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INTRODUCTION

S. Banach presented the famous Banach contraction mapping theorem (BCMP) in 1922 in
the arrangement of the complete metric space (Q,z).SeveraI generalizations of BCMP
utilizing various contractive circumstances in the framework of metric, G-metric space,
quasi-metric space, b- metric space have been written in the literature by a diverse range of
mathematicians during the last several decades.

Mustafa and Sims [17] proposed the notion of G-metric space and obtained various fixed
point findings in the G-metric space. Murthy et al. [16] published current fixed point
results on the generalized(f,w)—weak contraction condition in the framing of metric

spaces in 2023.
PRELIMINARIES

The terms N and R™ are used to represent positive integers and non-negative real numbers,
accordingly, throughout the following. In the follow-up in 1984, Khan, swaleh, and sessa
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[12] enhanced Massa’s [14] condition utilized in the context of complete metric space
(Q,¢).by including an altering distance function . Khan et al.’s definition is available at

[12].
Later, using cyclic maps, Kirk et al. established the fixed point result, see [13]. At WCNA-

2000, Billy Rhodes presented the notion of weak contractive circumstances for the first
time. He offered the following ideas:
Definition 2.1. [16] Let (Q,z).be a metric space. 7:Q — Qis weakly contractive if

i(ho,hg)< 1(o.¢) — £(1(0.5)), for all o,ge Q where & is an altering distance

function.
Murthy et al. acquired the fixed point solution shown below:

Theorem 2.1. [16] Let (Q,z).be a complete metric space and H, I, J, K: Q - Q be

mapping
Satisfying x(l(HG,Ig))Sx(A(G,g))—A(G)(G,g), Vo,ce Q o#g,where,

A(c,g)zmax{t(]c, Kg),%[t(Jc, Ho)+1( KQ,IQ):I,%I:I(JG, Ig)+1( KQ,HG):I}

And @(G,g)=min{1(JG, Kg),%[t(ks, Ho)+1( KQ,IQ):I,%I:l(JG, Ig)+1( KQ,HG)]},

H(o)c K(o) andl(c)ct(c), and(H,J)(I,K) are weak compatible pairs,
A:[0,00) —>[0,20)
is such that A(v)> 0, which is lower semi continuous for all v>0 and A is discontinuous

at v=0
with A(0)=0, y:[0,20) —[0,0) is an altering distance function. Then H, I, J,and K have

unique
fixed point in Q.

3. MAIN RESULTS
The next one is our most recent finding based on Murthy et al. 2022.

Definition 3.1. Let(Q,G) be a G-metric space andge N,X, ,N,,N, N, are non-

vacuous

q
selectionof Q and I' = ﬂNi and 7: I' > I' is a G-MS Contraction if

i=1

q
I =(N;is a circular model of I connection with 7 ;
i=1

(G’g’ T) € Ni X Niﬂ
;((G(ha,hg,hr))S;((A(c,g,f))—A(G)(G,g,f) (3.1)

XN

i+2

1=12,3...q using (Nq+l = Nl),

Where
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G(0.6,7),2[G(0,h0, o)+ G (¢, he,he)+ G (e, ) |,
A(o,6,7)=max . 3
5[c;(a,hg,hg)+c;(g,m,rn)+c;(r,ha,ha)]

(3.2)

©(c,6,7)= min{G (c,g,r),%[G(a,hg,hg)+G(g,hr,hr)+G(r,ha,ha)] }

(3.3)

x:R"—>R"is an altering distance function andA:R" —R"is continuous with
A(v)>O,

assuming and just assuming v=0.
Theorem 3.1. Let (Q,G)be a complete G-metric space and ge N,N, ,N,,N; N, be

q
non-vacuous selections of Qand T’ :ﬂNi. Pretend7: I' > T is a G-MS contraction.
i=1

q
Then there is a single fixed point for 7 in T'= ﬂxi :

i=1

Proof. Pretendo, € X,. Assumeo, Q) given byo

n+l

=ho,,VneN U{O}. Ifo,=0,,

eventually

o, is a fixed point ofn.  Presume  o,#0,,, VneNU{0}.
(3.4)

