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Abstract:If u and v are any two vertices in G such that d (u,v) =t and P a non-Hamiltonian path in G, for integer
r, thenG is said to be K™ (K ™) hypo-edge-Hamiltonian-t*-laceable if P+ re(P —re) is a Hamiltonian

path between u and v. If G is K™ (K ™") hypo-edge-Hamiltonian-t*-laceable for all t such 1<t < diam(G)

then G is termed K”(K_r) hypo-t*-connected. In this paper, we discuss hypo-edge -Hamiltonian-t-
Laceability of Banana tree,prism graph and Cyclo productCy (n, mk) of graphs.

Keywords:Hamiltonian-t*-laceable graph, K*' (K 4) hypo edge-Hamiltonian.

1. Introduction:

Propulsion systems need to be reliable and resilient to failures. Hamiltonian cycles can be related to fault-
tolerant designs. Finding minimal spanning subgraph of a graph or network is one of the highly significant and
widely researched problems in graph theory. Hamiltonian-t-laceable graphs are kind of minimal spanning

subgraph of a graph with distinctt € Z ™ distances. In [4] Murali R et.al have defined that, Let Gbe a finite,
simple connected undirected graph. Let uand vbe two vertices in G. The distance between uand v denoted by

d(u, V) is the length of a shortest U-Vpath in G. G is Hamiltonian-t-laceable if there exists a Hamiltonian
path between every pair of vertices uand vwith d(U, V) =t and Hamiltonian-t*-laceable if there exists at least
one such pair with d(U, V) = t where t is a positive integer such that1 <t < diamG. In [1] Girisha A et.al have
defined that, A non-Hamiltonian graph Gis hypo-Hamiltonian if G - Vis Hamiltonian for any V € V(G). If u
and v are any two vertices in G such that d(U,Vv) =t and P a non-Hamiltonian path in G, then G is said to be

K™ (K™) hypo-edge-Hamiltonian-t*-laceable if P +re(P -re) is a Hamiltonian path between u and v. If G

is K™ (K™") hypo-edge-Hamiltonian-t*-laceable for all t suchl<t < diamG then G is termed K™ (K™)
hypo- t*-connected.

In [2] and [3] we have the following results on Hypo-edge-Hamiltonian Laceability.
Theorem 1: For every odd positive integer, N >5 such that n—1=1mod4,J, is K™ -Hypo-edge-

Hamiltonian-t~ — laceable where 1<t < diamJ, .

Theorem 2: Let J, be the flower snark. Then for every odd positive integer, N>7 such that

n—1=1mod4,J, is K" -Hypo-edge-Hamiltonian-t~ — laceable where 1<t <diamJ .
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Theorem 3: For every positive integer N =2, J, isK 0 Hypo-edge-Hamiltoniant™ — laceable

For t=1 and K ™' Hypo-edge-Hamiltonianfor 2 < t < diamJ,, .

Based on Hypo-edge-Hamiltonian Laceable we present the following results
2. Laceability in Banana Trees
Definition 2.1.Banana Trees

Banana tree is graph obtained by connecting one leaf of each of n-copies of an k-star graph with single root
vertex that is distinct from all the stars.

Example:

IE

Fignrel. Banarna ree B,

Based on this definition we have the following results.

Theorem2.1:The Banana tree B for m>2,n>4then B~ is k™ hypo-Hamiltonian-t -laceable for

distancet, where (1St <DiamB, , )
Let B,, , = G is k' hypo-Hamiltonian-t -laceable for distance t, where (1<t < DiamG)

The Banana tree B,  for m>2, n >4 with mn+1 nodes and mn edges with diameter 6.

We introduce the following terminologies to prove the results.

An p(n) Ty A, A *am4 *am5 * *amn a path from vertex aml to amn

a,p(n) fay, *ay, g Ty, g -~ —— *a,,apath from a,, 0 a,,
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Figure2. Banana tree B,

Figure3. Banana tree 55 s

mn

Figured. Banana tree B oo

We establish the following cases

Casei)Fort=1 and m>=2,n>4

2068



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 44 No.6 (2023)

In this case we observe that d(&,, 8,,)=1in G then the path
(@, NU(r,a,) VA, p(MUA,,pNVA,,pMN)—————- VAP (3,  ay,) Y a,p(n)

U (ay, o a3) U (a3,a,,)

is K™ hypo edge-Hamiltonian-1*-laceable path from a, to a,.

