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Abstract: This paper studies the issue of delay-dependent dissipativity and passivity-based synchronization
analysis for Markovian jumping complex dynamical network (MJCDN) models with distributed coupling
delays. The state feedback H,, control scheme is designed for the synchronization of the MJCDN closed-loop
error model. By constraining the appropriate Lyapunov functional along with the properties of the Kronecker
product and using integral inequality techniques,several new delay dependent sufficient conditions are derived
in terms of linear matrix inequalities (LMIs), which ensure that the dissipativity and passivity performance of
the considered MJCDN model. The results of this analysis are verified using the MATLAB LMI control
toolbox. Hlustrative examples are provided to demonstrate the feasibility of the results
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1. Introduction

Complex dynamic networks (CDNSs) have attracted attention from many researchers, as they are often
used in many real world systems, such as neural networks, secure communication, the world wide web, and
others science and engineering domains [1]- [4]. Indeed, CDN models are large-scale networks consisting of a
group of coupled nodes with certain topological connections. Each node describes its own specific dynamic
behaviors. Furthermore, CDNs models exhibit several complex phenomena, which include dissipativity,
passivity, synchronization, and stability. Research on the dynamical behaviors of CDN models has become
popular in recent years [5]- [7].

In 1961, Krasovskii and Lidskii introduced a class of Markovian jumping systems. They are modeled by
a collection of linear systems that transfer from models corresponding to the Markov chain in a limited mode set
a finite set. Markovian jumping systems provides effective optimization models to describe CDNs whose
structures is subject to abrupt changes [8]. Obviously, Markovian jumping complex dynamical network
(MJCDN) models can be viewed as a class of hybrid models. In this respect, the synchronization analysis of
MJCDN models has become an important research focus. Recently, several useful theories have been published
[9]- [10]. As an example, exponential synchronization of CDN models with Markovian jumping parameters and
stochastic delays was investigated in [10]. Based on the Lyapunov principle and other analytic methods, the
sufficient criteria pertaining to finite-time dissipative control of singular discrete-time Markovian jumping
systems with actuator saturation and partly unknown transition rates were presented in [11]. In [12], a matrix
measure approach was adopted to address the synchronization criteria of CDN models with Markov switching.

Synchronization, as one of the representative dynamical behaviors of CDN models, has received
increasing research attention due to its potential application in various fields, such as computer science,
cryptography, neuroscience, multimedia, and telecommunication [13]- [15]. Investigations on synchronization
pertaining to CDN models are of great significance from both analytical and practical perspectives. However, it
is not easy to achieve synchronization without the use of effective controllers. In this regards, researchers have
proposed multifarious control methods [16]- [18]. Among these control methods, H,, control is an economical
and effective solution, which not only reduces channel congestion but also makes full use of the transmission
capacity of the network [19]- [20]. It has been confirmed that this method is an efficient and prevalent approach
to addressing disturbance attenuation. Fruitful results corresponding to synchronization of CDN models have
also been published in the literature [19]- [22].

The dissipativity and passivity issues with respect to neural network models have attracted research

consideration [25],[26]. Indeed, the theory of dissipativity introduces the system input and output descriptions
and provides new dissipativity concept efficiency by adjustable parameters (£, P, R)and it is a more general
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case of passivity and H,, performances. In fact, it has been shown that dissipativity is highly capable of
disturbance attenuation. As a result, many methods have been developed to address the issues related to
dissipativity-based synchronization, and significant developments have been made [25],In [25], under several
proposed sufficient conditions, the Markovian jumping neural networks were able to achieve dissipativity and
passivity performance by employing integral inequalities and adopting suitable Lyapunov function. In [26]-
[33], new passivity criteria for memristor-based neutral-type stochastic bidirectional associative memory neural
networks with mixed time-varying delays were obtained. Some of the researchers investigated the passivity and
dissipativity analysis of neural networks with various time delay like time varying delay [40], probabilistic time
varying delay additive time varying delay ,mixed time delay, time delay in the leakage term[34],

In the current literature, dissipativity and passivity-based synchronization of MJCDN models with time-
varying distributed coupling delays is challenging and is still an open research question. Therefore, we aim to
fill such gap in this study.

The major contributions of this study are as follows:
(1) A compact MJCDN model is formulated, and the issue corresponding to time-varying distributed coupling
delays is taken into account.
(2) A state feedback H,, control scheme is designed, which can reduce the control costs, thus it is more
economic and practical.
(3) Refined Jensen’s inequality and reciprocal convex lemma are utilized to derive the results.
(4) Dissipativity and passivity criteria provides valuable stability results as well as compositional results for the
analysis of interconnected systems.

The remaining part of this article is organized as follows. In Section 2, some preliminaries and the CDN
model are introduced. In Section 3, novel dissipativity and passivity criteria are presented. In Section 4,
simulations are presented to validate the theoretical results. The research findings are summarized in section 5.

