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Abstract. We present the concept of G-MS contraction and develop fixed point 

theorems in the arrangement of G-metric spaces using G-MS contraction with relevant 

examples and applications to integral equations in this work. 
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INTRODUCTION 

S. Banach presented the famous Banach contraction mapping theorem (BCMP) in 1922 in

the arrangement of the complete metric space ( ),  .Ω Several generalizations of BCMP

utilizing various contractive circumstances in the framework of metric, G-metric space,

quasi-metric space, b- metric space have been written in the literature by a diverse range of

mathematicians during the last several decades.

Mustafa and Sims [17] proposed the notion of G-metric space and obtained various fixed

point findings in the G-metric space. Murthy et al. [16] published current fixed point

results on the generalized ( ),   −weak contraction condition in the framing of metric

spaces in 2023. 

PRELIMINARIES 

The terms N and R+ are used to represent positive integers and non-negative real numbers, 

accordingly, throughout the following. In the follow-up in 1984, Khan, swaleh, and sessa 
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[12] enhanced Massa’s [14] condition utilized in the context of complete metric space

( ),  .Ω by including an altering distance function . Khan et al.’s definition is available at

[12].

Later, using cyclic maps, Kirk et al. established the fixed point result, see [13]. At WCNA-

2000, Billy Rhodes presented the notion of weak contractive circumstances for the first

time. He offered the following ideas:

Definition 2.1. [16] Let ( ),  .Ω be a metric space. :→ is weakly contractive if

( ) ( ) ( )( ),    ,      ,           − , for all ,   Ω  where   is an altering distance

function. 

   Murthy et al. acquired the fixed point solution shown below: 

Theorem 2.1. [16] Let ( ),  .Ω be a complete metric space and H, I, J, K : →Ω Ω  be

mapping  

Satisfying    ( )( ) ( )( ) ( )χ ι Hσ,Iς χ Δ σ,ς Λ(Θ σ,ς ,   σ, ς  ,   σ ς −   Ω , where,

 ( ) ( ) ( ) ( ) ( ) ( )
1 1

Δ σ,ς max ι Jσ,  Kς , ι Jσ,  Hσ ι  Kς, Iς , ι Jσ,  Iς ι  Kς,Hσ
2 2

 
   = + +    

 

And ( ) ( ) ( ) ( ) ( ) ( )
1 1

Θ σ,ς min ι Jσ,  Kς , ι Jσ,  Hσ ι  Kς, Iς , ι Jσ,  Iς ι  Kς,Hσ ,
2 2

 
   = + +    

 

( ) ( )H σ   K σ and ( ) ( )σ J σI  , and ( )( , ) I,KH J are weak compatible pairs, 

 )  )Λ: 0, 0, →

is such that ( )Λ υ 0,  which is lower semi continuous for all υ 0   and Λ  is discontinuous

at υ=0   

with ( )  )  )Λ 0 0, χ : 0, 0, = →  is an altering distance function. Then H, I, J, and K   have

unique  

 fixed point in .Ω  

3. MAIN RESULTS

The next one is our most recent finding based on Murthy et al. 2022.

Definition 3.1. Let ( ), GΩ  be a G-metric space and 1 2 3,  ,  , , qq N        are non-

vacuous  

selection of   and 
1

Γ
q

i

i=

=  and :  Γ Γ→ is a G-MS Contraction if

1

Γ
q

i

i=

=  is a circular model of Γ connection with ; 

( ) 1 2σ,  , i i i  + +   ,  1,2,3i q=  using ( )1 1q+ = , 

( )( ) ( )( ) ( ), , Δ σ,  , Λ(Θ σ,  ,G         −   (3.1) 

Where 
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( )
( ) ( ) ( ) ( )

( ) ( ) ( )

1
σ,  , , , , , , , , , 

3
Δ σ,  ,

1
, , , , , ,  

3

G G G G

max

G G G

          

 

        

 
 + +   

=  
  + +   

(3.2) 

( ) ( ) ( ) ( ) ( )
1

Θ σ,  , σ,  , , , , , , , ,   
3

min G G G G            
 

 = + +  
 

(3.3)  

: R R + +→ is an altering distance function and : R R+ + → is continuous with

( )Λ υ 0,

assuming and just assuming υ=0 . 