We’ll demonstrate that G(o,,0,,,,0,.,)=0. on the premise, G(o,,0,,,0,,)>0, we

possessi(n)e{12,....q}, vn,which means (o,,0,,,0,

n+1? = n+l

)eN xN
oc=0,¢=0,,,andr =0, in the equation (3.1), (3.2) and (3.3), we have

Z(G (ho-n ’hO-nJrl’ ho—n+l)) = I(G (O-n+1'an+2 ' O-n+2 )) < l(A(O-n ’O-n+1ﬂo-n+1)) _A(®(O-n’o-n+lﬂ O-n+l))

x¥. ,. Putting

i+1

(3.6)
Where
1| G(o, ho,,h0,)+G(0,,.h0,,,,h0,,;)
G(Gn'anﬂ’gnﬂ)’_ !
3 +G(Gn+11h0n+l1ho-n+l)
A(O-n’o-nJrl’o_nJrl) = max
1 G(O-n’han+1’ho-n+l)+G(Gn+l'h0n+l’ho-n+l)
3| +G(o,,..h10,,ho,)

1 [G (O-n ! Gn+11 O-n+l) + G (Gn+11o-n+2 ' O-n+2 )J
G(0,,04.4:0,

nal? n+l)’§ +G (o-n+l,0n+2ao-n+2)

A (O-n ’O-n+l’ O-n+l) = max

3

1 G(Gn’6n+2’o-n+2)+G(O-n+1’o-n+2’0n+2)
+G(0,,1,00,1,001)

n+1?~ n+l
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and

'G(o,,ho,,,,ho,,)+G(o.,, ko, ho,,
®(‘7n'0'n+1"7n+1)=min{G(UmGnﬂ,anﬂ)é (Gn 0,1, 10, 1) (0 1101, N0 1)}

| +G (0,710, ho,)

n+1?

_G 1n+20 Fin+ +G 1411012100y ]
@(Un,0n+l,0n+l)=min{G(Gn’o-nﬂ,o.nﬂ),% +G(o(-no-o- ;O- 62) ) (O' 110,20, 2) }
L n+1

n+1?~ n+l?

Hence, as a result of the rectangular inequality, we have

1
G (O-n ’O-n+11 O-n+l) ’gl:G (O-n ! O-n+1’ Gn+1) + ZG (O-n+l’o-n+2 ! O-n+2 ):'1

A(Jnio-m—l’ 0'n+1) < max E{G (an Ny an+1) +G (O'n+1,0'n+2 o )}

3

+G (G Gn+2 ! O-n+2 )

n+1?

n+1? n+1?

G(O-n’o-n-#l’o-n-#l)’l[G (O-n’o- O-n+l)+2(3 (O- O-n+21o-n+2):|’
< max 3

n+1? n+1?

%[G (O'n Ney O'n+l)+ 2G (0 0,.910.2 ):|

< maX{G (Gn ’O-n+l' O-n+1) ’%[G (O-n ’ Gn+1’ Gn+l) + 2G (O-n+1’o-n+2 ’ Gn+2 ):I ’}

3.7)

®(Gn ’Gn+1’ Gn+1) = min {G (Gn’GnJrl’ Gn+1) '%I:G (Gn ’Gn+2 ' O-n+2 ) + G (O-ml’GnJrZ ’ O-n+2 )]}
(3.8)
Let some nif at all possible,
G (Gn ’ Gn+l’ O-n+l) < G (O-n+l’ Gn+2 ’ Gn+2 )

The rectangular inequality follows

0<G (O-n+l’ On20ni2 ) -G (O-n 10419 o-n+1) <G (O-n 10142102 ) :
Hence, by (3.4) we have
G (o-n ’O-n+1’ Gn+l) > 0

Now, if G(o,,0,.,1,0,.1) <G(0h1:0m.2:Orsz )
Then we obtain

A(6,,61,1,041) £ G(07,1,01,2:Opiz) (3.9)
and (3.6) indicates that this disparity

)((G(O'M,amz,amz)) < ;((A(an,aml,am))—A(@(an,aml,am))

S;((A(O-nﬁo-m—l’O-n-*—l))
As y increases monotonically, we obtain
G(O' o

n+l?' ™~ n+2? Gn+2) < G (O-n 'O-n+1’ O-n+1)

(3.10)
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O,

n+l O,

from (3.9) and (3.10), we have A(o,,0;

n+1?