Notation: Throught this article, R™ denotes the n-diensional Euclidean space and R™*™ is the set of n x m real
matrices. In addition, BT and B~ represent the transpose and inverse of matrixB, while | denotes the identity
matrix with compatible dimensions.For a real symmetric matices A and & A = & (respectively A > &)
means that matrix A — & is positive semi definite (respectively, positive definite). Asterisk “*”in a matrix is
used to represent the term iduced by symmetry;y denotes the indes of disturbance attention. While ||. ||refers to
the Euclidean vector norm. Moreover (Q, F, {F.}, P)shows a complete probability space with filtration, {F,}t >
Othat satisfies the usual condition(i.e the filtration contains all P-null sets and is right continuous). The
Kronecker product of matrices X € R™™ and Y € RP*9 is a matrix in R™P*™4 and is denoted by

X @ Y.Besides that £,[0, o) is the space of square integrable vector function over [0, =), £{. } represent the
mathematical operators, while diag(....)denotes the block diagonal matrix.

2. Problem description and preliminaries

Given a total probability space (Q, F, {F.}t = 0, P) with characteristic function {F,}t = 0 fulfilling the
standard conditions(i.e the filtration contain all P — null sets and is right continuous),where ( sis the sample
space , is the largest algebra of events and 2 is the probability measure charterized on F.Let {o(t),t = o} be
right continuous Markovian chain in the Probability space (Q, F, {F.}t = 0, P) taking qualities in the finite
space S = {1,2, ....m} with generator A == {A;}mxn (k,q € S)given by

AgA + 0(D) ifk #q
P(peea=qlp.=k) = {1 + AgA +0(8) ifk=q

where 4 > 0,lim,_,, % = Oand A, is the transition rate from node k to mode q satisfying 4,, = 0 for k # q
With Ayg = = Xg=1q2k g (K, 4 € S)
Here we consider the following NJDCM model, with consists of N identical coupled nodes, whereby each node
is an n-dimensional dynamical model
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J'Cz(t) =

— 1 (p)x,(8) + £ (), (¢ = T(8)) + By (F (1, (8) + A, () (f (3, (£ — (1)) +

4 Z?’ﬂ gzjdq3 (pt) ftt_(; xj(s)ds + uz(t) + Dl(pt)wz(t)l (1)
v, () = & (p)x, (), ..z =12 ... N, 2)
where x,(t) = (x51(t), X5 (t), .. .. %, ()T € R™ represent the state vector of the z-nodes at time

t,respectively.In addition, £ (x,(t)) = [f (x;1 (£)), f (xz2(£)), cee v f (20 (®))]T € R"is a vector valued time
varying nonlinear function describing the dynamics nodes; 4, (p,) € R™ " is a positive diagonal matrix;
#1(pe), B1(py), A1 (py) € R™™are the connection weight matrices and delayed weight matrices,respectively c is
coupling strength ; D; (p,) € R™™ is a known matrix;w,(t) € R™ is the external disturbance which belong to
L,[0,),y,(t) € R™ is the output node z; &; (p;) is the known constant matrix with an appropriate

dimension. A, (p;), A3 (p,) describes the constant inter-coupling matrices of the model;G = (G;)yxn is the
outer-coupling configuration matrix of the model.If there is coupling between node z and node (z # j),then

G,; = 1, otherwise G,; = 0(z # j.Meanwhile,the diagonal elements of G are defined as

§G=- ;y=1,j¢zgzj z=12.... N. @

Function t(t) represent the time varying coupling delay and & denotes the distributed coupling delay that
satisfies

0o<t@®)<7,it)<u (4)
Where T and u are known constants

Assumption 1: The nonlinear vector-valued function f(.): R® - R" satisfies f(0)=0, and the following sector-
bounded condition is

[fw) — f@) —Fiu—]"fw) — f@w) —F(u—v)] <0, forallu,v € R® (5)
where F, and F, are constant matrices with F, — F; > 0.

Remark 1: If the above assumption considers that the grides F, and F, are diagonal matrices,then the
assumption is the common Lispchitz condition.In the event that F; and F, are symmetric matrices as for the
origin,it is norm-bounded portrayal. The sector-bounded description on the nonlinear term in Assumptio 1
incorporates the general Lipschitz and norm-bounded conditions,and its description is progressively broad.The

sector-bounded nonlinearities are regularly used to display the model in practice.

Let s(t) € R™ be the state direction of the unforced isolated node of models (1) and (2) fulfilling

$(t) == —b1(p)x,(t) + 1 (pt)xz(t - T(t)) + B (f(S() + A (p)(f (S(t - T(t))) (6)
Then, the synchronization error model is defined as
e,(t) =x,t) = S§(), z=12...N, @)

So the error dynamic of models (1) and (2) is inferred as follows,

éz(t) ==
—81(p0)ex(0) + Fa(pOes(t — 1) + By (F(es®) + Ao (f (ex(t = 7(0))) + € Ty Guylaprdey (¢ —
(6)) + X001 GojAs (Pe) Jg €ioyas+ e (t) + Da(p)w, (b), (8)
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¥, (@) = E(p)x, (), ooz = 1,2 N, 9)
where £ (e, () = f(x,(©) — f(s(®)),

f(ex(t = 7(£))) = f(xie(t — T(8))) = f (st = T(D))).

