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Abstract

Let G = (V,w, p) be a fuzzy graph with membership values w and p of vertices and edges respectively. The
modified first Zagreb index (M7 (G)) is the sum of degrees of every pair of adjacent vertices together with their
corresponding membership values. In this paper, the modified first Zagreb index of fuzzy graphs is initiated and
obtained upper bounds for M;(G*¥) generalized fuzzy transformation graphs in terms of elements of G.
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1 Introduction

Let G = (V,w, p) be a fuzzy graph with vertex set ¥V and the membership values for the vertices and edges are
defined by w:V = [0,1] and p:V xV — [0,1] respectively satisfying p(u,v) < w(u) Aw(v) where A
represents the minimum. w(u) represents the membership value for the vertex u € V(G) and p(e) represents
the membership value of an edge e € E(G). The degree of a vertex v € V(G) is the sum of the membership
values of the edges which are incident to a vertex v. i.e deg;(v) = Xy+» p(uv). It is obvious that
Yvev(6) 4egs (V) = Xypev() Zuzv P(uv) < 2m where m = |E(G)|. For undefined terminology in this paper
refer [7,14].

A topological index is a number generated from a molecular structure (i.e., a graph) that indicates the essential
structural properties of the proposed molecule. Indeed, it is an algebraic quantity connected with the chemical
structure that correlates it with various physical characteristics. It is possible to determine several different
properties, such as chemical activity, thermodynamic properties, physicochemical activity, and biological
activity, using several topological indices. Zagreb indices[4] are one among them, these indices are used to
calculate m-electron energy of a conjugate system.

Nowadays, due to various applications of fuzzy graph theory, a huge number of researchers are working on
topological indices[2, 3, 5, 6, 9-11, 15, 16]. Kalathian et.al[12] have studied the first index for fuzzy graphs and is
defined as follows:

Mi(6) = Xy w(Wdege (v:)?
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To maintain the similarity of the first Zagreb index for crisp graphs, Islam and Pal[10] redefined the first Zagreb
index in the following way.

Mi(6) = Zisy [w)dege (v)]? 2

In this paper, the modified first Zagreb index is put forward by keeping (3) in mind. It is defined as:
M, (G) = Yuver(s) [w(w)degs + w(v)degs (v)] @)

In fact, (1) and (3) gives the same results for crisp graphs but (5) and (6) are not the same. The difference between
these two definitions are explored by the following example.

Example 1. Consider a fuzzy graph with V(G) = {p,q,r,s} and E(G){pq,qr,qs,rs} where w(p) =0.7,
w(q@) =09, w(r)=0.6, w(s)=0.7, p(pq) =05, p(qgr) =0.6, p(gs) =0.5 and p(rs) =0.4. Then
degrees of each vertex of G is given by deg;(p) = 0.5, deg;(q) = 1.6, deg;(r) = 1.0 and deg;(s) = 0.9.
Therefore the first Zagreb index of G is given by:

M(G) = ZueV(G) [w(u)deg(;(u)]z
= [(0.7)(0.5)]? + [(0.9)(1.6)]? + [(0.6)(1.0)]? + [(0.7)(0.9)]?
= 4.0555.

Now consider the modified first Zagreb index for fuzzy graphs:

M;(G) = Xuver) [w(w)degs (W) + w(v)degs (v)]

[w(p)deg; (p) + w(q)degs(@)] + [w(q)degs (q) + w(r)degs (r)] + [w(g)degs(q) + w(s)degg (s)]

+lw(s)dege (s) + w(r)dege ()]

= [(0.7)(0.5) + (0.9)(1.6)] + [(0.9)(1.6) + (0.6)(1.0)] + [(0.9)(1.6) + (0.7)(0.9)]
+[(0.7)(0.9) + (0.9)(1.0)]

=7.13.

