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Abstract: The dynamical theory of soliton excitations in two-dimensional ferromagnets is studied by
introducing a Hamiltonian that includes biquadratic interaction along with uniaxial anisotropy. To obtain a
dynamical equation of motion, we use the Dyson-Maleev transformation and the coherent state ansatz. We
obtain a Nonlinear Schradinger equation by applying the multiple-scale and quasi-discreteness methods. For
the more general nonintegrable case, we perform a multiple scale perturbation analysis to determine the
discreteness effect on the soliton excitations. Finally, we examine modulational instability (MI) under the
influence of small perturbations.

1. Introduction

In the past few years, solitons have been extensively studied as nonlinear excitations of magnetic systems
[1-5]. There have been several effective theoretical methods developed and applied to a wide range of nonlinear
excitations in magnets [6-13]. A one-dimensional spin system can be successfully realized using the semi-classical
approach. Combining the Holstein-Primakoff or Dyson-Maleev transformation with coherent state method is a
basic semi-classical approach. In magnetic systems, many different nonlinear excitations have been detected using
this semi-classical approach, including intrinsic self-localized modes [14], self-induced gap solitons [15] and non-
propagation kinks [16].

Research in the nonlinear domain both theoretical [17-19] and experimental [20-22] has recently focused
on magnetic soliton dynamics of the Heisenberg spin system with different types of interactions. The biquadratic
exchange interaction is one of the most commonly used magnetic interactions in describing magnetic properties
and spin excitations among the dominant magnetic interactions, such as bilinear, weak ferromagnetic, and
anisotropic interactions [23-26]. The biquadratic exchange interaction plays a major role, and there is considerable
interest in the study of ferromagnetic spin chains that combine bilinear and biquadratic exchange interactions [18].
Many researchers have studied soliton in 1D Heisenberg ferromagnetic spin systems with biquadratic interactions
[27-30]. It has also been reported that in the semi-classical limit, soliton dynamics can be achieved in a 2D model
of a Heisenberg ferromagnetic spin system with bilinear and biquadratic interactions [31]. A recent work by Zhu
et al.[23] on iron-based superconductors demonstrated that a biquadratic term describes the magnetism and spin
excitations accurately. This has motivated us to study the excitation of soliton in a square lattice model of the
biquadratic ferromagnetic spin system and the dynamics are analyzed semi-classically using D-M transformations
of bosonic operators and quasi-discreteness combined with multiple scales.

Modulational instability is an extremely important concept in nonlinear wave theory [32-36]. In nonlinear
oscillator lattices, Kivshar and Peyrard [37] first suggested that modulational instability could generate localized
states. In ferromagnetic chains, modulational instability and nonlinear localized modes have received much
attention. It has recently been reported by Kavitha et al.[38] that octupole-dipole and dipole-dipole interactions
excite higher-order modulational instability of plane carrier waves. In a recent paper, Latha et al. [39] presented
an analysis of modulational instability in the ferromagnetic spin system of a two-dimensional square lattice.
However, no studies have been conducted on the stability of our current model under D-M transformation. With
these considerations in mind, in this paper, we also investigate the stability of solitons in a 2D biquadratic
ferromagnetic spin system.

Hence, in this paper, we construct a model Hamiltonian for the FM system considering biquadratic
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interactions. Soliton excitations in the system are investigated using Dyson-Maleev transformation, coherent state
ansatz, and perturbation technique. Linear stability analysis is also used to analyze the stability aspects of the
system.

The paper is structured as follows. In section 2, we derive the dynamical equation of motion for the FM
spin chain by considering the model Hamiltonian with biquadratic interactions. In section 3, we use a quasi-
disceteness approximation along with multiple scales to develope the Nonlinear schradinger equation. This
equation can be solved using the multiple scale perturbation analysis and the details are given in section 4. In
section 5, MI of the FM spin system is discussed, and section 6 provides conclusions.

2. Equations of motion based on the model

For a ferromagnetic spin system with biquadratic and anisotropic interactions we write the Hamiltonian
[40] as follows

H = _Zn,m Ul(gn,m'§n+1,m)2 +j{(§n,m-§n,m+1)2 +jé(§n,m-§n+1,m+1)2
—A(S7m)*]: 1)

7. 71 and ]~’2 are constant coefficients of biquadratic interactions, whereas A is an anisotropy
interaction between crystal fields. As a dimensionless Hamiltonian, we have §; = S, ,,/h with $%,, = $,. +
iS,{m. Spin Hamiltonian (1) now can be expressed as follows:

7 A A A A ~ A A A
H= _Zn,m [45_4 (S;m-sn+1,msrtm- n+im T Srtm'sn+1,m5n,m-srt+1,m
+Sam-StramSim-Swrrm + Sam-StrimSum- Shvim + 4S5 m.

1:+1,m' Sﬁ,m' 1§+1,m + 451:,111 Srt+1,m' Srf,m'57€+1,m + 4Sﬁ,m'
¢ ¢ ¢ Ji e+ o &+ &- &+
Srf+1,m- Srim' Srf+1,m) + ﬁ (Sn,m- Sn,m+15n,m- Sn,m+1 + Sn,m'
S‘r:,m+1sr:,m' S;,m+1 + Sr?.m-srtm+1srtm-srzm+1 + S?I,m- Srtm+157;,m-
&+ ¢+ &- ¢ ¢ &— &+ ¢ ¢
Sn,m+1 + 4'Sn,m- Sn,m+1'srim'srf,m+1 + 4'Sn,m- Sn,m+1'57im- S?f,m+1
A N N A ]’ A A A A
+4Srim- Srim+1- Srf,m- Sﬁ,m+1) + é (Svtm- Sn+1,m+157-1':m- n+im+1
&+ &- ¢— &+ &— &+ &+ &-
+Sn,m' Sn+1,m+1Sn,m' Sn+1,m+1 + Sn,m' Sn+1,m+15n,m- Sn+1,m+1 +
Som-Surtme1Sam-Snatmer T 4Snm- Snrime1- Snm- Smrtmer +
A Ay . N " N " N
4Sn,m- Sn+1,m+1' Srf,m- Srf+1,m+1 + 4Sﬁ,m' Srf+1,m+1' Srf,m- S?f+1,m+1)
A sy
~ 58" 6
A Dyson-Maleev representation [41,42] of spin operators can be used to understand spin dynamics of 2D
ferromagnetic spin sytems by