We use the state feedback control,

u,(t) = K,(pe, (), z=12,,,N, (10)

with such error model H,, synchronization,where ¥, is the zth node controller gain matrix to be described.
Consequently,the closed-loop error model(8) is obtained as follows

é,(t) ==

—81(0)e,(©) + Fa(pOes(t = T(0)) + By (Fex(6) + A (o) (f (et = 70)) + ¢ Zon Gy pede (¢ —
T(t)) + Z?’ﬂ gzj‘/q3 (pt) ftt_g ej(s)dS + Kz(pt)ez(t) + Dl (pt)wz(t)l (ll)

v, () = & (p)x, (), ..z =1,2 ... N, (12)

For convenience each possible value p;, is denoted by k, k € § in the sequel.As such, we have

b1(pe) = b1, $1(00) = Fires B1(pe) = Bk, A1(pe) = Aqps Az(pr) = Ak, D1(pe) = D1k E1(0) = Ex

where &4y, 11 B1x A1k A2k, D1, E1i TOr any k € § are known constant matrices of appropriate dimension.
Then,the error dynamical models(11) and (12) are defined as follows,

é,(6) = (b + H)es(6) + F1(po)es(t = T(6)) + By (f (e, (8) + Ay (o) ( (e, (¢ — (1)) ) +
c X1 G A (pe)e; (t-t@®)+ Y1 Gz As (o) ftt_g ej(syas T D1k (pr)w, (1), (13)
v, () = Epe, (), .z =12 ... N. (14)

By utilizing the Kronecker product,the error dynamical models (13) and (14) can be written in a compact form
as

e(t) =

Uy ® (=b1x + K ))e(®) + Iy ® 1 (p)e(t — (1)) + Uy ® Bi) (f(e(®) + Uy ® Aw )(f (e(t -

T(t))) +c(b @ Aye(t — (1) + Iy ® Aszi) ftt_lg €jisyasTUn @ Dy )w(t) (15)

y(@) = Uy ® Ex)e(d), (16)
where

e(t) = [eT(D)el(t).......eL )],
e(t — (b)) = [el (t — t(£)el(t — t (D)) .......ek(t — ()],
fe®) = [fT(er(®))fT(e2(®)) wre o ST (en (NI,

flett =) = [fT (ea (€ = 7)) T (e2((t = 7(D)) v o £ (en ((E = (O],
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w(t) = [w] ()l (@) ... .. wh (O],
j(k = diag{j(lkxzk ...... jCNk}'

The following definitions and lemmas are useful for deriving the main results, which are utilized throught this
paper.

Definition 2.1[26] Models and (15) and (16) are strictly (£, P, R) — y dissipativity for any t, > 0 and somey >
0, if under zero initial state the following condition meet

E{G(w,y,t6)} = E{yT < w, w > tf}. ()]

Remark 2: As per definition 2.1 the quadratic energy supply function G associated with models (15) and (16) is
defined by,

Glw,y tr) =<y, Ly>t:+2<y,Pw>tr+< w,Rw > tr forall t; = 0, (18)
Y tf VLY >ty y 7 f f

where £, P, R € R™™ with £, R are symmetric matrices.Let £,[0, o) be the space of square integrable
function on [0, 0).Notations < y, Ly > tf, < y,Pw > tr, < w, Rw > t; represent

fotf yT(t)Ly(t)dt, fotf yT(t)Pw(t)dt and fotf " (t)Rw(t)dt respectively.Similarly,connection (17) can be
written in the structure of the following dissipativity execution index models (15) and (16),

ey = 512 CD) |15 21 CD) - oo, (19)

Definition 2.2 [27] Complex models (15) and (16) are said to be positive,if there exist a scalar y > 0 such that
for all t, > 0 and for all solution with zero initial condition,

2 [T €T (w(s)}ds = —y [T €{w" (s)w(s)}ds . (20)

Lemma 2.3 [28] let @ denotes the Kronecker product,x, ¢, 3 and w are matrices with appropriate
dimensions.The following properties hold:

Bx) @y =xQ (By),
x+4)Qz=2Qz+yQx3,

(x @ 4)(z @ uw) = (x3) ® (yw),
@y =x"Qy".

Lemma 2.4 [29] For any constant model,

w € R",w = w7 >0 Scalars aand b with a < b and a vector function x: [a, b] —» R™ such that the
integrations concerned are well defined.As such the following inequality holds:

[fab x(s)ds]T w [fab x(s)ds < (b —a) [fab xT(s)wx(s)ds”, (21)

Lemma 2.5[30] (Reciprocal connectivity lemma) For any vectors x;, x, constant matrices?; i =1,2,..4U
and real scalar « = 0.8 > 0 satisfying « + 8 = 1 the following inequality holds:
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1 1 B X1 [Py U
—;x{?lxl _Ex%'?zxz - ;x{?3x1 _%x£?4x1 S - [xz] [ *1 2] [x :|; (22)

subject to

o< [PtP U ]

* ?2+?4

Lemma 2.6 [31] (Refined Jensen-based inequality) For a given matrix B € S* and a function ¢: [a, b] —»
R™whose derivatives ¢ € (C[a, b], R™)the following inequality holds;

[} " ($)Bo(s)ds = "5, (23)

where

=S . ~ b
B = diag{B,3B,5B}%¢ = [l 9lp1".01 = ¢(b) — 9(a), 9, = 9(b) + p(a@) — = [, p(s)ds,

12

b (b
mfa J. pduds.

b
03 = p(b) — p(a) — = [ p(s)ds —
3.Main Results

We present delay dependent dissipativity condition synchronization of MJCDM models (15) and (16).For
simplicity denote

Fi = W®UIU, + Uz Uy), Fp = [y®(UT +UL)
3.1 Dissipativity Analysis

By utilizing Lyapunov-Karasovskii functional (LKF) and LMI methods,we amnalyze dissipativity of MJCDM
models (15) and (16) with time varying distributed coupling delays

