< &2

Define the induced function p: E — N such that

p(vjvjs1) = [y@)I* | w(wjs1) .
The edge labels are obtained as follows:

p (Vhvne ) =4h*+1, 1 <h< (3”2_‘1)
p (WhWhi1 ) =4h%+24h3+60h%+36h+40 , 1 < h < —(nj)
p (Wn=1 var1 ) =3 (n* +6n°+18n2+30n+25)

2 2

(";’1) <h<

p (Un+1 Wh) = 4h*+4h3+6h%+4h+4, (3n2—1)

p (Vsnsr vsn1) = ~(8IN*+162n°+162n2+90n+25)
2 2

If g#= 7, g# hlEm
p (Vg Vg ) = 4q°+160°+249%+160+5
p (Vr vt ) = 4r4+16r3+24r2+16r+5

p (WqWg+1 ) = 4g*+2493+60g?+72g+40
p (WhWhs1 ) = 4h*+24h3+60h?+72h+40
p (U| W(|.1)) = 41*+413+612+41+2

p (VmWm-1) = 4m*+4m3+6m2+4m+2

This implies p (Vqvge1) # p (ViVise1) ,

p (WgWg+1) # p (WhWhe1)

p (MW(-y) # p (VmW(n-1)

P (Vqugs1) # p (Vrvrer) # p (WgWge1) # p (WhWhs1) # p (V1 W(-1)# p (Vi Wim-1))
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Thus p (E) = {65,325,1025,..., i (81n* +108n3+54n2+12n+5) , 200, 680, 1768,........ ,i(n4+6n2+25),
...,%(81n4+162n3+162n2+90n+25) }

in which all the elements are distinct.
Therefore, The Key graph admits Gaussian product antimagic labeling.

Example 3.7: The Gaussian antimagic labeling for Key graph with 3n (n is odd) vertices is given in figure -3.7

vz
L
Ty
Ta—1
2
wy Pl Va+3 T3In—-1 T3In+1
D R z z
Wz
T Wn+l
_ _ 1 Wn+l
Wy Wh-1 t Win-1
t ¢ Win—1
2
Figure 3.7. The Gaussian antimagic labeling for Key graph with 3n (n is odd) vertices.
Theorem 3.5:

The star graph admits Gaussian product antimagic labeling.

Proof: Let {vy, vz, . .., Vi, Vket, iz, - - -, Vo / NS even,k= 3 be the vertices and
E = {vivni1/ 1 <h< n-1} be the edges of the star graph.

Define a function y: V — {a +ip / a, B € N }and such that

y(ve) =e+i(e+1) ,1<e<k,

y()=1+i(l+2) (k+1)<Il<n

Define the induced function p : E — N such that

p(wivjs) = lW@)? | w(wis)l?

The edge labels are obtained as follows:

p (v1, vn) = 10h%+10h+5 ,2<h < k,where v;=1+2i

p (v1, vn) = 10h?+20h+20 k+1<h < n,where v,=1+2i,

4105



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 44 No. 6 (2023)

p (v1, vn) =10n2+20n+20

Thus p (E) ={65,125,205,...,(5/2)(n?>+8n+20),...,(10n?>+20n+20) } in which all the elements aredistinct. Therefore,
The Star Graph admits Gaussian product antimagic labeling.

Example 3.8: The Gaussian even antimagic labeling for Star graph with n+1 (n is even)vertices is given in figure —
3.8

(k+3)+ (k+5)i

-——

v,
(k+2)+ (k+4)i Vk+2 Vk+3 n(rll — 1D+ m+1i

n+ n+2)i

Vg+1
(k+1)+ (k+3)i

Vg Phe

K+ (k4 i Y T + (ki)

Figure — 3.8. The Gaussian even antimagic labeling for Star graph with n+1 (n is even) vertices.

If nisodd Let V= {v1, va, . .., Un-1, Un+1, Uns3, . . ., Un } be the vertices and and E = {vivh+1/ 1 <h <n-1} be the
2 2 2

edges of the star graph.