Clearly, for this graph M;(G) > M;(G). Therefore, we have selected this parameter for the study.

p(0.7)

(0.5)

(0.7)s (0.4) 1(0.6)
Fig 1. A fuzzy graph on 4-vertices.
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2 Generalized Fuzzy Transformation Graphs

Basavanagoud et.al[1] studied the Zagreb indices of generalized transformation graphs. In same way the
generalized fuzzy transformation graphs have been studied in [13]. In this paper, the modified first Zagreb index
of generalized fuzzy transformation graphs are studied. Consider a fuzzy cycle Cs depicted in Figure 2. The
examples for generalized fuzzy transformation graphs of fuzzy cycle are given below:

p(0.9)

G:

¢(0.6)
Fig 2. A fuzzy cycle graph on 5-vertices.

Example for G**: Clearly, V(G**) ={p,q,7,s,t,a,b,c,d, e} with w(p) = 0.9, w(q) =0.7, w() =0.9,
w(s)=08, w(t)=06, wl@ =06, wbh)=05, w(c)=06, w(d) =04 and w(e)=04. Also
deg;++(p) = 2p(a) + 2p(e) = 2(0.6) + 2(0.4) = 2.0 . Similarly, deg;++(q) =2.2, degs++(r) =22,
degs++(s) = 2.0 , degg;++(t) =16 and deg;++(a) =2p(a) =12 . Similarly, deg;++(b) =1.0 ,
degg++(c) = 1.2, deg;++(d) = 0.8 and deg;++(e) = 0.8. Now, the modified first Zagreb index of G** is
given by:

Mi = Yuver+) [wer+W)degg++(u) + wg++ (v)degg++(v)]

[we++(P)degs++ () + we++(q)degs++(Q)] + [wg++(p)degs++(p) + we++(t)degg++ ()]

+Howg++ (p)degg++(p) + we++(a)degg++(a)] + [we++ (p)dege++(p) +
we++(e)degg++(e)]

Hwe++(@)dego++(q) + we++(r)degg++(1)] + [we++(q)degq++(q) +
we++(a)degg++(a)]

+we++(q)degs++(q) + we++(b)degs++(b)] + [wg++(r)degs++(r) +
we++(s)degg++(s)]

Hwe++(M)dege++ (1) + we++(b)degs++(D)] + [we++(r)degg++(r) +
we++(c)degg++(c)]

Fwe++(s)degg++(S) + we++(t)dege++ ()] + [we++(s)degg++(S) + we++(c)degq++(c)]

+Hwger+(s)degs++(S) + we++(d)degs++(d)] + [we++(t)degq++(t) +
we++(d)degg++(d)]

Hwe++ (t)degs++(t) + we++(e)degq++(e)]

= [(0.9)(2) + (0.7)(2.2)] + [(0.9)(2) + (0.6)(1.6)] + [(0.9)(2) +  (0.6)(1.2)] +
[(0.9)(2) + (0.4)(0.8)]
+[(0.7)(2.2) + (0.9)(2.2)] + [(0.7)(2.2) + (0.6)(1.2)] + [(0.7)(2.2) +  (0.5)(1.0)]
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+[(0.9)(2.2) + (0.8)(2.0)] + [(0.9)(2.2) + (0.5)(D] + [(0.9)(2.2) +  (0.6)(1.2)]

+[(0.8)(2.0) + (0.6)(1.6)] + [(0.8)(2.0) + (0.6)(1.2)] + [(0.8)(2.0) +  (0.4)(0.8)]

+[(0.6)(1.6) + (0.4)(0.8)] + [(0.6)(1.6) + (0.4)(0.8)]

= 20.698.
(0.4)e. 0.4 °
006 :cund a(0.6)
e, PO9) R
04 - 06
G++: 0.6)t | 9(0.7)
04'.- ..04 05 .'..0.5
..-. ............ -(0- '9)' . ’0'5 ..... L b(O.‘)
. (0.8)s" . 1(0.
(0.4)d 0.4 e ol
06" .06
Q0.6)

Fig 3. Generalized fuzzy transformation graph G++

Example for G*~: Clearly, V(G*~) ={p,q,7,s,t,a,b,c,d, e} with w(p) = 0.9, w(q) =0.7, w() =0.9,
w(s) =08, w() =06, w@=06, wb)=05, w(c)=06, w(d =04 and w(e) =0.4. Also

degg+-(p) =degs+-(q) = degg+-(r) =degs+-(s) = degg+-(t) = 2.5 and

deg;+-(a) =1.8

deg;+-(b) = 1.5, deg;+-(c) = 1.8, deg;+-(d) = 1.2 and deg +(e) = 1.2. Now, the modified first Zagreb

index of G*~ is given by:
M = Yvert) [we+-(W)degg+- (W) + wg+-(v)degg+-(v)]