Theorem 3.1 Based on Assumption 1.given scalars T > 0,5 > 0 and p > 0 error models(15) and (16) are
strictly (£, P, R) — ydissipative if there exist a positive definite matrices , > 0,£, > 0,£, > 0,M; >
0,Z>0,2, >0,2Z, > 0, for any conssistant matrix J; ,appropriate dimensional matrices a,, A, and positive
scalars y>0,a, a, > 0 such that the following condition holds:

@M, Iy®T; ]
e YT R (24)
P = [‘P(z,m,k)]11X11 <0, (25)

where

Q116 = UN®Ly) + (IN®Ly) + 22’=1 Akq (1N®5Dq) + TUN®N) Uy ®E1x) — (IN®M1) - 9(UIy®2) —
(a1 Fy) — (1N®A1)(IN®’&1,I() — (In®b1,)" (Iy®2)") + (Iy®a,) (Iy®F) + (Iy®F )T (Iy®ay)™ +
82(Iy®Z,)(Uy®Z,) — (Iy®E1,) " LUy®E, ),

P12k = Un®Py) + 3(Iy®Z) — (Iy®a1) — (In®b 1)  (In®nz)" + (Iy®K; )" (Iy®az)",
P13 = (IN®OMy) — (IN®T1) + 3(y®Z) + (In®a)c(G®A) + (IN®a1) In®F1i),

Prax = IN®T) P16k = =2 (IN®2).9, , ,_120(Iy®Z),

P18k = 01 F, + (In®A1) Un®B1k) P19k = Un®21) Un®A k), Y110k = Un®21)(Iy®A3y),

D111k = (Un®a)(In®Dyy — (1N®£1k)T#l P22k = f2(1N®Z) — (Iy®a;) — (IN®A2)T7
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P23k = Un®n2)c(GRA L) + (In®n) (Iy®F1k), P8k = (In®a2) (In®Byi),
Dok = (Un®n2) (Iy®A k), D210k = (Un®n2)(GRA3), P11k = (In®n2) (Iy®Dy),
@336 = —(1 = WUN®LY) + Uy®T)Uy®T)" = IUy®Z) — a2 Fy, @345 = —2(Iy®T;) + (Iy®M,),
36 180
P36k = ;(IN®Z), P37k = _f_z(IN®Z)' O30k = AF1, Qaar = —(Iy®M1)-(Iy®L,),
192 720 720
Pssk = —(IN®L,), Pe6k = _T_2(1N®Z)l Do, 7.k = T_3(IN®Z): P77k = _T_4(IN®Z)I(p8,8,k = —2a4l
Poox = =201 @1010k = —(Un®Z}),
©@1111x = —(R —yI), and the remaining coefficient are zero

Proof: To establish the dissipativity conditions,the following LKF is introduced for the closed-loop error
models(15) and (16)

v(e(t), k,t) = X vi(e(t), k, t) (26)
where

v1(e(®), k, t) = " () Uy®Pi)e (D), @7)
vy (e(O),k, ) = [, eT()Un®Le(s)ds + [, eT(s)Uy®Ly)e(s)ds, (28)
vs(e(®),k,t) =T [ [ ) €T (s)(Iy®M;)é(s)dsd, (29)
vy(e(),k,0) = [, [, € () UIn®Ne(s)dsdd, (30)
vs(e(®),k,t) = [ [, ¢T()Un®Z)é(s)dsdb, (31)
ve(e(®),k,t) =6 [°5 [\, €T () Un®Z1)e(s)dsd, (32)
vy (e(), k,t) = [ e (s)(IN®Ly)e(s)ds, (33)

Let £ be a weak infinitesimal operator[36] of the random process {e(t), k, t = 0}along with models (15) and
(16) be defined as
Lv(e(t), k,t =0)=1lim,_+ i{é‘[v(e(t + A), k, t +4A)],e(t), k}—v(e(t)k,)

(34)

By calculating the infinitesimal generator of v (e(t), k, t) along the rajector of the closed loop error models (15)
and (16) be defined as ,

Lvy(e(), k,t) = 2T () Uy®P)e(t) + e () TN_; Ay (In®P, e (D), (35)
Luy(e(t) k1) < e (O (Un®Ly) + Uy®L))e(t) — (1 — weT (t = 7)) U@Ly (t — 7(£)) — e (¢t —

DUIN®L,)(t - D), (36)
Loy (e(t),k,t) = e (O V@MW) — T[T UN@M)é(s)ds 37)
Luy(e(0), k,t) = TeT(O)(Un®NMe(t) = [, e" () (Un®N)e(s))ds, (38)
Lug(e(®),k t) = T (O (Uy®2)e(®) = [, €T () (Ix®2Z)e(s))ds, (39)
Lug(e(t), k,t) = 82T () Un®Ze(t) — & [, eT(s) Uy®Zye(s), (40)
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Lvs(e(t), k,t) = e" (O Un®Z2)e(t) — e' (t = 5)(Iy®Z)e(t — ),

Based on (37) by using lemmas 2.4 and 2.5 we obtain ,

-7 T(IN®M1)e(s)ds < Tf

t— ‘r(t) t—(t)

T

_ (%) < ft ;(t)é(s)ds> Uy ®M,) < ft ;mé(s)ds)

T t=7(t) T t—1(t)
- <f_ e'(s)ds) Iy ®M;) (f_ é(s)ds>

e() —et—t(t) | [(1N®M1 (IN®T;) ]
e(t —t(t)) —e(t — 1) * (Un®M;)

IA

e(t) —e(t— ()
e(t—t(®) —e(t—1)|

<

By using Lemma 2.4 we obtain

— LTS Un®Me()ds < ~2(JF . e(s)ds) Un®N) (I, e(s)ds),
5 JL e () UN®Ze(s) < ([ ye(s)ds) (1®@2) (JF ye(s)ds).