Define a function y: V - { a+iB / o, B € N }and such that

_n+l1 n+3

y(ve) =e +ile+1) e=123,.. 20 yw) =1 +i(1+2) 1222, 22 n
Define the induced function p : E — N such that p(vjvj:1) = [w(v)|? | w(vj+1)]?
The edge labels are obtained as follows:

p (v1, Vhe1) = 10h2+10h+5 ,1<h < "T_3,Where v1=142i

n+1

p (v1, vn) = 10h2+20h+20 , —— <h < nwhere v:=1+2i , p (v1, vn) =10n2+20n+20
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Thus p (E) :{65,125,205,...,2 (n>+1), ; (n>+6n+13),...,(10n%+20n+20) } in which all the elements are distinct.

Thus, the Star Graph admits Gaussian product antimagic labeling.

Examble 3.9.: The Gaussian even antimagic labeling for Star graph with n+1 (n is odd ) vertices is given in figure —

3.9.

V2 (2+3iQ)

Figure 3.9. The Gaussian even antimagic labeling for Star graph with n+1 (n is odd ) vertices.

Theorem 3.6: The path graph P», n> 1 admits Gaussian product odd antimagic labeling.
n—1+(n—1+1>_
i
2 2

Proof: Let {v1, vz, ..., vn} be the vertices and E = {vivir1 / 1 <i<n—1} be the edges of the path P». Define a
function y: V- {a+if / a, B €N } such that

y(ve) =e+i(e+1),1<e<n

Define the induced function p:E — N such that p(vjvj«1) = [w(@)]? | w(vjs1)|?
The edge labels are obtained as follows:

p (vvim) = W(@)I? (v 2,1 <j<n-1

p (vkvk+1) = 4k*+16k3+24k? +16k+5, 1<k <n-3

p (Vn-2 n1) = 4n*-16n%+24n2-16n+5

p (Vnqvm) = 4n*+1

If k+# q,
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p (Vqvgn ) = 4q*+1603+249%+160+5
p (Vk vie1) = 4kA+16k3+24K? +16k+5

This implies

p (Vkviks1) # p (Vg Vgr1)# p (Vna Una) # p (Vn-1vn)

Thus p (E) = {65, 325, 1025, 2501, ...,4n*-16n%+24n2-16n+5,4n*+1} in which all the elements are odd and distinct.
Therefore, the path graph Px, is a Gaussian product odd antimagic graph.

3. 10: The Gaussian product odd antimagic labeling for P, with n vertices is shown in figure — 3.10.

1+2i 2 +3i 3 +4i 4 + 5i 5+6i (n-2)+(n-1)i  (n-1)+ni  n4(n+1)i
65 325 1025 2501

(41 VU2 U3 2 Vs Un-2 Un-1 Un
an* +1
Figure 3.10. The Gaussian product odd antimagic labeling for P» with n vertices .
Theorem 3.7: The Y, — tree admits Gaussian product odd antimagic labeling.

Proof: Let V={v1, v, . .., vn} be the vertices and E = {{ vivi+1 / 1 <i<n—2} U {vn2 vn }} be the edges of the Y»
tree.

Define a function y: V - { a +if / a, p € N } such that w(ve) =e+i(e+1),1<e<n
Define the induced function p:E — N such that p(vjvj«1) = [w(@)|? | w(vj1)|?

The edge labels are obtained as follows:

p () = [f(W)I? [f(vjs1)] 2, 1 Sj<n-1

p (VkVker) = 4k4+16K3+24K2 +16k+5, 1<k <n-2

p (Vn-2vn) = 4n*-8n3+4n+5

If kg,

p (Vgvg+1) = 4q*+160°+249%+160+5

p (Vkvke1) = 4k*+16k3+24k? +16k+5

This implies

P (Vk Vke1) £ p (Vg Vge1)# P (Vn2 V)

Thus p (E) = {65, 325,1025, ..., 2n*-6n3+7n2-6n+5 , 4n*-8n3+4n+5} in which all the elements are odd and distinct.