. ory  @hmanm

Sn,m = (25) [1 - T]an,m: (3)
Sim = (25)2a} m, @)
SArf,m =85- ajz,man,m- (5)

By using bosonic operators, we can satisfy the commutation relations. A Glauber coherent representation
[8] of Bose operators has been used to average the eigenstates of the annihilation operator, (u|a;[_m = (ulapm
and a,,|u) = uym,lu) where |u) = I, |uy, ) With (uju) = 1, and where u,,,, representing the coherent
state wave function. For the average (u|a, ) of the system in a coherent state, the equation of motion is given
as follows:
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'61‘(”%2%[4unm 2Up—1m 2un+1m]+ A1+ AZ ] A3
I 5 [4Unm = 2Up o1 = 2Up ] + A4 + A5 + 454,46
/
42 [4unm 2Up_1m-1— 2Upn41m+1) + A7 + As
415_54149 - %un,m + 152_2Aun'm|un.m|2 - 152_3Au:1,mun,m|un,m|2
+ :_ju;?murgl,mlun,mlz- (6)

The coefficients of A; - Ay in Eq.(6) are given in Appendix. Eq. (6) describes the spin dynamics of a
(2+1) dimensional ferromagnet with anisotropy. Here, the Planck’s constant A is equal to one.

3. Quasi-discreteness approximation

As a consequence of the multiple scale and quasi-discreteness methods [43], we assume the following
un,m (t) = gu(l) (fn: {ml T' Cb‘n' Cbm) + gzu(Z)(Eﬂ.l (m: T’ (I)TU q)m)
+&3U® (0 G, T, Py D)+, = By €U )

In this case, ¢ specifies the relative amplitude of the excitation as a small ordering parameter and &,, =
g(na — At), {,, = e(ma —nt) and T = £2t. There are Multiple scales slow variables, including ®,, = nK,a —
wt and ®,, = mK, b — wt. Fast variables ®,, = nK,a — wt and ®,, = mK,b — wt represent the phase of the
carrier wave, K, K, and wt indicate its wavenumbers and frequency. Where a, and b are the lattice constants
while the parameters A and n are yet to be revealed. The Taylor approximations for 2 dimensions are modified
as follows

1 1
u — eu® + g2 aa ;rZz,(nﬂ)m £3a? 62“1(11?1,(1111)111
ntlm — ““nm(nt1)m + &, 2 ag3
@ U (i) ®3)
2 nm,(nt1)m 3
+E U mr1)ym + &3 aT T & U naym oo (8)
(€8] (€]
(1) 2 aunm,n(mil) £3p2 07 Unmn(m+1)
Upmt1 = Epm noma1) te bia(m T +
u®
2,,(2) 33 PUnmnonin) 34 3)
+¢ Uy n(ma1) +e b T + ¢ nmn(mil)+"" 9
— oy, (D (1 0“;131,(@1)1;1 2
Unt+1i,m+1 = sunm,(nil)m + EUnm ,n(m+1) * e’a n te'h
1
u;m,n(mtl) 83(12 0 u&rf?l (n+1)m 3b2 0 ugrr?l n(m+1)
0lm 2 12 2 ¢,
e
3 Unm, (n+1)(m+1) (2) (2)
+e abW te unm (n+1)m + & Unmn(m1)
(2 (2)
u u
3 nm,(nt1)m 3 nmn(m+1) 3..(3)
+e°a o, +&°b 37 + €Uy mr1ym
3,,(3)
+& unm’n(mi1)+.... (10)
We achieve the following transformation using the chain method,
d _»0 _ 4.9 .0 290
dat 2 at A 9%, ne m te at (11)

As a result of substituting Eq. (8)-(11) in to Eq. (6), we receive
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(1) (1) 1) 1) 2)
. aunm,nm ) aunm,nm .2 6unm,nm 3 aunm,nm .2 aunm,nm
2ie o ile o5, ime”— +¢€ P 2ie o
(2) (2) (3)
) u ) ou 6u
—ipg3 Lnmam _ lT}£3 nmam o3 Snmnm Fl + Fz

f’fn
1 2
1F3+ F4+ F5+ F6__( gzrgz,nm'i_gzu?(u‘?l,nm-l_
3 1 1 1)*
3, )4_;7(8%;) OO

azm at

€ unmnm nmnmnmnm-nmmnm

(12)

Since the coefficients F; - Fg in Eq.(12) are lengthy, they are not presented explicitly in the equation.

As a result of comparing the powers of & in Eq. (12), we obtain the following equations
oult) €] ) ey I

El: 21 n(;';nm - (4 nmmnm nm, (n—l)m - 2unm,(n+1)m) - ?1 (4

) ® 1) ®

- 2unm,n(m—l) —2u mn(m+1)) -z (4unm nm 2unm,(n—l)m

©) — oy ® W )+M W _o

nm,n(m-1) nm,(n+1)m nmn(m+1) Unmnm =

—2u
®

unm nm

—2u —-u

U rom 1 (4@

2,97
£ 21 o nmnm

)

—2u®) - 2u(2> ) - L4

nm,(n— 1)m nm,(n+1)m
2
Unmnam — zunm,n(m—l) Unm n(m+1)) - (4 Unmnm — Zunm.(n—l)m

~2u®) -2 2ul?) ) + 2w = A

nmn(m-1) nm,(n+1)m nmn(m+1) Unmnm

@ _ o

(€8] €] (€8] )
u . ou ou _ ou
Unm,(nm i nmnm J! (2 nm,(n-1)m 2a nm,(n+1)m)

0%n m S 0én 0n

1 (1) (1)
aunm,n(m—l) —2b aunm,n(m+1)) + Jr2 (2 aunm,(n—l)m

1) (1) (1)
Ju _ u du
+2b nmn(m-1) _ 2a nm,(n+1)m _ Zb nm,n(m+1)).