[we+-(P)dege+-(p) + we+-(q)dege+-(q)] + [we+-(p)dege+-(p) + wg+-(t)degg+(t)]

+lwg+-(p)degg+(p) + wg+-(b)degg+-(b)] + [w+-(p)degs+(p) +
wg+(c)degg+-(c)]

Hwe+-(p)degs+-(p) + we+-(d)degg+-(d)] + [wg+-(q)dege+-(q) +
wg+(r)degg+(1)]

+Howg+-(q)dege+-(q) + we+-(c)dege+(0)] + [we+-(q)dege+-(q) +
wg+-(d)degg+-(d)]

+Howg+(q)dege+-(q) + we+-(e)degg+-(e)] + [we+(r)degq+(r) +
wg+-(s)degg+-(s)]

Hwe+-(r)dege+(r) + we+(a)degg+-(a)] + [we+-(r)degg+- (1) +
wg+-(d)degg+-(d)]

+we+-(r)dego+- (1) + wg+-(e)degs+-(e)] + [wg+-(s)degs+-(s) +
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wg+-(t)degg+(t)]
Hwe+-(s)degg+-(8) + we+-(a)degg+-(a)] + [we+-(s)degs+(b) +
wg+-(t)degg+-(b)]

+we+-(s)degg+-(8) + wg+-(e)degg+-(e)] + [we+ (t)degs+-(t) +
wg+-(a)degg+-(a)]

+we+-(t)degs+(t) + we+-(b)degz+-(D)] + [we+-(t)degg+-(t) +
wg+-(c)degg+(c)]

=41.7.
¢(0.6)
..-
06 : .. 06
106",
O 5 oian'e
IR
Gt (0.5)b - e (0.6
05
0.6,
.0.-- e
a(0.6)

Fig 4. Generalized fuzzy transformation graph G+-

Example for G*: Clearly, V(G™") ={p,q,7,s,t,a,b,c,d, e} with w(p) =0.9, w(q) =0.7, w(r) =0.9,
w(s) =08, w() =06, w@=06, wb)=05, w(c)=06, w(d) =04 and w(e) =04. Also
degq—+(p) = 2.7deg;—+(q) = 2.4deg;—+(r) = 2.6deg;—+(s) = 2.5deg;—+(t) =2.0 and deg;-+(a)=
1.2, deg;-+(b) = 1.0, deg;—+(c) = 1.2, deg;—+(d) = 0.8 and deg;-+(e) = 0.8. Now, the modified first
Zagreb index of G~ is given by:

Mi = Ywer@+ [wg-+(Wdegs—+u) + ws-+(v)degs—+(v)]

[wg-+(P)degg—+(p) + wg-+(r)degs—+(r)] + [wg-+(p)degs—+(p) + wg-+(s)degg—+(s)]

+Hwe—+(P)degs—+(P) + we—+(a)degs—+(a)] + [ws—+(p)degs—+(p) +
wg-+(e)degs—+(e)]

twg-+(q)degs-+(q) + wg—+(s)degg—+(s)] + [wg-+(q)degs—+(q) +
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wg-+(t)degg—+(t)]

+lwe—+(qQ)dege-+(q) + wg—+(a)degg-+(a)] + [ws-+(q)degs—+(q) +
wg-+(b)deg;—+(b)]

+we—+(r)degs—+ (1) + we—+(t)degs—+ ()] + [wg-+(r)degq—+(r) +
wg—+(b)deg;—+(b)]

Hwe—+(r)degs—+ (1) + we—+(c)degs—+(c)] + [we—+(s)degq-+(s) +
wg—+(c)degs—+(c)]

+Hwe-+(s)degs—+(s) + wg—+(d)degs—+(d)] + [we—+(t)degs—+(t) +
wg—+(d)degq-+(d)]

+lwg—+()degs—+(t) + ws—+(e)degs—+(e)]

= 29.0098.