Thus, the Y» — tree is a Gaussian product odd antimagic graph.
Example 3.11: The Gaussian product odd antimagic labeling for Y»— tree with n vertices is shown in figure — 3.11
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4n* — 8n? + 4n +5 _ n+i(n+1)
v,

L4 v V3 Vy Vs

142 oo 2+3i  gyg 3+4i 1025 4*5i 25015+ 6

L L
r L

(n-2) +(n-1)i

Figure — 3.11. The Gaussian product odd antimagic labeling for Y»— tree with n vertices.
Theorem 3.8:
The comb graph of odd length admits Gaussian product odd antimagic labeling.
Proof: Let {v1, vy, . . . ,2n} be the vertices of comb graph.
Let E = {{vivisa/ 1 <isn—1}U {vivnsi / 1 <i<n}} be the edges of the comb graph of odd length.
Define a function y: V = { a +iB / a, p € N } such that
y(ve) =€ +i(e+ 1)
Define the induced function p:E — N such that p(vjvj«1) = |w(v)|? | w(vje1)|?
The edge labels are obtained as follows:
p (Vivjs1) = W@l ? (i) 2, 1 Sj<n—2
p (Vkvsr) = 4kH+16k3+24k? +16k+5, 1<k <n-3
p (Vn-2 Un1) = 4n*-16n%+24n2-16n+5 , p (Vnqvn) = 4n*+1
p (V1 Vn+1) = 1002430n+25 , p (Vo v2n ) = 16n*+24n%+18n+6n+1
p (Vkvnk) = (2k*+2k+1)( 2n? +2n+2k?+2k+4nk+1), 1<k <n-1
If k+ g,
p (Vqvge1) = 40*+1603+2492+160+5 , p (vkvie1) = 4k*+16k3+24k? +16k+5
p (Um Vnem) =(2M2+2m+1)( 2n2 +2n+2m?+2m+4nm+1)
This implies p (vkvks1)  # p (WgVg+1), P (VkVnek)# P (Um Vnem)
p (Vkvier) # p (Vg g1 )% p (Vkn+k)E P (Um Unim) # p (Vn-1vn) # p (Un, V2n)
Thus p (E) = {65, 325,1025, ..., (4n*-16n3+24n2-16n+5),(4n*+1),(10n%+30n+25)...,(16n*+24n3+18n?+6n+1) } in

which all the elements are odd and distinct.

Therefore, the comb graph is a Gaussian product odd antimagic graph.
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Example.3.12: The Gaussian product odd antimagic labeling for comb graph with 2n vertices is shown in figure-
3.12

~ o 53 i - =
£ £ £ £ ~ pn
e ¥ + + b S
< 7 7 M P ’
c
: £ £ £ s N -
Vo +
n+l VUny2 Vnt3 VUn+4 V2n-1 V2n 5
* ® ® ® ® >
2
n (<]
N i
+ +
g o
2
- N
+
o :‘
2
g E
e ® ® & ------ ® ®
v, 65 p, 325  p, 1025 o, Vot v,
1+2i 2+3i 3 +4i 4 + 5j (n-1)+ni n +(n+1)i

2n* —2n3 +3n?-2n+1
Figure 3.12. The Gaussian product odd antimagic labeling for comb graph with 2n vertices

Theorem 3.9: The key graph admits Gaussian product odd antimagic labeling.
Proof: Let V = {v1, vy, . . ., van} be the vertices and be the edges

E = {{vkvker / 1 <k<n—1} U {wvnsk / 1 <ksSn}U{vonek Vansket / 1 <k<n—1}U{ van vane} U { vanes v1}} Of the key
graph.

Define a functiony : V- {a+if /o, PEN}

such that w(ve) =e +i(e+ 1), 1 <e<3n.

Define the induced function p: E — N such that p(vjvjs1) = |w(v))|? | w(vjs1)|2
The edge labels are obtained as follows:

p (Vk Vie1) =4KA+16k3+24K2 +16k+5, 1<k <n-1

p (Uk Vnsk) =(2k?+2k+1)(2n%+2n+2k?+2k+4nk+1) , 1 <k< n, n€é N

p (Vansh Voneher ) =4(2n+h+1)*+1 ;1 <h<n-1,neN

p (Vanan+1 ) = 144n*4+264n3+170n%+42n+5, ne N

p (van+1 1) = 40n%+60n+25, n€ N
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p (Un, V2n) = 16n* +24n3+18n2 +6n+ 1.