Theorem 3.1. Let ( ), GΩ be a complete G-metric space and 1 2 3,  ,  , , qq N      be 

non-vacuous selections of Ω and 
1

Γ
q

i

i=

=  .  Pretend :  Γ Γ→ is a G-MS contraction.

Then there is a single fixed point for  in 
1

Γ
q

i

i=

=  . 

Proof. Pretend 0 1  . Assume 0 Ω given by 1n n + = ,  0 .n N    If 1  n n  +=

eventually 

n  is a fixed point of . Presume  1 ,    0 . n n n N  +   

(3.4) 

We’ll demonstrate that ( )1 1,  , 0.n n nG   + + = on the premise, ( )1 1,  , 0,n n nG   + +  we 

possess ( )  1,2, .. ,i n q  ,n which means ( )1 1 1 2.,  ,n n n i i i  + + + +   Putting

1,n n    += = , and 1n  +=  in the equation (3.1), (3.2) and (3.3), we have 

( )( ) ( )( ) ( )( ) ( )( )1 1 1 2 2 1 1 1 1,  , ,  , Δ ,  , Λ Θ ,  ,n n n n n n n n n n n nG G              + + + + + + + + +=  −

(3.6) 

Where 

     ( )

( )
( ) ( )

( )

( ) ( )

( )

1 1 1

1 1

1 1 1

1 1

1 1 1 1 1

1

,   , ,  ,1
,  , ,  ,

3 ,  ,
Δ ,  ,

,   , ,  ,1

3 ,  ,

n n n n n n

n n n

n n n

n n n

n n n n n n

n n n

G G
G

G
max

G G

G

     
  

  
  

     

  

+ + +

+ +

+ + +

+ +

+ + + + +

+

  +
  

+     
=  

 + 
  
+    

     ( )

( )
( ) ( )

( )

( ) ( )

( )

1 1 1 2 2

1 1

1 2 2

1 1

2 2 1 2 2

1 1 1

, , ,  ,1
,  , ,  ,

3 ,  ,
Δ ,  ,

,  , ,  ,1

3 ,  ,

n n n n n n

n n n

n n n

n n n

n n n n n n

n n n

G G
G

G
max

G G

G

     
  

  
  

     

  

+ + + + +

+ +

+ + +

+ +

+ + + + +

+ + +

  +
  

+     
=  

 + 
  
+    
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    ( ) ( )
( ) ( )

( )

1 1 1 1 1

1 1 1 1

1

,   , ,  ,1
,  , min ,  , , 

3 ,  ,

n n n n n n

n n n n n n

n n n

G G
G

G

     
     

  

+ + + + +

+ + + +

+

  + 
 =   

+    

    ( ) ( )
( ) ( )

( )

2 2 1 2 2

1 1 1 1

1 1 1

,  , ,  ,1
,  , min ,  , , 

3 ,  ,

n n n n n n

n n n n n n

n n n

G G
G

G

     
     

  

+ + + + +

+ + + +

+ + +

  + 
 =   

+    

Hence, as a result of the rectangular inequality, we have 

( )

( ) ( ) ( )

( ) ( )

( )

( ) ( ) ( )

1 1 1 1 1 2 2

1 1
1 1 1 2 2

1 2 2

1 1 1 1 1 2 2

1
,  , ,  , , 2 ,  , ,

3
Δ ,  ,

,  , ,  ,1

3 ,  ,

1
,  , ,  , , 2 ,  ,

3

n n n n n n n n n

n n n
n n n n n n

n n n

n n n n n n n n n

G G G

max
G G

G

G G G

max

        

  
     

  

        

+ + + + + + +

+ +
+ + + + +

+ + +

+ + + + + + +

 
 +  

 
   +

  
 +   

 +


( ) ( )

( ) ( ) ( )

1 1 1 2 2

1 1 1 1 1 2 2

,

1
,  , 2 ,  ,

3

1
,  , ,  , , 2 ,  , ,

3

n n n n n n

n n n n n n n n n

G G

max G G G

     

        

+ + + + +

+ + + + + + +

 
  

 
  +   

 
  +  

 

(3.7) 

   ( ) ( ) ( ) ( )1 1 1 1 2 2 1 2 2

1
,  , min ,  , ,  ,  , ,  ,

3
n n n n n n n n n n n nG G G           + + + + + + + + +

 
  = +  

 

(3.8) 

Let some n if at all possible, 

( ) ( )1 1 1 2 2,  , ,  ,n n n n n nG G     + + + + +

The rectangular inequality follows 

( ) ( ) ( )1 2 2 1 1 2 20 ,  , ,  , ,  ,n n n n n n n n nG G G        + + + + + + + −  . 