0m 0én m

3)
a ’
£3:2i Zinmanm _ J1 (4 (3) —2u

ot nmmnm

@) 3 I
nm,(n-1)m 2unm (n+1)m) s (4
3) 3) Iz (3 ®3)
nmn(m-1) 2unm,n(m+1)) TS (4 nmnm —2u Unm,(n-1)m
zu(3) _ zu(3) 44 (3)

nm,(n+1)m nm,n(m+1)) + nm nm

(3)

nmmnm
®3)
2unm n(m-1)
S%,nm+i/1 u‘Eerzl,nm_i_l- uglz‘rZan_i_ F + F +f’1F
o f n m 7 8 9t

Jr 124, (1 1 e
1F1o‘|' F11+ ZF, — (() () U m)-

nm, nm) nmnmUnm,nm

u —2u
=—i

u

(13)

(14)

(15)

The coefficients F, - F;, in Eq. (15) are a much lengthy range, so we do not explicitly provide them.

Eqg. (13) yields the following solution

uD B eintém) | Bre—ildntom),

nm,nm

It is found that the dispersion relation and the group velocity are

= % [J'(1 — coskya +J',(1 — coskyb) +J',(1 — coskya — cosk,b) — A], (17)

Z E == [] (asink,a + J'; (bsink,b) + J';(asink,a + bsink,b) — A].

When we substitute Eq. (16) with Eq. (14), we get

(2)
. Oupm, I () @) @ I 04,2
2 n;';"m s [4 nmnm ~ 2unmy(n—l)m —2u nm (n+1)m] - [4 nmnm

(16)

(18)
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)] ) J'2 g0, 2 @ @
2unm n(m-1) 2unm,n(m+1)] [4 nmnm zunm (n-1)m ~ 2u’nm n(m—l)
)] ) 4A ) _
_Zunm m+1)m 2Upm n(m+1)] + < Unmnm = /1 el(@ntém) 4 lT]

ei@ntém) _ ;2 asmk a 2L oi@n+dm) _ 4/1bsmk b_ex(¢n+¢m)
asn s Y7 00m

—lﬁasmk a—el("’n+¢m) ’2 bsink, b 22 eil@n+ém)], (19)
235 Y7 0lm

Eq. (19) on the right side has secular terms proportional to e!(®n*+®m) that must be removed. Thus we get,

2i au?%r)z,nm _ [4 (2)

2 @ I’z 14, @) 2)
2unmn(m 1) 2unm,n(m+1)] [4 nm,nm 2u’nm,(n—l)m - 2u’nm,n(m—l)

@ ) 4A () -
_Zunm,(n+1)m - 2u’nm,n(m+1)] + ?unm.nm =0. (20)

@ —2u® 1144, @

nmnam zunm ,(n-1)m Unm, (n+1)m] — 5 Unmam

and

. a
A - ﬂasmk a-— 2asmk a2
afn

[n — L2 bsinkyb — L2 bsink b] = 0. (21)

We can write the following equations using Eqg. (21)

A= iasmk a+2 asmk a, and

n = L2 bsink, b + 2 bsink,b.
changing the solution of Eq. (15) of the form

2 — Clei(¢n+¢m) + C'l*e_i(¢n+¢m)_ (22)

nmmnm

We can set C; to zero since it is the lowest-order solution. Substituting unm nm INt0 Eq. (15) we get the following

3
Zi% S [4u,(13,21 nm Zu’fl?n')l (n-1m 2“5331 (n+1)m] - % [4
ufn)znm Zuffrln(m 1) 2”1(13131n(m+1)] -2 [4u 1(13mnm - 2”1(13m,(n—1)m
2”1(1?;;)1 n(m-1) 2“5331 (n+1)ym 2”1(13131,n(m+1)] 5 M 5{2 nm = ['%
+( L a2coskya + 22 a?cosk a) aa;: + (%bzcoskyb + %bz

92B,
¢z,

(16 20cosk,a + 4cos2k,a) 5 it > (16 — 20cosk b + 4cos2k,b) +

cosk,b) 22t + (L2 zabcos(kxa+k b)) o2

]ei(¢n+¢m) + [f_;

=2 (32cosk,a + 32cosk,b — 40052kxa — 4cos2k,b — 8cos(k,a + k,b)

52 y y y

—12cos(kya — kyb) + 6cos(2kya + ky,b) + 6cos(2k,b — kya) — 34) +

1By 2B el @ntm), (23)

When we remove the secular terms e (®n+®m) from Eq. (23) on the right, we get

;98 228 428
== —tn 6521 +7v2 6(21 + V3

%P1 4 y.|B,|?B, = 0 (24)
0nlm  TAHTII T T

where

Y1 = ] = a’cosk, a+22q Zcosk,a,
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Y= == ] ==b*cosk,b 422 bzcosk b,
_ 2]
y3—Tabcos(kxa + k,b) and

[ (16 — 20cosk,a + 4cos2k,a) + —- Uy > (16 — 20cosk, b + 4cos2k,b) +

15—22 (32coskya + 32cosk,b — 46052kxa — 4cos2k,b — 8cos(kya +
kyb) —12cos(kya — k,b) + 6cos(2kya + ky,b) + 6cos(2k,b — k,a) — 34].

Using the multiple-scale method and Egs. (7) and (16) together , we obtain B; = % &=e(na —
A)=eX,, {,=e(mb — nt)=cY,, and t=c2t. Hence, Eq. (24) can be written as follows:

+V10Xz+yzayz +)/36X Y +y4|u|2u—0 (25)

Eq. (25) describes a Nonlinear Schradinger equation in (2+1) dimensions. The next section discusses
multiple scale perturbation analysis, which can be used to solve this equation.