):G(O' o

n+11~"n+2?

n+2 )

thus using our assumption and (3.6) - (3.8), we have
Z(G (O-n+170n+2’o-n+2 )) < Z(G (Jn ’O-n+1’ o-n+1)) _A(®(O-nﬂo-n+l’o-n+l))

< Z(G (O-n 100419 O-n+l))
which contradicts itself, therefore forall n>0,

G (O-n+1’o-n+2’ O-n+2 ) < G (O-n ' O-n+1’ O-n+1)
(3.11)
By (3.11) we obtain from (3.7) and (3.8), for all n>0
A(O'n,O'n+l,Gn+1) :G(Gn'O-nJrl’GnJrl) (312)
1
®(O-n ’O-n+1’ O-n+1) = EI:G (Jn ’0n+2 ! O-n+2 ) + G (Un+l’6n+2 ! O-n+2 ):I
(3.13)

Putting (3.12) and (3.13) in (3.6), we havevn>0,

1
l(G (O-n+11o-n+2 1042 )) = /’{/(G (O-n 1041 O-n+l)) - A(g |:G (O-n 5O0n1250n,2 ) +G (O-n+1’o-n+2 5012 ):Ij

(3.14)
Once more (3.11) suggests that the sequence G(on,a o,

n+1? = n+l

) diminishes in a consistent

manner.
Finally there exist s> 0so0

limG(o,,0,.,0,,1)=5.

N—sco n+1?
Once more, based on the last property of G-metric space, we posses
G(0,.00,2.0,.,)<G(0,.0

n+2? Gn+1)+G (O- O-n+2’6n+2)

n+1? n+1?

G(0,,00,2:04.2)—25<G(0,,0,,1,00.1 ) +G (01,0,

n+1? n+1?~" n+21

O,.» ) -2s

G(O-n’an+2’o_n+2)_zss[G (O-n’a O-n+l)_s]

n+1?

Asn —+oo we have limG(o,,0,

n—oo n+2!

On2)=25.

And when n —+win (3.14), we posses

G 1En+21 ¥ n+
IimZ(G(G”+l’O-"+2’O-n+2))ALTOZ(G(O-No-mUo-ml))_IimA{ll: (O-n T 2) :U

o o 3 +G (O-n+1 ’ Un+2 ’ O_n+2 )

As y and A continuous
x(8) < x(8)—A(s).
Therefore A(s)=0and hence s=0.Thus

limG(o,,0,,..0,

N—sco n+1? = n+l

Now let’s presume that{c,}doesn’t seem a G- Cauchy sequence inQ. Subsequently with

)=0 (3.15)

a certain
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0>0, that we may identify distinct{o,}.{o,} sub sequences of {o }so

n(p)>m(p)>p
For peN and
G(Gm(p)’ On(p)> On(p) )) ...0 (3.16)
Which implies,
G(Gm(p)’ On(p)-1> Gn(p)—l) <0 (3.17)

By using the rectangular inequality and (3.16) and (3.17), we have
0= G(Cp(p)s ey One)) < G(Ouiy> Onpya> Ongy1) +G(Ouipy 15 Ongry> i)
<0+G(Gy ()15 On(p)>Onir)
Letting p — + and using (3.15), we obtain
plermG(Gm(p)’ Gnipy Onip) =0 (3.18)
Putting o =6,y 1,6 =0,(,)1,7 =0,y 1N (3.1) - (3.3) respectively, forall peN
X (G(Gm(p)—l’ Gn(p)—l? Gn(p)—l)) :l(G(Gm(p)a Gn(p)a Gn(p)))

SQK(A(Gn(p)_la On(p)-17 Gn(p)_l))_A(G(Gm(p)_la On(p)-11 Gn(p)—l))
(3.19)
Where

G (O ()11 m(p)1> 1O () 1)
G(Om(p)1> Ono)-10 Gn(p)—l)’g +G(Gp ()1, 100 () 157100 1) |
A(Gm(p)—l’ On(p)-1> Gn(p)—l) = max +G(Gn(p)—l’hcn(p)—l’hcn(p)—l)