Using lemma 2.6 we obtain

S €T ($)(Uy®2)e(s))ds <

t-T
e(t) T e(t
e(t — (1)) [ -9(Iy®2) 3(Uy®2) -28(I[y®32) 30(Iy®2)

t-7T

On the other hand we can obtain from the assumption 1 that,
2[fTe(®) — Ure" (O][fe(®) — Uze()] < 0.

There exist a; > 0, a, > 0 such that ,

e [fF1 ] [ e(t)

A fe(e) fe®)| =
e(t—‘r(t))] F, —Tz][e(t (1))
2|fe(t — (&)l L« fe(t —t(t) =

More over (35) and (36), it is obvious that there exist appropriate dimensional matrices A, and a, and the

following holds

Ty ®@M)é(s)ds —7 [ e y@M)é(s)ds |

» 30,02 -9(h82) 36042 300,02 || &)
'f 66)ds | 1-24(1,®2)  36(y®2Z) —192(y®Z) 180(Ix®2) || Thire(s)ds
2t e(s)dsdo| L 30Uy®2Z) —30(Iy®2Z) 180([y®2Z) —180(Iy®2) T%ftt_fe(s)dsde

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)
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2[e" () Un®ny) + €T () Uy®n)[—¢(t) + (In® (=1 + Ko )e(D)) + (Uy®fF 1 )e(t — ()] +
(In®Bii)fe(®))+ Uy®@Aw)f (e(t — (1)) + c(G®A)e(t — 17(1)) + c(GRAz) ftt_(g e(s)ds +
(IN®Dy)w(t)] (49)

From (35)-(46) and adding (47)-(49) we have ,

E{Lve(t) k,t} <
EQ2eT () (Iy®P)E(t) + T (8) Th—y Aiq (IN®P,)e() + eT () (Un®Ly) + (In®L;))e(t) — (1 — we™ (¢ —
(@) UN®L)(t — (1)) — e (t = DUn®L)(t — DI+ T2eT () Uy®M)e(t) —

e®)—et—1(t) | [(y®M) UOT)1[ e —e(t—1(t)
le(t—1(t)) —e(t—1) [ (IN®M1)] [ (t—t@®)—e(t—
1

20 T(t)e(s)ds) UN®N) ([, e(s)ds) + TeT () (Un®Z)E(E) +

T

T—)] +7eT () ((Iy®@N)e(t) —

e® 1. [et
—9(y®2) 3(y®Z)  —28(y®Z) 30(Iy®Z)
e(t_f(t)) [ 3y®2Z) —9(y®Z)  36(y®Z) —30(y®2) ” e(t - T(t))
f _e(s)ds +

o |—24(1,82) 36(1,®2) -192(1,®2) 180(1y®2) || -/ _,e(s)ds
2 7e(s)dsd9J 30(,®2Z) —30(y,®2) 180([y®2) —180(1N®Z)l ftfe(s)dsde}

529T(t)(11v®21)9(t)— (ft 86(5)615) (Iy®Z,) (ft 89(5)(15) T(t)(1N®Zz)e(t) _ eT(t — 8 Uy®Z,)e(t —
e 7, —Tz [e(t) a [:(t - (1)) ] [}‘1 —f]:'z] [ e(t —t(®))
Hfe® fe(t) e(t —T(t)) fe(t —T(t))
T(t)(1N®A2)[ é(t) + (1N®( b1y + H)e(®)) + Uy®f)e(t — ()] + (Iy®Byi)fe(t) +
(In®AL)f(e(t — (D) + c(G®Ae(t — Tt () + c(G®A) [,_s e(s)ds + Iy®Dy)w(D)]. (50)

+2[e"(®)Uy®aq) +

Define the following dissipativity condition for models (15) and (16)

=S5 (S | 2109) - rarwora
Thus ,we have,
E{Lv(e®) k.t} —y" (O Ly(t) = 2y"(OPw(t) — 0" ()R — yDw(t) < ELT D)@l (D)}, (52)

where {7 () = [eT(D)eT (O)e (¢ — 7(t))eT (¢ — DeT(1 - 6) [,__e(s)ds [ [ e(s)dsdd fT(e(t))fT(e(t —
©(0)] f_y e©)dswT ©)]

In addition we can confirm that ¢, < 0 holds.it is obvious that for ¢, < 0 (52) implies that,

EWTOLY®) + 2" (OPw(t) + 0" (OR0(1)} = E{Lv(e(®)), k.t +yw" ()@ ()} (53)
Integrating both sides of (53) from 0 to t; we have

€U, T (OLy (D) + 2y (OPw(®) + " (ORw(B)]dt} > € [/ {Lv(e(D)), k.t +yo ())w()}dt, (54)
EG(y. o, tr)} = Ely <w, 0 >ty + (¢, t,k — v (e(0,t, k) = E{y < w,w >}t;}. (55)