4. Perturbation analysis
Approximation methods are useful for analyzing nonlinear systems with slight perturbations. The
number of perturbed nonlinear integrable models have been successfully solved using the multiple-scale

perturbation method [44]. After appropriate transformations and rescaling t and u as ¢ —>yi and u - ( zyﬁ)u,
1 4

we rewrite Eq. (25) as follows :
iy + Uy + 2JuPu+ A, [VZ Uy + f U] =0, (26)

With perturbation parameter Al_%’ when y=0, Eq. (26) permits the following solution to the nonlinear
Schradinger equation,

u = nsechn(8 — 0y)exp[if(6 — 0,) + i(o — gy)]. (27)

We write n, &, 00 and g, are the parameters that may depend on a long time scale T=4,t and %:—25, %:1

n + &2 and -0 Eqg. (26) has the following solution under quasi-stationary conditions
u=1u(0,T; 1)exp[iE(0 — 0y) + i(o — gyp)]. (28)

when we add Eq. (28) to Eqg. (26), we get

—n24 + Qg + 2|0|%0 = L, F (D), (29)
where

F(@) = i[~y = G2+ )2¢Tlg] + 2£r(8 — 66) = (§00r + or)

Y2 o ¥3ye27 (Y2 4 Vays
+E 4287 = C+ D)y (30)

Expanding @ in terms of Poincare-type asymptotic expansion and Keeping terms up to O(y;), we obtain

(6, T; A,) = 1,(6,T) + 4,0,(6,1,), (31)
where

1y, = nsechn(6 — 6,). (32)

Eq. (32) is substituted into Eq. (31) and at O(4,), we obtain
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~ ~ ~ ~ ~ 2~ * A~
_nzul + ulge + 4‘|u0|2u1 + zuo ul = /11F(u0), (33)
where

F(fo) = i[~@oy — (2 +19)2¢709] + o[£r(8 — 80) = (607 + 0or)

Y2 Yave2y _ (Y24 Yayg
+E 4+ 252) - (L4 Byqgg,, (34)

If ©1,=¢; + i, with ¢, and 1, are real, Egs. (33) and (34) can be written as a set of equations
L1¢A’1 = _772&’1 + @169 + 6ﬁ02(131 = Re(ﬁl): (35)

Lzlih = _7721[)1 + 1,[7196 + 21’1021[)1 = [m(ﬁl)- (36)

In this case, L, and L, are self-adjoint operators and
Re(Fy) = @o[£r(8 = 60) = (€007 + 0or) + C* +7¢7]

—2 L g
T yl)uoee' (37)

and
Im(Fy) = =y, — (2 + B)2&0,,. (38)

Y1 Y1
As 1, and 1, are homogeneous solutions of Egs. (35) and (36) respectively, the secularity conditions are

I figgRe(F,)do = 0 (39)

and
JZ figIm(Fy)dé = 0. (40)

When we use the values of @y, 1, Re(F;) and Im(F,) in Egs. (39) and (40) and compute the
integrals, we obtain &:=0 and n;=0, which indicates that the velocity and amplitude of the soliton remain
unchanged. In order to determine perturbed solutions, we need to solve Egs. (33) and (34) with ¢;=0 and n;=0
and appropriate initial conditions. Following are the specific solutions that are admissible for the homogeneous
part of Eq.(35):

¢11 = sechn(0 — 0,)tanhn (6 — 6,), (41)

G2 = %[;U(H — 6y)sechn(6 — 6y)tanhn(6 — 6,) + %tanhn(@ — 6y)sinhn
(6 — 0y) — sechhn (6 — 6,)]. (42)

The formula can be used to construct a general solution when we know two particular solutions,
¢A)1 = C1¢A)11 + Cz$12 - $11f $1zRe(ﬁ1)d9 + $12f $11Re(ﬁ1)d9. (43)

where ¢; and ¢, are used as integration constants. Utilizing Egs. (37), (41) and (42) to calculate the integrals, we
get ¢, in the form
¢, = c;sechn(8 — 8y)tanhn(6 — 6,) + ¢, [g (6 — 6y)sechn(6 — 6y)tanh
n(6 —6,) + itanhn(e — 0y)sinhn (6 — 6,) — %sechn(@ —6y)]
—sech®n(8 — B)tanhn(8 — 002 (€007 + 00r) (6 — 8o) — >a§?
(6 — 0,)] + sech®n(8 — B)tanhn (0 — 6,)Ean(8 — 6,) + a?
(8 — 60)] — sechn(8 — 6p)tanh?n(6 — 90)[—3(590T + gor) +
3 3 3 1
p (é0or + 0or) + Zafz - Zafz —>an] — sechn(6 — 6o)tanh®
n(6 — 90)[% an] — sechn(8 — 8,)tanh*n(6 — 90)[% an] — sechn
(8 = Bo)tanhn (6 — o) [~ ;- (§60r + dor)0 +a&"n6 + an’6]
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+sech®(8 = 00)[5 (€6or + oor) — 5 a8?] = sech®n(8 — 6)
1 . 1
[;an]l - sech?n(8 — 6,)tanhn (6 — 6,)sinhn(6 — 90)[5 (€601
+oor) — iafz] + sech*n(6 — 6,)tanhn(6 — 6,)sinhn(6 — 6,)

[% an] — tanh®n(8 — 6,)sinhn (6 — 90)[§ an). (44)

The secular terms (term proportional to sinhn(6 — 6,)) can be removed by Selecting the arbitrary
constant ¢,=0. Furthermore, we can apply the boundary conditions q31|9=90=0 =0 and <l319|9=90=0 =0, to obtain

;=0 and &6, + aor=a&?. Therefore, the general solution ¢, resembles the following
1 = Can(6 — 6,) —Zan?(8 — 0g)]sech®n(8 — b tanhn (6 — 6,) + [ an]
sechn (6 — By)tanh®n(6 — 6,) + [% an]sechn(6 — 6y)tanh®*n(6 — 6,)
+[§ an]sechn(6 — 6y)tanh*n(6 — 6,) — [an?8]sechn (6 — 6,)tanhn