1 G(Om(p)-15 1005151005y 1) +C (O ()11 Gy 1,710 1)
3| +G(On() 1> 110y 15710 1)

G(Om(p)-1:Om(p) Om(p))
G(Gm(p)—l’ Gn(p)1> Gn(p)—l)’g +G(G"(P)—l’6n(p)’0n(p)) '
A(Gn(py-12 Onpy1s Onp)2)= MAX +G(On()-12On(p)> On()
1| G(061() 15 Gy One)) + G (o) 15Oy Oang)

3| +G(On(p)1: Fm(p) Om(p))

G(Gr(py1> 1100y 457104 1)
G(Gm(p)—ls Gn(p)—la Gn(p)—l)aé +G(Gn(p)—lah(Sn(p)—lah(jn(p)—l) )

O(Onm(p)-1> On(p)1> On(p)-1) =MIN +G ()10 )15 1)1

1 G(Om(p)-1:Fn(p)> Tn(p)) + C(On(p)-1:On(p): On())

3| +G(S ()15 Fm(p)> Ompy)
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VpeN, we’ve got
G(Om(p)-12 Onip)-12 Onip)-1) < GOmp)-1:Om(p)»Omip)) T C(Ormiry» Oy Ong))
+G(Gn(1)» Onp)-1:On(p)1)
and
G(Om(p)>Tn(0)»Onip) < COm(p)rOmip)12Om(p)-1) G (Omip) 1+ Oy 1> o)1)
+G(o
By using (3.15) and (3.18) and letting p — 4+, we have

1(5)-12On(p)> On(p))

lim G(Gm(p)_l, O (p)-1> Gn(p)_1)=6 (3.20)

p—+o0

Forall pe N, we’ve got

G(Om(p)-12 Onipy» Tnie)) < C(Om(p)1>Tm(p)> Tm(e)) + G(Om(p)»On(y»Oni1y)
And

G(Om(p) Onip)> Tnge)) < C(Om(py Omipy-t2 Fm(py1) + G(Om(p)-1Onp)> Orn(ey)
Letting p — +oo, from (3.15) and (3.18) we’ve got

liM G (6,1, 1:G1(0y: Gy ) =0 (3.21)

P>+
Forall pe N, we’ve got
G(On(p)-12Om(p)> Tm(p)) < G(Onp)1:Fnp)r Tn(y) + GOy Oy Omi)
and
G(Gn(): Oy Omi)) < G(On()»On(p)-12On(py1) + G(On()12Omp)» Oimi))

By using (3.15) and (3.18) and letting p — +o, we have

lim G(cn(p)_l,cm(p),cm(p))zo‘ (3.22)

p—>+0

With continuous yand A, p =+ in (3.19) from (3.15), (3.18)-(3.22), we have

2(€) < (€)= A(e)
a paradox caused by 6>0, which means o, is G-Cauchy. There are some o €(Q) by
completeness

of (Q,G),
lim o, =¢c° (3.23)
p—>+oo
Now we assert
q
o’ e[,
i=1

Sincea, eNy,(oy,) =N,and N, is closed from (3.23), respectively, we obtained

ni

o’ eN,. Once more, we have(crnq+1) , SN, Since X, is closed, we were able to derive

nx

o’ eXN,. from (3.23). Continuing in this manner, we come to
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q
o’ e[,

i=1
Now, we can demonstrate ¢’is fixed point of 7, from (3.24) sinceVi(n)e{12,.....q}
which
means o, € N, (n) using (3.1) with o =0,,¢ =0, and 7=0,, wWe posses
;((G(han,ha",ha")):Z(G(O'n+1,h0°,h0'°))ﬁ;((A(Gn,a'),co))—A(;{(@(O‘n,a",a"))
Where

1[G (Gn,h Gn,hcn)+G(00, hco,hoo)}
3

(3 , 0’ 0 ,=
A(c ’ Go,co)zmax (Gn 0 ) +G (oo, hoo,hco)

%[G ((Sn,h GO,hGO)+G(GO, hco,h0°)+G(00,h Gn,hGn):|

n

@(0 , 60,00):min{G(cn, 00,00), %[G(cn,h 00,h60)+ G(GO, hco,hco)—i-G(cso,h Gn,hon)} }