Caseii)Fort=2 and m>=2,n>4

In this case we observe that d(&,,&,;)= 2in G then the path
(all, Nur,a,) VA pMUA p(NUA ,p(N)-—-———- VA, p(n) U (ay, , a,)va,p(n)

U(ay, ,alz) U (ay,,a;3)

is K ™ hypo edge-Hamiltonian-2*-laceable path from a;; 10 a.

Caseiii)For t=3 and m=>=2,n=>4

In this case we observe that d(&,;,r )= 3in G then the path

(r,a,u) VA pMVA,  p(MUA,,p(N)-——--- VA, p(n) (@, » &y,) V&, p(n)

U (ay, ,alz) U (ay,,ay,) v (ay,*ay;)

is K ™ hypo edge-Hamiltonian-3*-laceablepath from a,, t0 T.

Caseiv)Fort=4 and m=>2,n=>4

In this case we observe that d(8,5,8,,)=4in G then the path
(@ @) VA P(N) = (@ » 8 )]V A P(M U A, ,p(N) —————— VA PNV (ay,  a,)
va,p(n) v (ay, a,)V(a,,a,) (@, (r*a,)

is K™ hypo edge-Hamiltonian-4*-laceable path from @, t0 a,,.

Casev)For t=5 and m>2,n>4
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In this case we observe that 0(a,5,8,,,)=5in G then the path
(amz ' ams) U{Am p(n) - [(aml ' amz) o (amz,ams)]}U Am—l p(n) % Amfz p(n) ______ o A2 p(n)
U (ay, » a,)va, p(n)u(a, ,alz) U (ay,,a,) V@, r)u(r,a,)v@,, a;,)

is K™ hypo edge-Hamiltonian-5*-laceable path from a,to a,,.

3. Laceability in Prism graphs

Definition 3.1: Prism graph

A prism graph, is a graph corresponding to the skeleton of n-prism. A prism graphY , has 2n vertices and 3n

edges.

Figure5. Prism Graph Ys

Based on this definition we have the following results.

Theorem 3.1 :Let graph G = Y, for n>3where n is odd integer is K™ hypo-edge-Hamiltonian-t*-laceable for
distancet, where 7<¢<3.

Proof: Consider Prism Graph G =Y,

Let x; and x; be any two vertices of G at a distance ti.e d(x;, x;)=t
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X 4 X5

Figure6. Prism GraphY _

We introduce the following terminologies to prove the results.

P1: Xon-1~*2n _Xn+1{(xn+1_xn _Xn—l_xn+2_xn+3‘;)u

n+3 "n-2 n—3_xn+4_xn+5)___u(

P

X 3 X2 X3 Xqea  Xnag) Y g%

We have the following cases.
Case i) Fort=1and n>3

In this case, we observe that d(x; , x;)=1 fori=1 , j=2n in G then the path

2n-1
Iy i X))

is a Hamiltonian-1" -laceable path between x; and Xj
Caseii) Fort=2and n>3

In this case, we observe that d(x; , x;)=2 for i=1, j=2n-1 in G then the path

LY (Xon g0 Xg) W (X5, X5) W (X))

*on—4 %5~

2 = Xon—2 ~Xona ~Xon X, +1_{(Xn +1 % " *n-1 X2

—X

6

—X

~Xon_3 Xon_2)t

3

2n—5 " *on—4)}
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is a K™ hypo edge-Hamiltonian-2” - laceable path between the vertices x; and Xj .
Case iii)For t = 3andn> 5
In this case, we observe thatd(x; , x)=3 where i=1, j = 2n-2 in G and the path
* U (X X, )UX,, X)) U(Xs, Xq)U(X,,X
Py U Xon_ g0 X5) V5 % Xy 3 WX 30 Xg) W0y Xg) W (X3, X)) V(X5 %)
is a K™ hypo edge-Hamiltonian-3"- laceable path between the vertices x; and Xj .