(6 — 8o) — [z anlsech®n(8 — 6,). (45)

As a result of solving the homogeneous part of Eq. (36) similarly, the following solutions can be obtained.
1.511 = sechn(6 — 6,), (46)
1z = 5 [1(8 — O5)sechn (6 — o) + sinhn (0 — 6o)]. (47)

It can be shown that Eq. (36) has the following general solution
J’i = C3¢A’11 + C4¢A12 - 1/A)11 f 1/A)lzlm(ﬁl)dg + 1/;12 f J’lllm(ﬁl)dg- (48)
c; and c, are the integration constants. Analysing the integrals and applying Eqs. (38), (46) and (47) to Eq. (48)
yield
Py = czsechn (0 — 6,) + C4[% (6 —6y)sechn(6 — 6,y) + %sinhn(@ —6y)]
+[2 (0 = 80)r + 5 ag]sechn(6 — Oo)tanhn(6 — 6o) + sech®n(6 — 6y)
518 — 80)7(6 — 65) + aén(6 — 6,)] — sechn (6 — 8)[5n0(8 — Oo)r
—agn6] + sech?n(8 — 6y)sinhy(0 — 0,)[; (6 — Oo)r + 5 ag]. (49)

Fig 1: Perturbed soliton with parameters £=1.0 and n=1.5.
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To eliminate secular terms (term proportional to sinhn(6 — 6,)), we select an arbitrary constant of
c,=0. We can also take advantage of the boundary conditions 1, lo=6,=0 =0 and 1/319|9=90=0 =0, to obtain ¢;=0

and (8 — 90)T=,72? (—aé&n). Therefore, the solution 1), becomes as follows
P1 = [ (@En?6 + agn(8 — 8)]sechn(8 — o) + [ (—agn?
(8 —8y) + aén(8 — 8y)]sechn (8 — O, tanh?n (8 — 6,). (50)

The perturbed first-order solution @,=¢, + i, can be obtained by applying Egs. (45) and (50) as
i, = [g an(0 — 6,) — Zanz(e — 0,)]sech®n(6 — 0,)tanhn (0 — 6,) + [i an]
sechn(6 — y)tanh?*n(6 — 6,) + [% an]sechn(8 — 6,)tanh®n(6 — 6,)
+[% an)sechn(8 — 6,)tanh*n (6 — 6,) — [an?8]sechn(6 — 6,)tanhn
(6 = 6) — [ anlsech*n(8 = 6o) + i (@§n*6 +5a&n*(0 — 6,)]
sechn(6 — 6y) + [nﬁ (—aén?(8 — 0,) + aén(6 — 6,)]sechn(8 — 6,)
tanh?n(8 — 6,)]. (51)

-5

l15
11.0 |u)?
0.5

: /0.0

5
Fig 2: Perturbed soliton with parameters £=1.7 and n=2.0

In Fig.1, the perturbed soliton is plotted with constant velocity £=1.0 and amplitude n=1.5 and in
Fig.2, it is plotted with constant velocity £=1.7 and amplitude n=2. According to the figure, variations in n
make only very small fluctuations in the localized region without altering the overall solitonic character.

5. Modulational Instability Analysis

By introducing a small phase and amplitude disturbance in a 2D FM spin system, we explore the Ml of
nonlinear plane waves and soliton formation analytically. In this section, we will discuss the occurrence of Ml in
the above system. This study examines the time evolution of perturbed nonlinear waves that have the form

un,m(t) = [d)o + bn,m(t)]ei[en'm(t)+(pn'm(t)]- (52)

In the case, where 6, ,,(t)=qn + qm — w,t, with w, obeys the nonlinear dispersion relation
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_ A A Arp 4A L16]r | 161 | 16]1; 124
Wo = I + s + s S] [32 52 + s2 ]¢°
9Jr 911 | 9ra 124 41 4// 205 20J11
5_3+ $3 + 53 ]¢0 [_ 52 ¢o 52 o5
2Jr 2] 4Jr, 4 4y, 2]: 2J1
+= $3 ¢0 ==t ¢0]C05q - [_2 +3 52 ¢0 52 ¢0 ¢0 $3

20]1, 2Jr 4J1, 2Jr
S : g+ 22 plcos2q — [L2 o} — L2 {Jcostq

(83)

Here, the plane waves have a constant amplitude ¢,. A system of linearly coupled equations is obtained
by substituting Eq.(52) into Eq.(6) and assuming |b;, ,,(t)| < ¢ and |@p, ., (t)] K 0,.,,,(¢), and then taking in

to account Eq.(53), is as follows:

6bnm J!
= ¢0 [4Pnm — 2(bn—l,m - 2¢n+1,m]cosq + ?1(150 [4Pnm — 2¢n,m—1

~2¢nm1lcosq + 22 ¢o[4¢nm — 2¢n-1m-1 = 2Pns1me1lcos2q +
2 [2bpym — 2bn+1m]smq + L2 [2by 1 — 2bpmea]sing +L2[2
bp_1m-1 — 2bpi1me1lsin2q — [% + 41’ 41’ ]¢0¢nm + 5z ¢o
[3b;-1.m = 3bpsamlsing + 223 [Sbnm ) Sbnm+1]slnq +L2 92
(351 m-1 3bn+1,m+1]sm2q + £ 03 [4b5m + 4um — 4bn_1m —
4pp1m]c052 + 22 B3 [4rim + 4bum — 4B m-1 — 4B ms1lcos2q
+L2 93 [4m + 4Dum — 4bn1m-1 — 4Pne1mer]cosdq + 5 3
(40 4un + s — S + 66511~ Sbrsin] + =
3 [4nm — 4Dum + 6Grm-1 — 6Pnm_1 + 6B ms1 = 6Gpmar] +
L2 93 14¢nm — 4bum + 6n-1m1 — 6Pn_1m-1 + 6Phs1me1 — 6
¢n+1,m+1] — Lt [bnerm + Sno1mlcosq — L2 G B +
Prm-11c05q = L2 PGt mes + Prtm-1] — 55 B 2 1m
+2¢7_1.m]c052q — Q’—;¢3[2¢;m+1 + 200}, m-1]cos2q — 22 b
[26r1me1 + 2Ph-1,m-11c054q + 5 Gb, msin2q + L G5by

sin2q + =2 2] 2 Poby, msindq.