;.(0.6)

. ....6
d(0.4) X

Fig 5. Generalized fuzzy transformation graph G-+

Example for ¢=: Clearly, V(G™) ={p,q,7,s,t,a,b,c,d,e} with w(p) = 0.9, w(q) =0.7, w(r) =0.9,
w(s) =08, w(t)=06, w(@ =06, wb)=05, w()=06, w(d =04 and w(e)=04. Also
degs—(p) = 3.2deg;—-(q) = 2.7degs—(r) = 2.9deg;--(s) = 3.0deg;—-(t) = 2.9 and deg;—(a) = 1.8,
degq--(b) = 1.5, deg;--(c) = 1.8, deg;--(d) = 1.2 and deg;—-(e) = 1.2. Now, the modified first Zagreb
index of G~ is given by:

M; = Yuwer—) [we-—-(Wdegg-—(w) + wg--(v)degg—-(v)]

[wg—(P)degs—(p) + we—(r)dege—(M)] + [wg—(p)dege—(p) + wg—(s)degs—(s)]
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twg--(p)dege—(P) + wg—-(b)degs—(b)] + [wg-—-(p)degs—-(p) +

wg—(c)dege— ()]

+Hwe-—-(p)dege—(p) + we—(d)dege—(d)] + [we—(r)degs—(r) +

wg—(t)degs—(t)]

twg—(r)dege-—-(r) + wg--(a)dege—-(a)] + [wg—(r)dege—(r) +

wg—(d)dege—(d)]

+Hwe—(r)dege—(r) + wg—(e)degs—(e)] + [wg—(t)degs—(t) +

we—(q)degs—(q)]

twg—(t)degs—-(t) + wg—(a)degs—(a)] + [ws—(t)dege—(t) +

wg—(b)degs—(b)]

+Hwg—(t)dege—(t) + wg—(c)dege—(c)] + [wg—(q)degs—(q) +

wg—(s)dege—(s)]

twg—(q)dege—(q) + w—-(c)degs—()] + [ws—(q)dege—(q) +

wg—(d)degs—(d)]

+Hwg—(q@)degs—(q) + wg—(e)degs—(e)] + [wg—(s)degs—(s) +

wg—(a)degg—(a)]

twg—(s)degg—(s) + wg—(b)degs—(b)] + [ws—(s)degs—(s) +

wg—-(e)degg—(e)]

= 53.6302.
0
('~96
..
od -
AT
(0.4)e® """ ya i
AR
&
¢(0.6)

Fig 6. Generalized fuzzy transformation graph G--

1075



TuijinJishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 44 No.6 (2023),

3 Results

Observation 1 Let G = (V, w, p) be afuzzy graph with v € V(G) and e € E(G) then
degg++(v) = 2degq (v), degg++(e") = 2p(e)

degs+-(v) = Xeer p(€), degg+-(e) = (n—2)p(e)

degg—+(v) = degs (V) + Zuwver [0(W) Aw(v)], degg+(e) = 2p(e)

degs—(V) = Zuver [0(W) AwW)] + Xy p(e), degg+(e) = (n —2)p(e)

where e’ is the corresponding edge-vertex in G*¥ and v-e denote the vertex v is not incident to an edge e.

Theorem 2 Let G = (V,w, p) beafuzzy graphand G** isthe generalized fuzzy transformation graph of G. Thn

M;(G+) < 2M;(G) + 8m.

Proof. Let G=(V,w,p) be a fuzzy graph with {wW),w@,),w(sz), -, w(,)} and
{p(e1),p(ex),p(e3), -, p(en)} be the membership values of vertices and edges of G respectively. Then
V(GtY) =V(G) UE(G) by definition of G**. Therefore, the modified first Zagreb index of generalized
transformation graph G* is given by:

Mi(G™) = Yuwer+ [wWdegg++(u) + w(v)degg++(v)]

ZuueE(GH)nE(G) [ww)deg;++(w) + w(v)deg;++ (V)] + ZuueE(GH)—E(G) [w(w)degg++(w) +
w(v)degg++(v)]
By Observation 1(a), we have deg.++(v) = 2deg; (v), degs++(e") = 2p(e). Therefore,