Theorem3.2:Let graph G =Y, for n>4where n is even integer is K™ hypo-edge-Hamiltonian-t*-laceable for
distancet,wherel <t<3.

Proof: Consider Prism Graph G =Y,

Let x; and x; be any two vertices of G at a distance ti.e d(x;, x)=t

/ \‘5 “‘6

X X
4 Figure?. Prism Graph ¥ 4

1
V5]

We introduce the following terminologies to prove the results.

Py =Xon1 = Xon = Xp 4 110 117X "X Z1 X2 T X430V

n—3_xn+4_Xn+5)___u(x2n—5_XG_XS_XZn—4_X2n—3)}

F)4 = Xon—2 ~*on1 %o _Xn+1_{(xn+1_xn X1 %42 _Xn+3)u

(x _Xn—3_xn+4_xn+5)___u( X6 ~X5 =X

n+3 ‘h-2 *on—57"% %5 "*on_4 " *on-3)}
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We have the following cases.

Case i) Fort=landn>4

In this case, we observe that d(x; , x;)=1 for i=1 , j= 2n in G then the path

2n-1
Iy e X))

is a Hamiltonian-1" -laceable path between x; and x;

Case ii) Fort=2and n>4

In this case, we observe that d(x; , x;)=2 for i=1, j=2n-1 in G then the path

Py 0 30 X)WV Ko 9) V0G5 Xg) (3. X0) W () 1))

is a K™ hypo edge-Hamiltonian-2” - laceable path between the vertices x; and Xj .
Case iii)For t = 3and n>4

In this case, we observe that d(x; , x;)=t for i=1, j=2n-2 in G then the path
P4 U (x2n Y x4) u(x4, x3) v, (x3 : x2) U (x2,x1)

is a K™ hypo edge-Hamiltonian-3" - laceable path between the vertices x; and X; .
4. Laceability in Cyclo Product of Graphs

Definition4.1:Let m, n and k be positive integers such that m=>=2,n>4 . TheCyclo product

Cy(n , MK) is obtained by joining each vertex a; (I<i<n-1)in Cp at a; under modulo n.

mk

where k = n;Z
m

Cyclo product graphs are subclasses of Circulant graphs.

By definition Cy (n , mk) is Hamiltonian-1"-laceable for all N> 4.

In [4] Girisha A et.al proved the results on Laceability in Cyclo Product of Graphs
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Theorem4. 1: The graph  Cy (n, 2k),n > 6 is Hamiltonian-t-laceable for t =1, 2.

Theorem 4.2: The graph  Cy (n, 3K),n > 6 is Hamiltonian-t-laceable for t =1, 2.

Based on Laceability in Cyclo Product of Graphs we prove the following results

Theorem 4.3:The graph is Hamiltonian-t-laceable for distance
t,where (1<t<DiamGJ (n.Mmk),n=5,m=4.

Proof: Let G =Cy (n, mk) be a graph with n-numbers of vertices and m-edges

Let this vertex set be v={fa..a ......... a
{ O 1a1 1

Figure 8 Cyclo product Cv(6, 5&)

a,

Fignre 9. Cyclo product Cw8&, 5%
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We have the following cases

Casei)Forn=ml+2, m>4 and |>1

The path p: (a0 ,an_l)u(.an_l,an_z) .......... u(a5 ,a4)u(a4,a2)u(a2 ,al)u(al,ag)

is the Hamiltonian path from ao to a3.

Caseii)Forn=ml+3, m>4 and |>1

The path p: (a0 ,al)u(.al,adr)u(a4 ,a5)u(a5,a6) .......... u(an_3 ,an_z)u(an_z,an_l)
u(an_l,ag)u(a3,a2)

is the Hamiltonian path from aO to a2 .

Caseiii)Forn=ml+4 ,m>4 and |>1

The path p: (a0 ,an_4)u(an_4 ,an_3) .......... u(a4 ’aS)U(aB’an—l)u(an—l’ an—2)
V@, 508, 30V (@, _3:3)V(3.3,)

isthe Hamiltonian path from a, to a

0 2°
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