¢ I I
—bo ‘;m == [4bnm — 2b,_ 1m — 2bn+1 mlcosq + ?1 [4bn,m - 2bn,m—l
an m+1]COSq + i [4bnm 2bn—l,m—l - 2bn+1_m+1]C052q
J : J
+§¢0[2¢n+1,m - 2¢n—1,m]51nq + ?1¢0[2¢n,m+1 - 2¢n,m—1]

. Jr . Jr
sing + _2¢0 [2¢n+1 m+1 2¢n—1 m—1]Sln2q + S_zd)(z) [4bn—1,m
+4bpy1m + 3bp_1m + 3bp_1m + 3bpi1m + 3bnyym]cosq +
Jr
1¢0[4’bnm 1 + 4'bnm+1 + 3b nm-1 + 3bnm 1 + 3bnm+1 +

3bpme1]cosq + {g_zzd’o [4bp_1m-1 + 4bps1me1 + 3bp_1m-1 +
3bn—1m-1 + 3bisrmes + 3bni1me1]€052q + A3 [10G_1
~10¢n41,m]5inq + 22 $3[10¢nm—1 = 10¢m.1]sing +52 93
[10¢n-1m-1 = 10 ps1,m41]52q + L GZ [y oy — 4Dy —
41 — Abnp1m]C0S2q + 2 3 [Abp m — 4Dy — 4bpmy
— 4Dy 411€052q + 52 3 [4bpm — 4bj i — 4by sy — 4

(54)
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b 1m+11€054q + 5 $3[4bns1m — 4bn_1mlsin2q + 52 4
[4nmes — 4bnm-115in2q + 22 3 [4bns1mer — 4bn—1m-1]
sin4q — 2 3 [4bym + 4bjm — 6b5 1 + 6by_1 i + 6Dy 11 m
+6bps1,m] — 52 3 [4bm + 4Dy + 6b5 g + 6Dy + 6
Bt + 6bnmer] = 22 §E[Abnm + iy + 6b5_y oy + 6
bntm-1+ 6bjs1mer + 6bniimer] + o (B + bm] +
L Gt Dnsrm = Puo1mlSing + 22 d8[bnmer — Pum-1lsing
+22 08 [rermer — Proim-115i2q + 2 S [4bum + 2by1m
+2b,_1m]cos2q + ]S%qbg[é}bnm + 2by 41 + 2by mq]cos2q +
22 98 [4bnm + b mes + 2bjy mo11c0S4q + 5 BT [2¢n_1m
~ 2@ 1mSIN2q + L2 PF (2005 m1 — 2005 men)sin2q + 2245
[2¢7-1m-1 = 2B 1 me1)SIN4G + o [2by g + 27, ). (55)

A linear system of this type has the following general solution
Onm _ P Py ei(Qn+Qm+Qt)
(bnm) - (bl b2 ) (e—i(Qn+Qm+Q*t))' (56)
where ¢4, ¢,, b, and b, are the arbitrary real constants, while Q refers to noise wave number and Q*
is its complex conjugate. When We combine solutions Eqgs. (54) and (55) we obtain four complex equations. This

system produces two sets of real and imaginary parts. As a result of canceling the imaginary part, we have the
following system

€21 t0; Cp Cy3 Caq @1 0

C11 Ci2t0; Cg3 C14 by _ 0 (57)
C41 Cy2 C43 T 0; Cyq P2 0f

€31 C32 33 C3a +0;/ \b; 0

a)
100

80

60

Growthrate
Growthrate

40

20

Growthrate

Fig 3: Soliton density profile for various /' values (i) J' = 6, (ii) J' = 8, (iii) J' = 10, (iv) J' =12, (v) J' =
14.
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A non-trivial solution is available if the determinant vanishes. In this case, the condition is as follows
O-i4 + lOGL-Z + ll = 0 (58)

If 6;=¢Qyy,, it determines Q,,. The matrix components are listed in the Appendix . To express
analytically the imaginary part of the frequency of the noise modulating the nonlinear wave, the following implicit
forms can be used by factorizing Eq.(58)

Qim, = £y a1(q, Q)andQyp, = £/ a2(q, Q) (59)

where Q2,,,.0% ,.pa=1, and the explicit forms of a,(q, Q) and a,(q, Q) can be found in Appendix
A. Using the above equations, the real frequency part can be determined by using a diagonal system. When all
diagonal terms are equal, this system reduces to a single equation. Therefore, the corresponding real component
of the modulated wave frequency €, can be expressed in the following form

41 201r 201 1

4
Q, = (— + L)smqst + —stqstQ + ( )qbosmq
8jr 8
sinQ - L + L)d)(,SLanst — % q,')o
2]/ 2]/ . .
sm4qsm2Q )qbosmqsm = d)OSLanSLnZQ. (60)
a) 250f AT TN
| i) 80 G
e 200 (i) o 60 (ii)
s i L (iii) o
g 150: _“l\ljl) -§ (i)
S 100 s 40
o I o Aiv)
50 | 20
ot 1. 0 ‘
-4 -2 2 4 -4 -2 0 2 4
Q
€ 100
80
® ‘
£ 60
= L
E a0
o
20
oL .. .N noL
-4 -2 4

Fig 4: Modulational instability regions for (a) g =0 (b) g =7 (¢) q =§ with J'; = 6, (ii) J'; = 8, (iii)
J'1=10,(iv) J'y =12,(v) J'; = 14.