Hence, by (3.4) we have    

     ( )1 1,  , 0.n n nG   + + 

Now, if ( ) ( )1 1 1 2 2,  , ,  ,n n n n n nG G     + + + + +

Then we obtain 

( ) ( )1 1 1 2 2,  , ,  ,n n n n n nG     + + + + +    (3.9) 

and (3.6) indicates that this disparity 

( )( ) ( )( ) ( )( )

( )( )
1 2 2 1 1 1 1

1 1

,  , Δ ,  , Λ Θ ,  ,

Δ ,  ,

n n n n n n n n n

n n n

G          

   

+ + + + + + +

+ +

 −



As  increases monotonically, we obtain 

      ( ) ( )1 2 2 1 1,  , ,  ,n n n n n nG G     + + + + +

(3.10) 
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from (3.9) and (3.10), we have ( ) ( )1 1 1 2 2,  , ,  ,n n n n n nG     + + + + + =

thus using our assumption and (3.6) - (3.8), we have 

( )( ) ( )( ) ( )( )

( )( )
1 2 2 1 1 1 1

1 1

,  , ,  , Λ Θ ,  ,

,  ,

n n n n n n n n n

n n n

G G

G

          

   

+ + + + + + +

+ +

 −



which contradicts itself, therefore for all 0n  , 

 ( ) ( )1 2 2 1 1,  , ,  ,n n n n n nG G     + + + + +

(3.11)         

By (3.11) we obtain from (3.7) and (3.8), for all 0n 

    ( ) ( )1 1 1 1,  , ,  ,n n n n n nG     + + + + =  (3.12) 

  ( ) ( ) ( )1 1 2 2 1 2 2

1
,  , ,  , ,  ,

3
n n n n n n n n nG G        + + + + + + +

  = + 

(3.13) 

Putting (3.12) and (3.13) in (3.6), we have 0n  , 

( )( ) ( )( ) ( ) ( )1 2 2 1 1 2 2 1 2 2

1
,  , ,  , Λ ,  , ,  ,

3
n n n n n n n n n n n nG G G G             + + + + + + + + + +

 
 = − +  

 

(3.14) 

Once more (3.11) suggests that the sequence ( )1 1,  ,n n nG   + +
diminishes in a consistent

manner.  

Finally there exist 0s  so 

     ( )1 1
n
lim ,  ,n n nG s


  + +

→
= . 

Once more, based on the last property of G-metric space, we posses 

    

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

2 2 1 1 1 2 2

2 2 1 1 1 2 2

2 2 1 1

,  , ,  , ,  ,

,  , 2 ,  , ,  , 2

,  , 2 [ ,  , ]

n n n n n n n n n

n n n n n n n n n

n n n n n n

G G G

G s G G s

G s G s

        

        

     

+ + + + + + +

+ + + + + + +

+ + + +

 +

−  + −

−  −

As n→+  we have                                               ( )2 2
n
lim ,  , 2n n nG s


  + +

→
= . 

And when n→+ in (3.14), we posses 

( )( ) ( )( )
( )

( )

2 2

1 2 2 1 1
n n n

1 2 2

,  ,1
lim ,  , lim ,  , limΛ

3 ,  ,

n n n

n n n n n n

n n n

G
G G

G  

  
       

  

+ +

+ + + + +
→ → →

+ + +

  
 = −  
 +   

As  and  continuous 

     ( ) ( ) ( )s s s  − . 

Therefore ( ) 0s = and hence 0.s = Thus  

( )1 1
n
lim ,  , 0n n nG


  + +

→
=  (3.15) 

Now let’s presume that{ }n doesn’t seem a G- Cauchy sequence in .  Subsequently with 

a certain 
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0ò , that we may identify distinct ( ) ( )},{ } {m k n k  sub sequences of { }n so 

( ) ( )n m   

For N  and 

( )( ) ( ) ( )G σ ,  σ ,  σ )   m n n   …ò   (3.16) 

Which implies, 

         ( ) ( ) 1 ( ) 1σ ,   ,( )σ  σm n nG   − −  ò   (3.17)   

By using the rectangular inequality and (3.16) and (3.17), we have 

( ) ( ) ( ) ( ) ( ) 1 ( ) 1 ( ) 1 ( ) ( )