p (Vn-1vn) = 4n*+1

If k#q, 9% h

p (Vqvg+1) = 49*+160°+249%+160+5

p (Vivke1) = 4K*+16k3+24k? +16k+5

p (Vg Vnsq) =(20%+20+1)(2n%+2n+20%+2q+4ng+1)
P (Vansg Vansger ) =4(2n+g+1)%+1

This implies
p (Vkvk+1) # p (VqUq+1)# P (Un-1Vn) # p (Vg Uniq) # P (Vk Unek) # P (V2negVanege1 ) #

p (Wan+h Vansher ) # p (Un, V2n)
Thus p (E) = {(65, 325, 1025,...,4n*+1

, (10n?+30n+25),(26n%+130n+169)..., (16n* +24n%+ 18n2 +6n+ 1),...,
(144n%+264n%+170n2+42n+5),...,(40n>+60n+25)}
in which all the elements are odd and distinct.

Thus, the Key graph admits Gaussian product odd antimagic labeling.

Example 3.13: The Gaussian product odd antimagic labeling for Key graph with 3n vertices is given in figure -3.1

V2n+3

V2n+4

Von+2 40n2 +60n + 25

65 325 1025

1+2i 2+3i 3+4i 4+5j

Voni1 Vg ) U3
n n %
+ N .
S '; +
¥ |9 S
o0 I
+ + +
N ~
3 e o
2 [s |8
= ~
+
% Un+1 Vniz  Unys
V3n-1 §
+
<
I3
<
<+
-

Vn+4

m-1+ni n+m+1i

Un—1 VUn

V2n-1 Van

Figure -3.13 .The Gaussian product odd antimagic labeling for Key graph with 3n vertices.
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Theorem 3.10: The star graph admits Gaussian product odd antimagic labeling.
Proof: Let V={ v1, v, ..., vn } be the vertices and

E ={ nvi/ 1 <k< n—1}be the edges of the star graph.

Define a function y: V -» { a +if / a, B € N } and such that

y(ve) =e+i(e+ 1) ,1<e<n

Define the induced function p : E — N such that p(vjvj+1) = |w(v)|? | w(vjs1)|%
The edge labels are obtained as follows:

p (Wi, vn) = (2k?+2k+1)(2n*+2n+1) ,1<k <n-2

p (Vn1, vn) = 4nt+1

Thus p (E) ={(10n?+10n+5), (26n?+26n+13), ..., ,(4n*+1)} in which all the elements are odd and distinct.
Therefore, The Star Graph admits Gaussian antimagic labeling.

Example 3.14:
The Gaussian productodd antimagic labeling for Star graph with n vertices is

given in figure — 3.14

n—1)+in
Vn-1 [ To)
(n—2)+(n—1)i _|=_ (1+21)
vn—Z a V1
\\\ +
N [3\]
\\\ :
=]
-

V4

(4 + 5i)

U3 (3 + 4i)

Figure 3.14. The Gaussian product odd antimagic labeling for Star graph with n vertices.
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GAUSSIAN PRODUCT EVEN ANTI MAGIC LABELING IN PATH RELATED GRAPHS
Theorem 3.11: The path graph P», > 1 admits Gaussian product even antimagiclabelling

. Proof: Let V= {v1, vy, . . ., 1, } be the vertices and E = {vivi+1 / 1 <i<n—1} be the edges of the path Px.
Define a function y: V -» { a +iB / a, B € N } such that

v(ve) =€ t+i(et2)

Define the induced function

p:E — N such that p(vjvjs1) = [w(@)* | w(vjs)|?

The edge labels are obtained as follows:

p (Vvja) = lw(W))] ? lw(vje)] 2,1 <j<n-1

p (Vkvk+1) = 4k*+24k3+60k? +72k+40, 1<k <n-1

p (Vn-1vn) =4n*+8n3+12n? +8n+8

If g# k, p (vqvq1) = 49*+240°+600%+72q+40

Thisimplies p (Vk V1) #p (Vg Vqe1)

p(Vk VK1) #p (Vq V1) # p (Vnavn)

Thus p (E) = {200,680,1768,3848,7400, ... . . ,(4n*+8n%*+12n? +8n+8)} in which all the elements are even and
distinct.

Therefore, the path graph P, is a Gaussian product even antimagic graph.

Example 3.15: The Gaussian even antimagiclabeling for P» with n vertices is shown in figure — 3.15.