Using the imaginary component of Q presented in Eq.(59), we can determine the stability of extended
nonlinear spin waves. Ordinarily, modulational instability (MI) occurs if one of the four imaginary parts of the
noise’s frequency is non-zero, i.e. Q;,=Im(Q) # 0. If the imaginary part is not present, M| does not occur. The
M1 growth rate is given by G=Im(Q). Eq.(59) provides the conditions for the MI gain over long wavelengths(q =
0), short wavelengths(q = m) and the Brillouin boundary zone(q =m/2). The stability diagram and
corresponding growth rate are plotted in Figures 3(a) and 3(b) and 3(c) for different values of J'. It seems that the
instabilities are larger and the growth rates have increased maximally. It follows that higher biquadratic
interactions would lead to stronger modulational instability in materials.
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=
o

Fig 5: Modulational instability regions for (a) ¢ =0 (b) g =m (¢) q = g with J', = 8, (ii) J', = 10, (iii)
J, =12, (iv) J'; = 14, (v) J', = 16.

Fig.(4) illustrates the growth rates of instability for ¢ =0, ¢ = m and q = /2 plane waves with
varying values of J';. We choose J';=6, J';=8, J';=10, J';=12 and J'; =14 as biquadratic parameters.
According to these figures, if the biquadratic exchange interaction strength is smaller, a given ferromagnetic
material can sustain very long-lived excitations generated by MI. Even a reduced stability zone for excited carrier
waves can still be achieved if the strength of the biquadratic interaction is higher. With a further increase in the
biquadratic parameter, they would ultimately be destroyed. Following that, we analyze the different values of the
parameter J', asshown in Fig.(5). It is evident in this figure that as the biquadratic exchange parameter increases,
the regions of instability expand and new regions appear. A stability diagram with varying values of the anisotropy
parameter is plotted in Figures 6(a)-(c) to illustrate how anisotropy affects the stability of all excitations that may
occur within the framework of this study. By looking at the figure, it is obvious that, a larger instability zone
results from a larger anisotropy parameter. Also, the instability zone may be reduced by reducing the anisotropy
parameter.

L
-

60

g

50
] }
= 40 E 3¢
i £ I
g 30} H 2
5 20 S
1]

10}

Growthrate

Fig 6: Modulational instability regions for (a) g =0 (b) g =7 (¢) q = g with A =1, (ii) A =3, (iii) A=
5 (v)A=7,(v) A=09.
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6. Conclusion

Solitary excitations in a two-dimensional FM system with biquadratic and anisotropic interactions are
investigated in this paper. To find the spin dynamics, we employ the Dyson-Maleev transformation as well as the
coherent state ansatz. By using quasi-discreteness approximation combined with the multiple scale method, we
can simplify this equation to the NLS equation. The perturber soliton was constructed using the results of a
multiple scale perturbation analysis. As a result of a perturbative analysis, discreteness does not drastically change
the nature of the soliton except introducing some fluctuation in the localized region. It is found that soliton moves
uniformly under disturbances.

Moreover, Ml analysis is carried out using both analytical and graphical methods. By analyzing Ml, we
have demonstrated that the stability domain can grow or shrink depending on the biquadratic exchange energy
and anisotropy energy. Our analytical simulations have shown, therefore, that a nonlinear ferromagnetic chain can
become long-lived if the biquadratic parameter is chosen appropriately.

Appendix
The coefficients A, - Aq in Eq.(6) are given by

Al = [4un—1,m|un,m|2 + 4'un+1,m|un,m|2 + 3|un—1,m|2un—1,m + 3|un+1,m|2un+1,m + 3u;L+1,mu721,m +

3u;1—1,mu‘31,m - Zu;l,murzl—l,m - zu;L,muf‘wl,m - 4un,m|un,m|2 - 6un,m|un—1,m|2 - 6un,m|un+1,m|2]!

— 3 *2 3 *2 * 2 2 * 2 2
AZ - [un,mun+1,m + un,mun—l,m + 2un,mun—l,mlun—l,ml + 2un,mun+1,m|un+1,m| -

|un—1,m|2|un—1,m|2un—1,m - |un+1,m|2|un+1,m|2un+1,m - 2u;+1,murzl,m|un,m|2 - 27“L;k1—1,m7“L121,m|un,m|2 +
2un,mlun—l,mlz|un—1,m|2 + 4'un,mlun,mlz|un+1,m|2 + 3un,m|un+1,m|2|un+1,m|2 + 6un,m|un,m|2|un—1,m|2 -

3u31,mu;z+1,m |un+1,m | 2 - 6u:l,mun— 1,mUn+1,m |un— 1,m | 2] )

A3 - [4u$1,mu:1+1,m|un+1,m|2 + 8|un,m|2u731—1,m|un—1,m|2 + 8u721,m|un,m|2u:1—1,m un—l,m|2 +
5
8|un,m|2u;z+1,mu721+1,m|un+1,m|2 + 4'un,mlun—l,mlz|un—1,m|2 + 8un,m|un,m|2 |un+1,m|2 - un,mu;zz-i-l,m -
Zu:z,mufrll—l,mlun—l,mlz - Zugl,mujzz—l,mlun,mlz - Zu;,mu:1+1,mur31+1,m|un+1,m|2 -

12un,m|un,m|2 |un—1,m|2 |un—1,m|2 - 1zun,mlun,mlz |un+1,m|2 |un+1,m|2]]:

A4 = [4un,m—1|un,m|2 + 4un,m+1|un,m|2 + 3|un,m—1|2un,m—1 + 3|un,m+1|2un,m+1 + 3u;,m+1urzz,m +

3u;1,m—1u31,m - Zu;,murzl,m—l - zu;I,murZL,m+1 - 4'un,mlun,mlz - 6un,m|un,m—1|2 - 6un,m|un,m+1|2]’