( ) 1 ( ) ( )

( ) ( ) ( )

( )

σ ,  σ ,  σ σ ,  σ ,  σ σ ,  σ ,σ

σ ,  σ ,σ

m n n m n n n n n

n n n

G G G

G

        

  

− − −

−

  +

 +

ò

ò

Letting  → +  and using (3.15), we obtain 

( )( ) ( ) ( )
ρ
lim G σ ,  σ ,  σm n n  

→+
= ò   (3.18) 

Putting ( ) 1 ( ) 1 ( ) 1σ , σ , σm n n    − − −= = =  in (3.1) - (3.3) respectively, for all N

( ) 1 ( ) 1 ( ) 1 ( ) ( ) ( )

( ) 1 ( ) 1 ( ) 1 ( ) 1 ( ) 1 ( ) 1

 σ ,  σ ,  σ σ ,  σ ,  σ      

σ ,  σ ,  σ σ ,  σ

( ( )) ( ( ))

( ( ) σ) ( (   )),

m n n m n n

n n n m n n

G G     

     

 



− − −

− − − − − −

=

 − 

(3.19) 

Where 

( ) 1 ( ) 1 ( ) 1

( ) 1 ( ) 1 ( ) 1 ( ) 1 ( ) 1 ( ) 1

( ) 1 ( ) 1 ( ) 1( ) 1 ( ) 1 ( ) 1

( ) 1 ( ) 1 ( ) 1 (

σ , 

(

σ , σ
1

σ ,  σ ,  σ , σ , σ ,  σ ,
3

σ , σ , σσ ,  σ ,  σ

σ , σ , σ  

( )

( )

σ

( )

(1

3

( )( )

)

m m m

m n n n n n

n n nm n n

m n n n

G

G G

Gmax

G G

  

     

    

   

− − −

− − − − − −

− − −− − −

− − −



 
 
+ 
 
+=  

+ ) 1 ( ) 1 ( ) 1

( ) 1 ( ) 1 ( ) 1

,  σ , σ

σ ,   σ , σ

)

( )

n n

n m mG

 

  

− − −

− − −

 
 
 
 
 
 

  
  +   

( ) 1 ( ) ( )

( ) 1 ( ) 1 ( ) 1 ( ) 1 ( ) ( )

( ) 1 ( ) ( )( ) 1 ( ) 1 ( ) 1

( ) 1 ( ) ( ) ( ) 1 ( ) ( )

( )

σ ,σ ,σ
1

σ ,  σ ,  σ , σ ,σ ,σ '
3

σ ,σ ,σσ ,  σ ,  σ  

σ , (σ ,σ ,

( )

( ) ( )

( )( )

( ) σ σ ,σ1

σ3

)

(

m m m

m n n n n n

n n nm n n

m n n n n n

n

G

G G

Gmax

G G

G

  

     

    

     





−

− − − −

−− − −

− −

−



 
 
+ 
 
+=  

+

+ 1 ( ) ( ),σ ,σ )m m 

 
 
 
 
 
 

  
  
   

( ) 1 ( ) 1 ( ) 1

( ) 1 ( ) 1 ( ) 1 ( ) 1 ( ) 1 ( ) 1

( ) 1 ( ) 1 ( ) 1( ) 1 ( ) 1 ( ) 1

( ) 1 ( ) ( ) ( ) 1 (

σ ,   σ , σ
1

σ ,  σ ,  σ , σ , σ , σ ,
3

σ , σ , σσ ,  σ ,  σ

σ ,σ ,σ   σ ,

( )

( ) ( )

(

σ1 ( ) (

3

( )

m n n

m n n n n n

n m mm n n

m n n n n

G

G G

Gmin

G G

  

     

    

    

− − −

− − − − − −

− − −− − −

− −

 
 
+ 
 
+

+

=  

) ( )

( ) 1 ( ) ( )

,σ

σ ,σ ,σ

)

( )

n

n m mG



  −

 
 
 
 
 
 
 
 

 
 
+ 
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, we’ve got 

( ) 1 ( ) 1 ( ) 1 ( ) 1 ( ) ( ) ( ) ( ) ( )

( ) ( ) 1 ( ) 1

( ) ( ) ( )

( )

σ ,  σ ,  σ σ ,σ ,σ σ ,σ ,σ  

σ ,σ ,σ

m n n m m m m n n

n n n

G G G

G

        