For all t; > 0.Therefore, error models (15) and (16) are strictly (£, P, R) — y dissipative according to
Definition 2.1 This complete the proof.
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Theorem 3.2 .Based on Assumption 1.given scalars 7 > 0,5 > 0 and u > 0 ; 8, > 0 error models (15) and
(16) are strictly (£, P, R) — ydissipative if there exist a positive definite matrices P, > 0,£, > 0,£, >
0,M;>0,Z>0,2, >0,Z, > 0, for any conssistant matrix 7; , appropriate dimensional matrices o, K,, > 0
and positive scalars y>0,a, a, > 0 such that the following condition holds:

IN®M;  Iy®T; ]
[ ] > 0 (56)
Pr = [‘P(z,m,k)]11><11 <0, (57)

where

Pr1p = UN®L) + (IN®L) + Th_1 Aeg (IN®P,) + TUNON) Uy ®E1y) — (INOM;) — 9y ®2Z) —
(,Fy) — (IN®A1)(IN®£*1,I() - ([N®’&1k)T([N®A1)T) + (Iy®a) Iy ®K) + (IN®7C1<)T(IN®A1)T +
52 (IN®Z1)(UN®3Z;) — (Iy®E1) LUN®E ),

P12 = UN®Py) + 3(Iy®Z) — BLUy®A) — Bo(In®b 1) (Iy®A)T + B, (In®F)T,

P13k = Un®My) — (Iy®Ty) + 3(IN®Z) + B1(In®A)c(GRA ) + B2 (In®A) (In®F 1),

Prak = Prak Prok = Prek P17k = P1740

P18k = 01 F; + f1(UIn®A) (IN®B1x) P19k = P1UIn®A) In®A1k), P110k = P1Un®2)(Iy®A3y),

P11k = BiUn®2) Un®D1y — Un®E1) #, Paoi = T (IN®Z) — B (Iy®n) — B (Iy®a)T,

P23k = B2(Iy®A)c(GRA ) + B2 (In®A) Iy ®F11), Pagi = B2(In®n)(Iy®Byy),

P20k = B2(IN®A)(Un®Ay1), D210k = B2(IN®N) (GRAL),

211k = B2(In®2) (Iy®Dyy),

P33k = P33k P34k = P34k P36k = P36k P37k = P37k

P39k = P390k Paak = Paak Pssk = Pssie Posk = Pk

P67k = P70k P77k = P771 Pogr = Pogr: Pook = Pook

P1010k = P1r010k P11,11k = P1111k0

and @« is defined in Theorem 3.1 Furtheremore,the desired controller gains are given as

K = 271K, (58)

Proof: Denote A; = f8;4, A, = B,A.Then we can obtain inequality (57).According to theorem 3.1 ,we can
conclude that error models (15) and (16) are strictly (£, P, R) — y dissipative according to Definition 2.1. This
completes the proof.

Remark 3: Passivity and dissipativity theory has been used as a powerful analysis and design tool in many
applications,such as large space structures, chemical process, multi-agent systems, haptic teleoperation systems,

and cyber-physical systems.

3.2 Passivity Analysis
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We consider the passivity analysis of synchronization of MJCDM models with time-varying coupling delays

Remark:4 Theorem 3.2 Provides MJIDCMs with H,, control dissipativity modes (15) and (16).Research on
dissipativity analysis for various dynamical networks have recived increasing attention [33].As a special case of
dissipativity ,the passivity analysis has been widely studied [34] . By applying £ = 0, P = I and R=2yl the
dissipativity performance(17) is reduced to the passivity condition (20)

Based on Theorem 3.2, we have corollary 3.3 for the passivity analysis of models (15) and (16) in the absence of
H,, control term (u(t) = 0).In this case, models (15) and (16) reduces to

é(t) =

Uy ® (=b1x + Ky ))e(®) + Uy ® F1(p))(t — () + eIy ® By (f(e(®) + Uy ® A1 )(f (e(t -

T(t))) +c(¢® c/‘l1k)e(‘f - T(t)) + (Iy ® Asy) ftt_5 e(s)ds + (Iy ® Dyy)w(t), (59)

y(@) = (y @ Ee(d). (60)

Corollary 3.3. Based on Assumption 1.given scalars T > 0,6 > 0 and u > 0 error models(59) and (60) are
positive in the sense of Definition 2.2 if there exist positive definite matrices 2, > 0,£; > 0,£, > 0,M; >
0,Z>0,2Z, >0,Z, >0, for any conssistant matrix J; ,appropriate dimensional matrices A, and a,and superb
scalars y>0,a; a, > 0 such that the following condition holds:

IN®M;  Iy®T; ]

[ S R (61)
Wi = [Pampl, ., <O (62)
Where

Yok = Un®Ly) + UIN®Ly) + X1 Aeg (IN®P,) + TUNON) (Iy®Eyy) — (In®M;) — Iy ®2Z) —
(,Fy) — (IN®A1)(IN®&1,k) - ([N®£V1k)T([N®A1)T) + (In®ay) (Iy®FK) + (IN®:KR)T(IN®A1)T +
82(Iy®2Z,) (Iy®2Z;) — Un®E1) " LUN®Eqy),

Wik = UN®P) + 3(Iy®2Z) — (Iy®a1) — (In®b11)" Uy®a2)" + (Iy®K)" (Iy®az)T,
Wize = Un®M;) — (Iy®T7) + 3(INQ®Z) + (In®a1)c(GRA,) + (In®a1) (Iy®F 1),