M;(GH) =
YwerGrHnec) lww)2degs (W) + w(w)2degs (v)] + YuwveEGrh-EG) w)2dege(u) +
wW)p(uv)]
2 Yuwer+ne@) lwWdege (W) + w(v)degs (v)] + 2YwweEG+H-E@) o@dege(w) +
wW)p(uv)]

Itistruethat 0 < w <1 and 0 < p < 1. Therefore,
M(G*™) < 2M;(G) + 2[Xyev dege(W)] + 2 Xuper+h—-£@) (1)

Since Yuer dege(w) = Yuer 2uzr puv) < 2m and |E(GTY)| =3m . Therefore, |E(G*) —E(G)| =
3m —m = 2m. Hence,

M;(G*) < 2M;(G) + 2(2m) + 2(2m)
< 2M;(G) + 8m.

Theorem 3 Let G = (V,w, p) beafuzzy graphand G*~ isthe generalized fuzzy transformation graph of G. Thn
M;(G*) < nm? + m(n — 2)?

Proof. Let G=(V,w,p) be a fuzzy graph with {wW),wW,), w(sz), -, w(,)} and
{p(e1),p(ey),p(e3), -, p(en)} be the membership values of vertices and edges of G respectively. Then
V(Gt) =V(G) UE(G) by definition of G*~. Therefore, the modified first Zagreb index of generalized
transformation graph G*~ is given by:
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Mi(G™) = Buwer+) [0(Wdegg+(u) + w(v)degs+(v)]

ZuveE(G*’)nE(G) [w)deg;+(w) + w(v)degs+- (V)] + ZuveE(G*’)—E(G) [w(w)degs+-(w) +
w(v)degg+-(v)]
By Observation 1(b), we have deg +-(v) = Y.er p(€), degs+-(e") = (n — 2)p(e). Therefore,
Mi(G*) =
ZuveE(Gi)nE(G) [w) Xeer p(e) + w(V) Xeep p(e)] + ZquE(G"'_)—E(G) [w(W) Xeer p(e) +
w)(n—2)p(e)]
Itistruethat 0 < w <1 and 0 < p < 1. Therefore,
Mi(G*) =
Yuwer(cH)ne@) [(D Xeer (D +1Xeep (D] + YuwverG+)-£G) [12eer (1) + (D) (n—2)(1)]

Since, |E(G17)| = m(n — 1). Therefore, |E(GT) — E(G)| = m(n— 1) — m = m(n — 2). Hence,
M;(GT) <m(2m) + m(n —2)(m+ (n—2))
< nm? + m(n — 2)2.
Theorem 4 Let G = (V,w,p) beafuzzy graph and G~ isthe generalized fuzzy transformation graph of G. Thn

_1)\2
MG~ <™ 4 am(n — 1) + n(n — 1),

Proof. Let G=(V,w,p) be a fuzzy graph with {wW),w®,),w3), -, w(@,)} and
{p(e1),p(ey),p(e3), -, p(en)} be the membership values of vertices and edges of G respectively. Then
V(G™Y) =V(G) UE(G) by definition of G=*. Therefore, the modified first Zagreb index of generalized
transformation graph G~ is given by:

Mi(G™) = Buwer—) [wWdegs— ) + w(v)degs— ()]

ZuveE(G’*)nE(G) [w)deg;—+w) + w(v)deg;—+(W)] + ZuveE(G’*)—E(G) [w(w)degs-+(w) +
w(v)deg;—+ (V)]

By Observation 1(c), we have deg;—+(v) =degs(v) + Xuver [0(W) Aw(@)], degg+(e) =2p(e) .
Therefore,

Y €E(GF)NEG) [I‘:’l(g); [dzg(; W + Zuwer [0 Aw@)]] + w()[dege (V) + Zuver [w(W) A
w®)]]]
+Lwer -5  [@W[dege(W) + Xuwver [w(w) Aw®)]] + w(v)2p(e)]
Mi(G™) = Xuwver(e) [wWdege(u) + w(w)dege (v)]
+ 2wer) [0 [Rwer [0W) A w@)]]+ @) [Zuver [@W) A w®)]]
+ Zuev(e) [wWdegs (W] + Xuvere++)-£6) (W) [Buver [0@W) A wW)]1]