  

− − − −

− −

 +

+

and 

( ) ( ) ( ) ( ) ( ) 1 ( ) 1 ( ) 1 ( ) 1 ( ) 1

( ) 1 ( ) ( ) )

σ ,σ ,σ   σ ,σ ,σ   σ ),  σ ,  σ( ) ( ) (

(

 

σ ,σ ,σ

m n n m m m m n n

n n n

G G G

G

        

  

− − − − −

−

 +

+

By using (3.15) and (3.18) and letting  → + , we have 

( )( ) 1 ( ) 1 ( ) 1
ρ
lim σ ,  σ ,  σ  m n nG   


− − −

→+
= ò   (3.20) 

For all N , we’ve got 

 ( ) 1 ( ) ( ) ( ) 1 ( ) ( ) ( ) ( ) ( ) )σ ,  σ ,  σ σ , σ( ) ( ) (σ , σ ,σ ,σm n n m m m m n nG G G        − − +

And 

 ( ) ( ) ( ) ( ) ( ) 1 ( ) 1 ( ) 1 ( ) ( )( ) ( ) ( )σ ,  σ ,  σ σ ,σ ,σ σ ,σ ,σm n n m m m m n nG G G        − − − +

Letting  → + , from (3.15) and (3.18) we’ve got 

( )( ) 1 ( ) ( )lim σ ,σ ,σ  m n nG   


−
→+

=ò           (3.21) 

For all N , we’ve got 

      ( ) 1 ( ) ( ) ( ) 1 ( ) ( ) ( ) ( ) ( ) )σ ,σ ,σ σ ,σ ),σ σ ,σ ,σ( ) ( (n m m n n n n m mG G G        − − +

  and 

( ) ( ) ( ) ( ) ( ) 1 ( ) 1 ( ) 1 ( ) ( ) )σ ,σ (,σ σ ,σ ,) σ σ ,σ ,σ( ( )n m m n n n n m mG G G        − − − +

By using (3.15) and (3.18) and letting  → + , we have 

( )( ) 1 ( ) ( )lim σ ,σ ,σ  n m mG   


−
→+

=ò       (3.22) 

With continuous  and ,  → +  in (3.19) from (3.15), (3.18)-(3.22), we have 

 ( ) ( ) ( )     −

a paradox caused by 0,ò  which means n  is G-Cauchy. There are some  Ω  by 

completeness 

of ( ), ,GΩ

0

ρ
lim σn




→+
=  (3.23) 

Now we assert 

   

q

0

i

i 1

σ 
=



Since ( )0 1 10
,, nq n

 


  and 1 is closed from (3.23), respectively, we obtained

1.
o  Once more, we have ( )1 20

.nq n
 + 

 Since 2 is closed, we were able to derive 

2.o  from (3.23). Continuing in this manner, we come to



Tuijin Jishu/Journal of Propulsion Technology 

ISSN: 1001-4055 

Vol. 44 No. 6 (2023) 

__________________________________________________________________________________ 

3177 

 

q

0

i

i 1

σ 
=



Now, we can demonstrate o is fixed point of , from (3.24) since ( )  1,2,......i n q 

which  

means ( )n i n  , using (3.1) with ,n o   = = and ,o =  we posses 

( )( ) ( )( ) ( )( )1 ( ( ( )), , , , , , , ,o o o o o o o o

n n n nG G               +=  − 

 Where 

( )
( )

( ) ( )

( )

( ) ( ) ( )

0 0 0

n n n
0 0

n
0 0 0

0 0

n

0 0 0 0 0 0

n n n

G σ ,  σ , σ G σ ,   σ , σ1
G σ ,  σ ,σ ,  ,

3 G   σ ,   σ , σΔ σ ,  σ ,σ   max

1
G σ ,  σ , σ G σ ,   σ , σ G σ ,  σ , σ

3

  +
  
  +=   
 

  + +
  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0 0 0 0 0 0 0 0 0 0

n n n n n

0 0 0 0 0 0 0 0

n n n 1 n 1

1
Θ σ ,  σ ,σ min G σ ,  σ ,σ ,   G σ ,  σ , σ  G σ ,   σ , σ G σ ,  σ , σ   

3

1
min G σ ,  σ ,σ ,   G σ ,  σ , σ   G σ ,   σ , σ G σ ,  σ ,σ   

3
+ +

  = + +   

  = + +   

Now 

  ( )( ) ( )0 0 0 0 0 02
χ G σ ,   σ , σ χ G σ ,   σ , σ

3

 
  