52
Wik = In®T1),Wier = —?([N®Z),W1‘7‘k:{220([N®Z),

Wigr = a1 F, + (In®a) (In®B1y) Wiox = Un®a1) (In®A ),
W10k = Uv®a)(Un®A3zx), Wi11x = Un®a1)Iy®Dyy, — (Iy®EL)T#,
Wyok = T2(IN®2Z) — (Iy®a;) — (In®az)T, Wyzr = (Iy®4;)c(GRALL) + (Iy®a,) Uy @),
Wosk = Un®a)IN®Byy), Yaoor = Un®a) (In®A k),
Woi0k = Un®82)(GRA3y), Ya11k = Un®a2) (IN®Dyy),
Waan = —(1 =W (UN®L) + T UN®T)" — IUy®2) — a,Fy,
Wy = —2(IyQT;) + (Iy@My),

180

36
Yo = — Un®2), W37, = —— (In®2),
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192

lp3,9,k = a,Fq, lp4,4,k = —(In®M1)-(In®L,), l{"s,s,k = —(IN®Ly), q"e,e,k = _T_Z(IN®Z)|

720 720
Yo7k = f_3(IN®Z)1 Work = _TT(IN®Z), Wegr = —2a4l

Woor = —2a1 Wio10k = —(In®Z1)
Wi111% = —vI, and the remaining terms are zero

Proof :Consider the LKF candidate as in Theorem 3.1 by excluding the control term.Following the same
argument of Theorem 3.1 we have

E{Lv(e®) k.t} =y (O)Ly(®) = 2y" ()Pw(t) — 0" ()(R — yDw(t) < ELT D)@l ()}, (63)
where {7 (t) = [T ()T (D)eT (t — 1(t))eT(t — DeT (1 — &) [__e(s)ds [} [, e(s)dsd8 fT(e(®))fT (e(t -
()] [ e(s)dsaT (1))

If ¥, < 0 then (63) implies that

E{Lv(e®) kt) = 2y"(Ow(®) — 0" (Ow(t)} < 0. (64)

By integrating (64) from 0 to t; we have
2 fotf EyTw(s)}ds = E{v (e(tf)),k, t) —v(e(0),k,t) — yfotf 0T (s)w(s)ds},

> yfotf w()w(s)ds. (65)

For all t; > 0.Therefore models (59) and (60) are passive according to definition 2.2 . This complets the proof of
corollary 3.3.

Remark:5 Models (59) and (60) without Markovian jumping reduce the following form,

é(t) = Iy ® b1)e(t) + Iy ® $)(t — (1)) + Uy ® Bu) (F(e(t) + Uy ® A (et — (1)) +
(G ® Ape(t — 1(6)) + (G ® As) [, e(s)ds + (Iy ® Dy)w(t), (66)

y(@) = (Iy ® Epe(t), (67)

Corollary 3.4.Based on Assumption 1.given scalars T > 0,8 > 0 and ¢ > 0 models(66) and (67) are passive
in the definition 2.2 strictly if there exist a positive definite matrices ? > 0,£, > 0,£, > 0,M; > 0,Z > 0,
Z, > 0,2, > 0, for any conssistant matrix 7; , appropriate dimensional matrices a,, o, and high-quality scalars
scalars y>0,a, a, > 0 such that the following condition holds:

@M,  Iy®T;

[ . 1N®JV[1] >0, (68)
Yk = [Z(l,m,k)]llxll <0, (69)
where

21,1 =

(UN®Ly) + (INy®L,) + TUNyQN) (Iy®E ) — (IN®M1) - 9I(Uy®2Z) — (ayFy) — (1N®A1)(IN®171,I¢) -
Un®41)" Uy®a)T) + (Iy®a1) Iy®K) + (Iy®K )T (Iy®a)™ + 82 (Iy®Z:1) Uy®Z,). L1, = Iy®P) +
3(IN®2) — (Iy®a;) — (IN®41) " (Iy®42)" Y13 = (INOM;) — (Iy®T;) + 3(I[y®2) + (Iy®a1)c(GRA,) +
(Un®a) (®F1)5as = INBT) Tse = =5 N®2).T, ,_120(y®2),

Y18 = A1 F; + (In®a)(INn®By), 21,0 = (In®na) (IN®A,),
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Y110 = (In®n)(INQA3), Y11 = (UIn®na)(IN®D; — ([N®£1)T|
Y22 = f2(1N®M1) +1(IN®2Z) — (Iy®a;) — ([N®A2)T122,3 = (In®n) Uy ®F1) + (In®nx)c(GRA,),

Yosk = (IN®A2)(IN®BI)’¢2,9,R = ([N®A2)(IN®Uqlk)l(p2,10,k = (1N®A2)(g®043k):‘ﬂ2,11,k =
(In®n2) (Iy®D1x) P33k = -1 -wUy®Ly) + (1N®71)(1N®71)T —9(Uy®Z) — a,Fy,

180

Y34 = —2(Iy®T) + (Iy®My), Y36 = 3;_6(1N®Z)1 Y37 =— = (In®2),

192 720

23,9 = ayFy, 244 = _(IN®M1)'([N®['2) 255 = _([N®['2) 266 = 7 ([N®Z) 267 = 73 (IN®Z)

Y77 = 77240 (Iyv®2), Yes = —2a4l Yoo = —2a51 Y1010 = —(Iy®Z7)

Y1111 = —¥I, and the remaining terms are zero
Proof: The proof is the same as that of Corollary 3.3, hence, it is omitted.