+2 Xwer G+ -£@) P(UV)
MG HSM{(G)+X+2m+Y +nn-1)

1077

(4)



TuijinJishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 44 No.6 (2023),

where
X =2uw er) @)X ¢r [0(@) N (V)] + @(V) X ¢r [@(2) N (V)]
and
V=% eretty-r) |9 Lw ¢r [0(2) N ()]

Now, we solve X and } separately to get the required result:

X =Y ero) [0 [Lw ¢r [0(@) N ()] + &(V)[Lw ¢r [@(2) A w(2)]]]
<
Yw er) @(@)(n—1=d gs(u))|w(u)Nw(v)]+ w(r) (7 —1- @& g;(v)|w(@)Nw(v)]

Since 0 < w(u) A w(v) < 1, therefore
X< =DXwer [@(@)+ @(2)] =L ¢r ()l g:(u) + w(v)d g:(v)]
Since 0 < w(w) < 1, therefore
X <2m(n —1) — M(G). (5)
Now consider,
V = Yw ereth-s0) (@@ R er (@) A ()]
S Yw exetty-e) Y(W)(n =1 = gs(u)[w(z) N w(v)]

(7 = D) X extty-rey @@ W(@) N (D)) + Xy cpiotty-s) @(@)@& g :(2)[w(u) N w(v)]
Since 0 < w(w) <1 and 0 < w(w) A w(v) < 1, therefore

n(n=1)2

y=<
2

2m. (6)
Putting (5) and (6) in (4) we get the required result.

Theorem 5 Let & = (V, w,p) be afuzzy graph and &~ is the generalized fuzzy transformation graph of &.
Thn

1
MG <2m(m+n—-1)+ 5[(2;2 +m=3)[Q2m(n —4) + n(n —1)]] —4m—2M(&)
Proof. Let &=V, w,p) be a fuzzy graph with {w(vy), w(vy), w(vs3), , w(v,)} and
{p(e),p(er),p(es),,p(e,)} be the membership values of vertices and edges of & respectively. Then
V(™) = V(&) £(&) by definition of &~~. Therefore, the modified first Zagreb index of generalized
transformation graph &~ is given by:

M(C) = Lw ere—) W) g (1) + w(v)d g~ (V)]

Yo €H(GINEE) (w(u)de g, (u)+ w(v)de g.—(v)]+
Yw ery-£) W) g~ (u)+w(v)d g,—(v)]
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By Observation 1(d), we have @& g, -(v) =X ¢r [W() AN W)+ 2y p(€), @& g +-(¢))=(n —
2)p (e). Therefore,

M(G™) =2w escnew) [W(W)Epe p(€)+ 2w er [@() A w(v)]] +
(V)Xo p(€)+ 2w er [w(u) N w(2)]]]

2w ese -2 (@) Zp-e £(€)+ L e [@w(2) A w(@)]]+ w(v)(7 —
2)p(e)]

M(CTY<X+Y
where

= (W) p(e)+ Y (@@ A a@l+ @) ple)+ ) lw@)
w €EL(GINE(EL) v-e w &L v-e w &£
A w(v)]]]

and

V=2w sy [@(@)8pe p(€)+ 2w er [w(u) N ()] + w(v) (7 —
2)p(e)]

On solving X and ¥ bearing in mind the following facts :
*0<w<land0<p <1
0 wu)Nw(v) <1

£ =2+ i — )

* Yye p(e) sm—at gs(u)]p(e)
*Ywer W) Nw(V)] < (2 = 1= gs(u)|[w(u) N w(?)]
we get X < 27(m+n —1) —2M (&) and

Y=%[(2ﬂ +m—=3)[2m(n —4)+ n(n —1)]] —4m

Put the values of ¥ and ¥ in (7) to get the result.
4 Conclusion:

The modified first Zagreb index plays an important role in obtaining the bounds for generalized fuzzy
transformation graphs. The QSPR-study on this parameter can be done by the researchers to validate its
applications in chemistry.
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