 

As n→+  

   ( )( ) ( )0 0 0 0 0 02
χ G σ ,   σ , σ χ G σ ,   σ , σ

3

 
  

 

Since χ increases monotonically, 

     ( ) ( )0 0 0 0 0 02
G σ ,   σ , σ G σ ,   σ , σ

3


Which is contradictory; as a result, ( )0 0 0G σ ,   σ , σ 0= and hence 0 0σ σ .= Therefore 0σ

is a 

fixed point of . Assume for the sake of disparity, 
0ς is one more fixed point and

0 0.ς ς=

This suggests that 
q

0

i

i 1

ς  p
=



By using (3.1) for
0 0σ σ ,  ς ς= = and

0τ ς=

( )( ) ( )( ) ( )( )0 0 0 0 0 0 0 0( ( ( )), , , , , , , ,o o o oG G               =  −       (3.25) 

Where 
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( )
( )

( ) ( )

( )

( ) ( ) ( )

( ) ( ) ( )

0 0 0 0 0 0

0 0 0

0 0 0
0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0

,  , ,  ,1
,  ,  ,  ,

3   ,  ,Δ ,  ,     

1
   ,  , ,  ,   ,  ,
3

1
,  ,  ,  ,  ,  2 ,  ,  ,   

3

1
   ,
3

G G
G

Gmax

G G G

G G G

max

G

     
  

    

        

        



  +
  
  +=   
 

  + +
  

 +
 

=

( ) ( ) ( )

( ) ( ) ( )

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

  ,  ,  ,    ,  ,

2
  ,  ,  , 0,   ,  ,  ,  , 

3

G G

max G G G

       

        

 
  
 
  + +

   

  = =   

(3.26) 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

1
Θ ,  ,  ,  ,  ,  ,  ,   ,  ,     ,  ,   

3

1
,  ,  ,  ,  ,     ,  ,      ,  ,   

3

min G G G G

min G G G G

              

           

  = + +   

  = + +   

(3.27) 

 In light of the fact that 
0 0,   are both fixed points of from (3.25) to (3.27) we 

have 

( )( ) ( )( )0 0 0 0 0 0( ( ( )), , , , , ,o o oG GG            −

Which implies that ( )0 0 ., , 0oG    =  Hence
0 0 = . 

Example 3.1. Let 
3R=Ω and : R+  →Ω Ω Ω  be given by 

( ) ( ) ( )( )1 1 1 2 2 2 3 3 3 1 2 2 3 3 1 1 2 2 3

3 1 1 2 2 3 3 1

, , , , , , , ,

|

|

  

|

|

G                   

       

= − + − + − + − + −

+ − + − + − + −

( ),GΩ is complete and let ( ) 1 ,0,0 :0  1 ,h h =   ( )2 }0, ,0  { :0 1i i =   and

3 },0,0  {( 1) : 0j j =   be the closed subsets of . . Let 1 2 3 1 2 3:   →  

be a 

map, such that ( ),0,0 0,0, ,
3

h
h

 
= =  

 
( )0, ,0 0, ,0

3

i
i

 
= =  

 
  and ( )0,0,  ,0,0 .

3

j
j

 
= =  

 

Clearly 1 2 3   =    is a cyclic representation of   in relation to . 

affirm: adheres to (3.1). Let ( )l l =  and ( )Λ
3

l
l = such that ( ) .l l =  Let

( ),0,0 ,h =  ( )0, ,0i =
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and ( )0,0, j =  then ( ),0,0 0,0, ,
3

h
h

 
= =  

 
( )0, ,0 0, ,0

3

i
i

 
= =  

 
and 

( )0,0,  ,0,0
3

j
j

 
= =  

 

and ( ) ( ) ( ) ( )
1

, , ,  , ,
3

G h i j G h i j     = + + = + + and 

( ) ( ) ( )

( )

( )

( )

( ) ( )

,0, 0 ,  0, 0, ,  0, 0, 
3 3

1 1
, , , , , , 0, , 0 ,  0,  ,0 , 0,  ,0

3 3 3 3

0,0,  , ,0,0 , ,0,0
3 3

2 2

3 9

h h
G h

i i
G G G G i

j j
G j

h i j h i j

        