1+3i 2 +4i 3 +5i 4 + 6i 5+7i (n-2)+ni (n-1)+(n+1)i n+(n+2)i
U1 2 VU3 Uy Vs
1 l 1 I ]

Figure — 3.15. The Gaussian even antimagiclabeling for P, with n vertices.
Theorem 3.12:
The Yr — tree admits Gaussian product even antimagic labeling.

Proof: Let V={v1, vy, . .., vn} be the vertices and E = {{ vivi+1 / 1 <i<sn—2} U {vn-2vn }} be the edges of the Yx
tree.

Define a functiony: V - { o +ip / a, B € N } such that yw(ve) =e +i(e+2),1<e<n
Define the induced function
p: E — N such that p(vjvjs1) = [w@)|* | w(vjs1)]?

The edge labels are obtained as follows:
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p (Wvjn) =yl ? (i)l 2, 1 <j<n—2
0 (Vkvker) = 4K4+24K3+60K2 +72k+40, 1<k <n-2
p (vn—zvn) :4n4+16,

If g# k, p (VgVgr1) = 4q*+240°+6002+729+40
This implies p (Vk vik+1) #p (Vg Vgra)
p(Wkvis) £p (WqVagr)# P (Vn1Vn) # p (Vn2Vn)

Thus p (E) = {200,680,1768, ..., (4n*+16)} in which all the elements are even and distinct. Therefore, the Y» — tree

is a Gaussian product even antimagic graph.

Example 3.16: The Gaussian even antimagic labeling for Y»— tree with n vertices is shown in figure — 3.16

> Vn
3
=

+

=

(<)}
41 1) U3 Vs Us
R 200 : 680 : 1768 ! 3848 b e - VUn-2 o Un1
1+ 3i 2 +4i 3 +5i 4 + 6i 5+7i

Figure — 3.16. The Gaussian even antimagic labeling for Y»— tree with n vertices.
Theorem 3.13: The comb graph of odd length admits Gaussian product even antimagic labeling.
Proof: Let {v1, v, . . ., v 2n} be the vertices of comb graph.
Let E = {{vivisa/ 1 <isn—13}U {vivnsi / 1 <i<n}} be the edges of the comb graph of odd length.
Define a function y: V = { a +iB / o, B € N } such that y(ve) = e + i(e + 2)
Define the induced function p:E — N such that p(vjvj.1) = |w(v)|? | w(vj+1)|?
The edge labels are obtained as follows:
p (Vivjs1) = W)l ? () 2, 1 Sj<n-1
p (Vkvke1) =4K4+24K3+60K2 +72k+40, 1<k<n-1
p (Vn1vn) =4n*+8n3+12n2 +8n+8 , p (Vnsk Vi) = 4(k3+2k+2)(k?+2k+2+n2+2n+2nk)
p (V20 vn)= 16n*+48n3+72n2+48n+16
If g# k #g
p (Vqve) = 40*+2403+609%+729+40
P (vnvg V) = 4(9%+29+2)(g*+20+2+0°+2g+2ng)

Thisimplies p (vkvis1) Zp (Vg Vgrr), P (Unek V) F p (Unsg V)
p (Wvks1) #p (Vq Vgr)# p (Unsk K)F# p (Ung Vg) # p (Von V)
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Thus p (E) ={200, 680,1768, ...,(4n*+8n3+12n? +8n+8),(20n?+80n+100),(40n?+240n+400),(68n?+544n+1156),...,
(16n*+48n%+72n%+48n+16)}

in which all the elements are even and distinct.
Therefore, the comb graph is a Gaussian product even antimagic graph.

Example 3.17: The Gaussian product even antimagic labeling for comb graph with 2n vertices is shown in figure-
3.17

? —

+ 2 N

= + S

+ —
5 = y

: 3 +
) S D

V2n

Un+1 Vn+2 Un43 Vn+4 V2n-1 ?

. . . o ------ o °

v, 200 o, 680 p, 1768 v, Vp1 U

1+3i 2 +4i 3 +5i 4 + 6i n+(n+2)i

Figure 3.17. The Gaussian product even antimagic labeling for comb graph with 2n vertices.

Theorem 3.14: The key graph admits Gaussian product even antimagic labeling.