Remark 6: It is mentioned that employing an augmented LKF and zero integral inequalities can lead to less
conservative results when compare to the LKF in the papers [35,-36]. The proposed model consists of a
distributed coupling delays with newly augmented form of LKF.Most of the papers[37-39]used the Kronecker
product method tostudy the complex dynamical networks. In this paper, we employed the transformation
method. In order to reduce the computational burden there are various methods are approached but in this work,
the refined Jensen’s inequality and reciprocal convex lemma are used in the proof of Theorems, which helps to
reduces the computational burden. As a result, proposed passivity and dissipativity analysis gives better results
while maintaining lower computational burden.

Remark 7: When compare to the results in [48], this paper deals with the distributed coupling delay. Thus, it is
necessary to investigate the problem of MJCDN model with distributed coupling delay in order to get some less
conservative results,which is the motivation for this work,as it is theoretical and practical significance.
In[40]and[41]onlydissipative analysis of systems are investigated but this paper deals with both passivity and
dissipativity of MJCDN model, which is the main advantages of the paper.

4 NumericalExample

A numerical example to illustrate the feasibility and effectiveness of the obtained results is presented, as
follows. Example 1: Consider models (13) and (14) that consist of 3 identical nodes and k = 2 with time-varying
distributed coupling delays in which each node is a two-dimensional MJCDN model described by

é,(t) = (Iy ® (b + Kz))e () + (Iy ® $1(p))e,(t — () + (Iy ® Bu)(f (e, () + Iy ®
A )(f (e(t - T(t))) +c(b @ Aye(t — (1) + (Iy ® Asi) f:_g ejs)astUy & Dyp)w,(t)  (70)

v, () = Uy Q@ Ep)e(®)z=1,23k =12 (71)
Ther Parameters are given as follows,
- [_8'1 81] fu _[ 0 051] Bu = O025 12] A _[ 03 —(())'.233]'
A = [068 0(.)8]"’431 - [061 0?1]’7)11 B 1 (1)’5“ B —06?3 —0(')%3 !
&2:[—1.4 14] 15‘12—[_01 01 [04 0710412: gg 8?

"qzz:[é 1]”’432:[3 1]’2)12 = 06?41 —0.21]”512= 8:% —0(')?3]'

The nonlinear function is chosen as
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_ [0.3x;; + tanh(0.1x,,) + 0.1x,,
fle®) = [ 0.5x,; — tanh(0.2x,,) ]

Itis clear that f(x,(t)) satisfies Asuumption 1 with

“ z[—0.31 0.1 “ z[—o.z 0.1
1 0 0.5) 2 0o 0.31F

The outer coupling matrix is
-1 0 1
G=|0 -1 1|
1 1 -2
The coupling strength c is chosen as c=0.5 Markov process{p;, t = 0} takes value in § = {1,2} with generator

A= [_67 _7 6].The objective here is to find the dissipativity performance y such that models (70) and (71) are
(L,P,R) — vy dissipative. In this regard,we choose

c=[ d2=1% oslr=[7 5l 72)

Let us consider 8; = 2.99,8, = 1,8 = 0.66,7 = 0.25,u = 0.5 .Then use the MATLAB LMI control toolbox to
solve LMI (58) in theorem 3.2. The corresponding feasible solution as follows

526.8866 264.1885 1.6423 —0.0384

—0.0384 1.4812 F

44606 —0.4874
0.4875 —4.3168)

=[521.1461 249.5286
17 1249.5286 512.7735) 264.1885 531.1361

0.8965 0.0329] M =[—17.3881 —22.4879
0.0329 1.03431'7"' 7 [-22.4878 —162.0464

P, =| | £ =10°

£, =10 | v =103

0.6085 0.0000
0.0000 0.6085

]L _[891.2228  1.7535 ] I
it 1.7534  919.6291)' 72

898.2967 —0.0000

—10-8
L=10 [ —0.0000 898.2965)

X, = 103 [—1.1048 —0.3208 463.0821 —285.8192]7 A= [100.8260 —0.2354

—0.3208 0.1223 ] Xo = [—285.8192 —471.7092 —0.2354 68.1842]"
Y = 9203727, a, = 413.7550, a, = 385.1395.

The corresponding gain matrices in (58) are given by,

—10.9691 -3.1775

— A-1 —
Ky =A47 —4.7469  1.7829

|3, = a1, = [T46026 28511

42079 -6.9281

5 Conclusion

We have examined dissipativity and passivity-based synchronization of MJCDN models with time-varying
distributed coupling delays in this study. In order to derive the closed-loop error model of the considered
MJCDN:Ss, a state feedback H,, control scheme has been designed. By constraining the appropriate Lyapunov
functional along with the properties of the Kronecker product and by using integral inequality techniques,
several new delay-dependent dissipativity and passivity conditions have been derived in terms of LMIs. The
results of this study have been verified with the MATLAB LMI toolbox. Numerical example have been
presented to show the feasibility of the results. The method developed in this study can be utilized to examine
other types of neural network models. As such, we will study coupled CDN models with complex-valued inputs
in our further work.
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