     
     

     
     

   + + = +      
     

 
     +           

 + + + + +

( ) ( ) ( )

( )

( )

( )

( ) ( )

,0, 0 ,  0,  ,0 , 0,  ,0
3 3

1 1
, , , , , , 0, , 0 ,  ,0,0 , ,0,0

3 3 3 3

0,0,  , 0, 0,  ,  0, 0, 
3 3

2 2

3 9

i i
G h

j j
G G G G i

h h
G j

h i j h i j

        

     
     

     
     

   + + = +      
     

 
     +           

 + + + + +

Hence 

( )( ) ( ) ( )( ) ( )( ) ( )( )
2

,  ,  , , Δ , ,  Λ Θ , ,
3

G h i j G              = + + =  −

Theorem (3.1) is fully met, and has an unique fixed point ( ) 1 2 30,0,0   .  

APPLICATION

The generated one is used to discover a solution to the following: 

( )( )  

( ) ( )

2

2

, ,  0,1 ,

0 1 0.

Ed

d

   

  

 
− = 

= =

(4.1) 

Where  : 0,1E R is continuous mapping. The integral equation is comparable to this

matter.  

( ) ( ) ( )( )
1

0

, ,G E d       =    (4. 2) 
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For   ( )0,1 ,  ,G      is the Green’s function determined by

( )
( )
( )

1 ;  0 ;
,  

1 ;   1

if
G

if

   
 

   

 −  
= 

−  



Assume  ( )Ω 0,1 , C R+= is an array that includes continuous non-negative real graded 

operations defined on 0,1 . Now that we’ve determined the generalized metric G on ,

( ) ( ) ( ) ( ) ( ) ( ) ( ) .], |, [ |G max              = − + − + −

For , ,   Ω . Then ( ),GΩ is aG -metric space. Allow  1 2 .( 0,1 ),C R+ = = =Ω It 

is obvious 

     so 1 2,  represent closed subsets of  . Let 1 2 1 2:    →  . be defined by

( )( ) ( ) ( )( )  
1

0

, , ,    0,1G E d        = 

Clearly, ( ) ( )1 2 2 3,    and ( )3 1  . This, is cyclic map on 1 2 3  

. 

Imagine the following proposition is accurate: ( ) ( ) ,| ,  |,  E E     −  − for all  0,1

and , .R  +  Then (4.2) presents a distinctive solution
*    Ω . So, now we show that for 

each 1  and 1 2 3,, µ    . We have

( )( ) ( )( ) ( )( ), , , , Θ , ,G            −

For ( )χ =ñ ñ and ( )
1

Λ
2

=ñ ñ . Now, let ( ) 1 2 3, ,   .      Therefore, by (3.1), We 

conclude that every one .[ ]0,1ñ   

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

1 1

0 0

1 1

0 0

1 1

0 0

, , max max

, ,   , ,

 max , ,   , ,

  max , , , ,

G max

max G E d G E d

G E d G E d

G E d G E d

        

         

         

         

= − + − + −

= −

+

 

 

+  

−

−

 

 

 

ñ ñ ñ ñ ñ ñ

ñ ñ

ñ ñ

ñ ñ
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( ) ( )( ) ( )( ) ( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

1 1

0 0

1

0

, [ ,   , ] max , [ ,   , ]

max , [ ,   , ]

max G E E d G E d E d

G E d E d

                

        

=  − + −

+  −

 



ñ ñ

ñ

( ) ( )( ) ( )( ) ( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

1 1

0 0

1

0

1

0

1

0

1

0

, | ,   , | max , | ,   , |

max , | ,   , |

,  

G , υ max ς υ μ υ μ υ ν υ ν υ ς υ dυ

G ς,μ, ν  max G ,υ dυ

max G E E d G E d E d

G E d E d

max G d

max

                

        

             

 − + −

+ −

  − + − + − 

  − +



− + − 

=

 







 









ñ

ñ

ñ ñ

ñ

ñ

(4.3) 

It is easy to verify that ( )
1 2

0

' , υ dυ
2 2

G = −
ñ ñ

ñ    and thus, ( )
1

0

1
' , υ dυ

8
G = ñ .  Consider the  

above facts, (4.3) gives us 

( ) ( )
1

, , , ,
8

G G      (4.4) 

Now 

( )
( ) ( ) ( ) ( )

( ) ( ) ( )