Proof: Let V ={v1, vy, . .., van} be the vertices and be the edges
E={{vwn1/1<h<n—1} U{vnwnn/ 1 <h<n}U {vonh vansner / 1 <h <n—1}U{ van vons} U { vons1 v1}} Of
the key graph.

Define a function y: V - { a +ip / o, p € N } such that y(v,) = e+i(e+2), 1 <e <3n.
Define the induced function p: E — N such that p(vjvjs1) = |w(v)|? | w(vj:1)]?.

The edge labels are obtained as follows:

p (Vkvken) =4k4+24K3+60K? +72k+40, 1<k<n-1,

p (Vn1vn) =4n*+8n+12n2 +8n+8

p (Unk k) = 4(k?+2k+2) (k?+2k+2+n2+2n+2nk)
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p (Vansk Vansier ) =(8n2+8n+2k>+4k+8nk+4)%+(8n?+8n+2k?+4k-+8nk+4)(8n+4k+6) ,1 <h <(n — 1),
p (Vanvane1 ) = 144n*+384n3+404n?+184n+40, ne N

p (Van+1 v1 ) =80n%+160n+100, ne N

p (V2n vn)= 16n*+48n3+72n?+48n+16

If k+ q,9# k k#h

p (Vg Vg1 ) = 40°+2403+60q? +72q+40

p (Vn+gvg) = 4(g*+29+2)(g*+2g+2+n*+2n+2ng)

p (Van+h Vanshet ) =(8n2+8n+2h%+4h+8nh+4)%+(8n?+8n+2h?+4h+8nh+4)(8n+4h+6)
This implies

p (Vk k1) # T(VqVg+1), P (Vnek k) # T (VnegVg) 5 P (Vanek Vaneker )F P (Vonsh Vansher )

p (Uk Vk+1 ) 7ﬁ p (Uq Vg+1 )7': p (Vn+k k) * p (Un+gvg) * p (U2n+k Von+k+1 )7‘—' p (U2n+h Von+h+1 )73
p (Vanvans1 )# p (Vane1 V1) # p (Von Vi)

Thus p (E) = {(200, 680, 1768,..., (4n*+8n3+12n%+8n+8),(20n? + 80n + 100),(40n?+240n+400),... ,
(16n*+48n3+72n2+48n+16),... ,(144n*+384n3+404n?+184n+40),}

in which all the elements are even and distinct.

Thus, the Key graph admits Gaussian producteven antimagic labeling.

Example 3.18: The Gaussianevenantimagic labeling for Key graph with 3n vertices is given in figure -3.18

V2n+3

1+3i 2+4i 3+5i 4+6i (n—1D+m+1)in+ n+
200 680 176
U3 Vy VUn-1 Uy,

<
N

00TT + u08+ ,u0Z
00% + uovz+ ,U0b

<
N
=

Un+3 Un+4 Van-1

<
S
+
N

V3n-1

(Z+w +(T+u)
1I(Z +ug) +ug

Figure 3.18. The Gaussian even antimagic labeling for Key graph with 3n vertices.
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Theorem 3.15: The star graph admits Gaussian product even antimagic labeling.

Proof: Let V={v1, vy, ...,un} be the vertices and E = {vnvi / 1 <i<n—1} be the edges of the star graph.
Define a function y : V - { a +ip / a, p € N }and such that y(v,) = et+i(e+2) , I<e<n

Define the induced function t : E — N such that p(vjvj+1) = |w(v)|? | w(vjs1)|%

The edge labels are obtained as follows:

p (v, v) = 4(K?+2k+2) (n?+2n+2),1<k <n-2, p (v, Vp_1)= 4n*+8n3+12n%+8n+8

Thus p (E) ={20n?+40n+40, 40n?+80n+80, ...,(4n*+8n3+12n?+8n+8) } in which all the elements are even distinct.

Thus, the Star Graph admits Gaussian product even antimagic labeling.

Example 3.19: The Gaussian even antimagic labeling for Star graph with n vertices is given in figure — 3.19.

m-1)i+m+1)i

n—2)+ni (1 + 3i)

n+ nm+2)i

Uy

(4 + 5i)

V2

(2 + 4iQ)
U3

(3 + 5i)

Figure 3.19. The Gaussian even antimagic labeling for Star graph with n vertices.
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