:min{G(o , GO,GO), %[G(Gn,h 60,h60)+ G(GO, hco,hco)+G(Go, G...,0 )} }

n n+1® ~ n+l

Now
X(G(GO, hco,hso))ﬁx(gG(co, hco,hco))
AS N — 4w
X(G(GO, hco,hco))ﬁx(éG(co, hso,hcso)j
Sincey increases monotonically,
0 0 0 2 0 0 0
G(o°, 76’ ,ho )SEG(G , ho®,ho’)

Which is contradictory; as a result, G(GO, th,hco)zo and hencec® =hc°. Thereforec®

is a
fixed point of 7. Assume for the sake of disparity, ¢’ is one more fixed point and
g’ =¢.

This suggests that

By using (3.1) foro =c°, ¢=c’ andt=¢°
;((G(ho”,hgo,hgo)): ;((G(O'O,go,go))ﬁ z(A(a°,g°,g°))—A(z(®(0°,g°£°)) (3.25)
Where
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1{6 (Go,hao,h0°)+G(go,hgo,hgo)‘
3 ,

G(c°¢% )=
A(0°,6%,6" )=max o ) +G(¢" g ng”)

%[G(ao,hgo,hgo)—i-G(go,hgo,hgo)—i-G(go,hao,hao)}

O_o go go (0'0,00,(70)+ZG(§0 go go)}
= Mmax
00 go go +G(g0 go go) G(go,ao,ao)}
max{G O_o go go |:G(O'0 go go)]} G(O'O go go)
(3.26)
O,go go mln{G O,go,go % G(Jo,hgo,hgo)+G(g°,hg°,hg°)+G(go,hoo,hoo)}}
mm{G O,QO go % ( o,go go)+ G( 0,§0 g0)+G(gO,GO,GO)} }
(3.27)

In light of the fact that o°,c° are both fixed points of 7 from (3.25) to (3.27) we
have

7(6(0°.6°.6°)) < 2(6(0°,6"6°)) - Ax(G(0°,6° "))
Which implies that G(o" c°, go) 0. Hences’ =¢°.
Example 3.1. Let Q=R® and7:QxQxQ—R" be given by

G((O'ligli71)’(0'21§2’72)’(0'31g3173)):|O'1_O'2|+|O-2 _03|+|O-3 _O'1|+|§1_§2 |+|§2 _gs‘
+|§3_§1|+|71_72|+|Tz _73|+|73_71|

(Q,G) is complete and let le{(h,0,0):Oghs 1}, N, ={(0,i,0):0<i< Tyand

N, ={(},0,0): 0< j<1} be the closed subsets of Q.. Let 71:N, UK, UN; >N, UN, UN,
be a

map, such thathz(h,0,0):[0,0,g], h:(O,i,O):(O,é,O} andh:(0,0,j):(%,0,0j.
Clearly I'=8, U N, U Nj is a cyclic representation of I' in relation to 7.
. I
affirm:nadheres to (3.1). Let y(l)=I andA(I)zg such that y(l)=I. Let

o=(h,0,0), ¢=(0,i,0)
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and 7=(0,0,j) then ha:h(h,o,o):(o,o,gj, hg=h(0,i,0):(0,%,0j and

hT:h(O,O,j):(%,O,Oj

and G(ha,hg,hr)z%(h+i+ i).G(o.¢,7)=(h+i+j) and

GL(hOO)( J( QJ]
G((O'O)( M éOD
+e[(o,o,1> (é 0 Oj (é JJ

s%(h+i+ j)+§(h+i+ i)

_G((h,o,o),(o,ig,oj,(o,%,oD |
+G£(0,i,O),(l,0,0],(%,0,0D
_+G ((0,0, j),[o,o,%),(o,o,%)} _

S%(h+i+j)+§(h+i+j)

%[G (o-,ha,ha)+G (g,hg,hg)+G (r,hr,hz—)] =

Wl

%[G(a,hg,hg)+G(g,hf,m)w(f’h"’h"ﬂ:

Wl
w

Hence
1(G(ha,hg,hr)):§(h+i+ i)=1(G(0:6.7))< 2(8(0,6.7))-A(O(06,7))

Theorem (3.1) is fully met, and 7 has an unique fixed point (0, 0, 0) e N, UK, UN,.