1
, , , , , , ,   , , ,  

3
Δ   , ,

1
, , , , , ,

3

G G G G

max

G G G

           

  

        

 
 + +   

=  
  + +   
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( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )( ) ( )

( ) ( ) ( )( )

( ) ( )( ) ( ) ( ) ( ) ( )( )

( ) ( )( ) ( )

( )

1 1

0 0

1

0

1 1

0 0

1

0

max{max ,

, , , ,

, ,
1

max ,
3

, , , ,

, ,

1

3

G E d G E d

G E d

G E d G E d

G E d

           

               

        

             

        

 

 = − + − + − 

 
− + − + − 

 
 
 + − + −
 
 
 
+ − + − 
 
 




+ − + −
 






 





 



 



ñ ñ

ñ

ñ ñ

ñ

( ) ( )( )

( ) ( )( ) ( ) ( ) ( ) ( )( )

( ) ( )( ) ( )

( ) ( ) ( )( ) ( ) ( )( ) ( )

1

0

1 1

0 0

1

0

1 1

0 0

, ,

, , , ,

}

, ,

, ,   , ,

G E d

G E d G E d

G E d

G E d G E d

      

             

        

               



 



−
 

+ − 
 
 
 + − + −
 
 
 
+ − + − 
 
 
 + − + − + −
 
 





 



 

ñ

ñ ñ

ñ

ñ ñ

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

1 1

0 0

1 1

0 0

1 1

0 0

, , , ,  

, , , ,

, , ,

max{max ,

1
ma

,

x
3

G E d G E d

G E d G E d

G E d G E d

           

           

         

         

         

 =  

 
 
 

  
 
 
 

  
 
 
  
 

− + − + −

− + − + −

 
− − 
 
 

 
− − 
 
 

 
− − 
 
  

 

 

 

ñ ñ

ñ ñ

ñ ñ

,
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( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

1 1

0 0

1 1

0 0

1 1

0 0

1

,

m

, , ,  

, , , ,

,

ax
3

, , ,

G E d G E d

G E d G E d

G E d G E d

           

         

         

         

 
 
 

  
 
 
 

 
 
 
 
  
 

−



− + − + −

 
− 
 
 

 
− − 
 
 

 
− − 
 

 

 

 

 

ñ ñ

ñ ñ

ñ ñ

} 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )( )

( ) ( )( ) ( )( ) ( ) ( )( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

1

0

1 1

0 0

1

0

1

0

max{max ,

1
ma

,

x ,
3

1
,

ma

, , ,

, | , | , , ,

,

,

x
3

,

, ,

G E E d

G E E d G E E d

G E E d

G E E d

           

                   

               

                   

      

 =  

 
 

 
 
  
 

−

 



− + − + −

− + − + − −

− − − −

− + − + − −

− −

−



 





ñ

ñ ñ

ñ

ñ ( ) ( )( ) ( )( )
1

0

,

}

, ,G E E d        

 
 
 
 
 
  

− − ñ

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( ) ( )( )

1

0

1

0

max{max ,

1
max ,

3

1
max }

, [ , ,

, , , , ]

, [ , ,

, , , , ]
3

G E E

E E E E d

G E E

E E E E d

           

                  

            

                  

            

 =  

 
 

 
 
 

− + − + −

− + −





+ − − −

+ − + −

− + − −
 

 
 
 


−


−



+ −

+ − +





ñ

ñ

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( )( ) ( )( ) ( )( )

( )( ) ( )( )

1

0

max ,

1
, [ , , , ,

3

, , ]

max{

}G E E E E

E E d

           

           

            

      

  − + − + − 

 − + − + −
 
 
− − + − 
 





+ −  

 ñ
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1

0

1
, , ,   , , , , ,

3

1 1 7
max , , ,   , , , , max , , , , ,

3 8 2

max

4

G G G G d

G G G G G

          

              

 
− 

 

    
 −     

   

  
  

  

 

 ñ

    Consequently, we have ( ) ( ), , , ,G        (4.5) 

   Furthermore, there is ( ) ( )
7

Θ , , , ,
24

G       (4.6) 

   Moreover, from (4.3) - (4.6), we have 

( )( ) ( )( ) ( )( ), , , , Θ , ,G            −

   Hence, according to theorem (3.1), possesses a single fixed point 
*

1 2 3  .       

   Therefore (4.2) presents a distinctive solution. 
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