AS = [ugl,mu;?m+1 + u?l,mu;,zm—l + zu;,murzl,m—llun,m—llz + 2u'7’Iﬂ1,muer,m+1|un,m+1|2 -
|un,m—1|2|un,m—1|2un,m—1 - |un,m+1|2|un,m+1|2un,m+1 - 2u;ﬁl,m+1urzl,m|un,m|2 - Zu;,m—lu%,mlun,mlz +
Zun,mlun,m—llzlun,m—llz + 4'un,m|un,m|2|un,m+1|2 + 3un,mlun,m+1|2|un,m+1|2 + 6un,m|un,m|2|un,m—1|2 -

3urzz,mu:1,m+1 |un,m+1 |2 - 6u:l,mun,m—1un,m+1 |un,m—1 | 2] ’

A6 = [4u;l-1,mu:1,m+1|un,m+1|2 + 8|un,m|2u$1,m—1|un,m—1|2 + Su%,mlun,mlzu;,m—l un,m—llz +
8|un,m|2u;kz,m+1u$1,m+1|un,m+1|2 + 4un,m|un,m—1|2|un,m—1|2 + 8un,m|un,m|2|un,m+1|2 - ursl,mu;fm+1 -
Zu;,mu;t,m—llun,m—llz - Zu%,mu;l,zm—llun,mlz - Zu:l,mu;z,m+1ur31,m+1|un,m+1|2 -

12un,m|un,m|2 |un,m—1 |2 |un,m—1 |2 - 12un,m|un,m|2 |un,m+1|2 |un,m+1 |2]’

2 2 2 2
A; = [Mupgmet|Unml|® + AUnsimet [Unml® + 3 Unc i m-1 " Un—1m-1 + 3Unsimer | “Unsimer +
* 2 * 2 * 2 * 2 2 2
3un+1,m+1un,m + 3un—l,m—lun,m - 2un,mun—l,m—l - 2un,mun+1,m+1 - 4un,m|un,m| - 6un,m|un—1,m—1| -

6Upm |un+1,m+1 | 2] )

- 3 *2 3 *2 * 2 2 * 2 2
A8 - [un,mun+1,m+1 + un,mun—l,m—l + 2un,mun—l,m—l|un—1,m—1| + 2un,mun+1,m+1|un+1,m+1 -

un—l,m—l|2|un—1,m—1|2un—1,m—1 - |un+1,m+1|2|un+1,m+1|2un+1,m+1 - Zu:1+1,m+1u121,m|un,m|2 -
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Zu;l—l,m—lurzl,mlun,mlz + 2un,mlun—l,m—llz|un—1,m—1|2 + 4un,m|un,m|2|un+1,m+1|2 +
3un,mlun+1,m+1|2|un+1,m+1|2 + 6un,m|un,m|2|un—1,m—1|2 - 3u-rzl,mu-;k1+1,m+1|u-n+1,m+1|2 -
6L, mUn—1m-1Un+1,m+1|Un-1m-11%],

A9 = [4u$1,mu:1+1,m+1|un+1,m+1|2 + 8|un,m|2u-1§L—1,m—1|un—1,m—1|2 +
Bu%,mlun,mlzu;—l,m—l|un—1,m—1|2 + 8|un,m|zu';kl+1,m+1u'721+1,m+1|un+1,m+1|2 + 4un,m|un—1,m—1|2|un—1,m—1|2 +
87-’Ln,m|7-’tn,m|2|un+1,m+1|2 - ursl,mu:12+1,m+1 - zu;,mug—l,m—llun—l,m—llz - 2u131,mu:12—1,m—1|un,m|2 -
2u;kl,mu;kw1,m+1ur31+1,m+1|un+1,m+1|2 - 1Zun,mlun,mlz|un—1,m—1|2|un—1,m—1|2 -

12un,m|un,m|2 |un+1,m+1 |2 |un+1,m+1 |2]

The different components of the matrix in Eq.(57) are

a; = 4]' it )¢0(1 — cosQ)cosq + —qbocoqu(l —c0s2Q) — ( ‘42 4]' 42 )q')o + (4]'

ajr 4// 4// 12]/ 12]!
)Po(1— ZCosQ)COSZq + 72 p3(1 - ZCOSZQ)cosq - ( +5 b5 — (5 +—5)dicosq —

12] 2 p3cos2Q + ﬁ(ﬁo - % + 2]—l)q)ocosqcosQ ~ qbocosZQcoqu,

€11 = —41¢Pg, €12 =0,

afr 41 4// 4// 12]/ 12]/

a = — _+ _1)¢0C052q - ¢0€054q - ( 52 )¢o (Sz )¢o cosQ —
125122 p3cos2Q t 12A — 3 + (4—]' + ﬂ)<i)0 cos2qcosQ + OCOSZQcos4q,

€13 = —Ay¢p, €14 =0, ¢3; =0,

Cyp = —( 40 )(1 cosQ)cosq — coqu(l - cosZQ) + ( L4 4]’ + 4]%) - (% +
8]'1)¢0 cosQcos ¢0 cos2cos2q — zjzl 6],1)<1>0cochos ¢0c052Qc052q - % 4]’1)(].’)0 1-
2c0sQ)cos2q — ]’2 ¢>0 1- ZCOSZQ)COS4—C[ + (4], 4];1 4]'2)¢0 + (12]' 12“)4)0
124 4], 4]
= Gt —1)¢0C052q - 3 2 pdcosaq — S—3q§0,

C23 = 0,

Cyq = ijz' & D pécosQcosq + ¢00052Q6052q — (4]' 4]' = pécos2 ¢>0cos4q — (4]'
4] 4] 12]/ 12]/ ] 4] 4-]r
Ly oy gz — (2L 4 gl cosq — 2 pEcos2q — ot + (2 1)¢ocochos2q 1
4]’2

2 pacos2Qcostq — 3 ¢0,

€31 = €13, €32 = 0, €33 = €11, €34 = 0,
€41 = 0, Cap = €4, €43 =0, Cyq = €3,
The coefficients of Eq.(58) are given by
lo = 2(ca2011 + €13C24),

I = (€22¢11) + (€13€24)* — (€11€24)%,

These coefficients allow us to express
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