APPLICATION

The generated one is used to discover a solution to the following:
_ﬁ {E(O‘,Q(O')),O' 6[0,1],
do? s(0)=¢(1)=0.
(4.1)
Where E: [O,l]x Ris continuous mapping. The integral equation is comparable to this

matter.

g(a):IG'(a,u)E(u,g(u))du (4.2)
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For o e [O,l],G’(O', u) is the Green’s function determined by

G'(o.v) ={

AssumeQ = C([O,l],R*) Is an array that includes continuous non-negative real graded

U(l—a);if 0<v<o;
o(l-v)jifo<v<l

operations defined on [O,l] . Now that we’ve determined the generalized metricG on Q,
G(o,57)= max[‘a(u)—g(u)‘ +‘g(u)—r(u)‘+ |z(v)—-0o(v)]].
Foro,g,7€Q. Then (Q,G)is aG -metric space. Allow N, =X, =Q=C([0,1],R"). It

is obvious
soN,;,N, represent closed subsets of Q. Let 71: N, UN, =X, UN, . be defined by

1
h(g(a)):jG'(O',u)E(U,g(u))du, Ue[O,l]
0
Clearly, 7(X,)=N,,7(N,) =, anda(X,)<N,. This, 71is cyclic map on &, UN, UK,

Imagine the following proposition is accurate: |E(u,0)—E(u,9)| < |0—9|, forall ve[0,1]

and 6,9 € R". Then (4.2) presents a distinctive solutiong™ € Q. So, now we show that for
eachg e XN, and ¢ eN,HeN,,veN,. We have

2(G(hg.hu,nv)) < 2(A(e. 7))~ A(O(c. 1.v))
For x(ii)=n andA(ﬁ)=%ﬁ . Now, let (g, 1,v) e, xN, xN,. Therefore, by (3.1), We
conclude that every one7i €[0,1].

G(hg,hu,hv)=max|hg (it )~ uu (it )|+ max e (i ) — v (it )|+ max | (it )~ g ()|

= max J:‘G’(ﬁ,u) E(U,g(u))du —jG’(ﬁ,u) E(U,,u(u))du

+ max J.G’(ﬁ,u)E(u,,u(u))du —JG'(ﬁ,U)E(U,V(U))dU
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1

&' (7.0)E (05 (0)) ~E (v, a(v)ldo

0

1

jG’(ﬁ,u)[E(u,y(u))du - E(U,V(U))]dl)

0

=max + max

1

jG'(ﬁ,u)[E(u,v(u))du - E(U,g(u))]dv

0

+ Mmax

< maxj)C’(ﬁ,u)| E(u,g(u)) —~ E(U,y(u)) |do+ maxj;G’(ﬁ,v)l E(U,,u(u))du - E(v,v(u))l do

+max.j[G'(ﬁ,u)| E(U,v(u))du —E(U,g(u))|du

< maxj;G'(ﬁ,u) Ug(u)—,u(u)‘+‘,u(u)—v(u)‘+‘v(u)—g(u)ﬂdu
< maxj;G'(ﬁ,U)max Ug(’u)—u(u)‘+‘u(u)—v(0)‘+‘v(u)—g(u)udn

1
=G(c,m,v) maXIG'(ﬁ,U)dU
0
4.3)

1 ~ ~2 1
It is easy to Verify that IG '(ﬁ, U)dl) = % —n? and thus, IG '(ﬁ, D)dl) = % . Consider the
0 0

above facts, (4.3) gives us
G(hg,hy,hv)S%G(g,ﬂ,V) (4.4)

Now

1
G(g,,u,v),g[G (g,hg,hg)JrG(u,h,u,hy)+G(v,hv,hv)],
A(g, p,v)=max

%[G (¢t ) + G (kv v)+ G (v, g )
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= max{max Ug(u) —u(v)+|u(v)-

g(u)—j 6'(7,0)E(v.¢(v)

. +,u(u)—:[G’(ﬁ,U)E(U,,u
3 +.l[G'(ﬁ,U)E 7

0

v )du

+|hv—hv|+

U,,u(u))du

+

o 1.0)E o) =<0
;[G'(ﬁ,
(u)—:[G’(ﬁ,u)E(u,g

= max{max Ug(u)—

+|hv—hv|+

(v))d

s (v)-

1
—max
3

- J:‘G'(ﬁ,u) E(u,v

(0.4(v)
j:G’(ﬁ,u)E(u,

U) E (U,v(u

,u(u)‘+‘,u(u)—v

,u(u)‘+‘y(u)—v

JE(vis(
- :[G'(ﬁ,u)E(u,y

0+ (0)=5(©)

du

o))
! G'(

+|hg hg|+

+|h,u —h,u|

(u))du

1

v(u)—J.G’(ﬁ,u)

0

v(u))du—v(u)

—u(v)|+

+|h,u—h,u|
1

,U(U)—J-G,(ﬁ,l)) E(U,v(u))du

0

o u(v)

)+

L

+|hg —hg|+

)+ (v)-¢(v)[],
)=5(v)

U))du—:[G’(ﬁ,v) E(u,,u(v))du

(U)‘-I—‘V(U

|

(U))du—:[G'(ﬁ,u) E(u,v(u))du

(U))du—l‘G'(ﬁ,u) E(u,g(u))du

E (U,V(U))dl)

;[G'(ﬁ,u) E(U,g(u))du—v(u)

J,
}

(v))do—¢(v)
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s (v)-

1

1
—max 1
3

= max{njax Ug(u) —,u(u)‘ + ‘,u(u) —v

5 (v) = ae(v)] +|p(v)-v

max

1

L O

- J.G'(ﬁ,u) E(U,V

—IG’(ﬁ,U)| E(U,,u(u))— E(U,V

,u(u)‘+‘,u(u)—v

(v))
U,,u(u))
U,V(U))

(v)‘+‘v (v

(U)‘ +‘v(u)—g(u)‘—IG’(ﬁ,u)‘E (U,g(u))— E(U,,Ll(l)))‘dl)

(v))

)=5(v)
du—j;G'(ﬁ,u) E(U,g(u))du J
J }
du—j;G'(ﬁ,u)E(u,,u(v))duj
)-5(v)].

(u)‘+‘v(u

du—_:[G'(ﬁ,u) E(u,g(u))du

| du—J:.G’(ﬁ,u)‘E(u,v(u))— E(U,g(u))‘du

_[Fer sl olsb-sto a0 o o)t |
’ —iG'(ﬁ,u)‘E(u,u(u))—E(u,v(u))‘du—:[G’(ﬁ,U)‘E(v,g(u))—E(U,y(u))‘du
:max{n]axﬂg o)+ ()~ )]+ ()~ ()]
s [F)-uto)futo) o) o)< uie'm,u)w(u.g(u))E<u,ﬂ<u>>],
’ | +E(0.4(0))~E (v, (0)) +[E (0. (0)) - E(vi6 (v))] do]
1 [le(©)-a@)+|u(o)=v (o))t (o) ¢ ()] IG o)[E (v ))E(U'G(v))]}
+\E v, 1(v))~E (0,6 (v))|+|E (0,5 ()~ E (v (v) 1dw
s maxax [ (v) - (o) (0) V(o) \v <o)
[6(0)=a(v)|+[u(®)=v(©) +}(v) =5 (v)
3| IO e o)) [0 -E o))
_+\E(u,v(u))—E(u,g(u))\du]
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Zmax{G(g,y,v),% G(g,ﬂ,v)_e(g,ﬂ,v)ic;'(ﬁ,u)du“

> maX{G(g,,u,v), %_G(g,,u,v)—%G(g,,u,v)} > maX{G(g,y,v), %G(g,,u,v)}
Consequently, we h:a\ve A(g, 1,v)=G(g, ,v) (4.5)
Furthermore, there is O(s,u,v)< %G(g,u,v) (4.6)
Moreover, from (4.3) - (4.6), we have

#(G (ke hushv)) < (A6, p1v)) = A (O[5, )
Hence, according to theorem (3.1), 7 possesses a single fixed point ¢~ € X, "N, NN,.
Therefore (4.2) presents a distinctive solution.
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