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Abstract—This paper presents a numerical investigation of the effective thermal conductivity (hereafter, ETC) of 

polymer composites with randomly distributed multi-fillers. A finite element method combined with a user-defined 

code was proposed to predict the ETC under various effects. Consequently, the polymer composite structure was 

well generated for single, hybrid, and particularly triple fillers. The numerical results were thoroughly validated by 

comparing them with the prediction models, as well as numerical and experimental results in the literature. The 

highly complex behavior of the ETC in terms of effective parameters is first explored. The ETC of the triple-filled 

polymer composite improves compared with single and hybrid fillers only if the different filler‟s TCs are used. 

Otherwise, the ETC slightly reduces if the filler‟s TCs have the same value. The results obtained are very useful in 

understanding the complex behavior of the ETC of polymer composites with multiple fillers. 

Index Terms—Finite element method, Polymer composite, Thermal conductivity, Multiple filler. 

 

 
 

I. INTRODUCTION 

Enhancing the material‟s thermal conductivity (hereafter, TC) is desirable for many technological applications, such 

as 5G communication equipment, electronic packages, energy transmissions, thermal management of electronic and 

photonic devices, heat exchangers, energy converters, building insulators, and related fields, particularly where high 

operating temperature is required [1]-[8]. Additionally, the TC enhancement becomes particularly important in 

synthesizing advanced polymer composites. Utilizing highly thermally conductive fillers, such as metals, 

carbon-based materials, and ceramics, represents a promising approach for enhancing the TC of pure polymers 

[9]-[11]. Many researchers reported that the TC is enhanced by adding fillers with high TC. For example, the PDMS 

composite‟s TC is up to 2.73 Wm
−1

K
−1 

with 20 wt% CF filler loading [12]. The literature has proved that the 

composite material's TC can improve significantly. Notably, planar graphite fillers have been reported to achieve 

remarkably high TC values, reaching 3000 Wm
−1

K
−1

 [13]. Thermally conductive fillers into polymer composite 

matrix have many potentials owing to their facile process, low corrosion, lightweight, and low manufacturing cost, 

etc. [14]-[17]. 

During the past few decades, a considerable number of research works has been done to enhance the TC under 

various factors of filler network, including the filler types, sizes (from mesoscale to nanoscale), and filler shapes 

(e.g., sphere, hollow sphere, platelet, tube, or fiber). Based on the number of fillers used, they can be classified into 

two main types: mono-fillers (or single fillers) and multi-fillers (e.g., hybrid, triple, etc.). Firstly, single fillers were 

used. Previous studies reported that the filler„s properties and characteristics greatly affected the TC, such as the 

volume fraction of the filler (hereafter, VF) [18], the filler TC, the filler‟s size and shape, organization and 

positioning in the matrix, the agglomerated state of fillers, and interfacial thermal resistance on the incorporation of 

the matrix material [19]-[24]. Core-shell nanoparticles have also received much interest in recent years [25]-[27]. In 
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addition, hybrid fillers (combining two fillers with the same or different properties, shapes, and sizes) have been 

widely acknowledged as one of the promising candidates for enhancing the polymer composite‟s TC. This is 

because of the essential formation of synergistic impact on the TC of hybrid-filled polymer composites [28]. Indeed, 

many studies indicated that higher TC can be obtained using the hybrid fillers at a certain condition, and it is higher 

than the use of single fillers for the same VF [29]-[30]. Furthermore, Sanada et al. [31] reported that adding 

nanofillers into the polymer matrix containing the micro-ones can improve the TC of polymer composites.  

Moreover, multi-fillers have attracted much attention in recent years, although this filler type is complex. As 

expected, triple fillers can enhance the TC of polymer composites. This type of filler can form large thermally 

conductive chains, and the particle package density can be improved. Additionally, triple fillers may help to reduce 

the overall filler loading [32]. Some worse cases, like brittleness and agglomeration, can degrade the matrix 

polymer's mechanical and processing properties and reduce the total product cost rather than using high filler 

loadings [32]. As reported by Gao et al. [33], a very high TC of epoxy composites filled with aluminum oxide, 

aluminum nitride, and graphene was obtained. The maximum increase of TC was up to 185% compared to that of 

pure epoxy, and it was also higher than that of both single and hybrid fillers. To our best knowledge, no numerical 

research considers the TC enhancement for polymer composites with a variety of heterogeneous fillers. 

This research aims to examine the effective thermal conductivity (hereafter, ETC) of polymer composites using a 

variety of heterogeneous fillers. The finite element method combined with user-defined code in MATLAB was used 

for predicting the ETC of such polymer composites. The effects of particle distribution and other important 

parameters are examined extensively. In addition, an analysis and discussion of the thermal characteristics exhibited 

by the ETC as influenced by the diverse effects of multi-fillers. 

II. NUMERICAL METHODOLOGY 

Fig. 1 illustrates a schematic representation of the numerical model used in this study. The boundary conditions 

(hereafter, BC) are also provided to simulate thermal flow through a polymer composite structure. The unit cell 

serves as an appropriate control volume due to the extensive dispersion of particles throughout the matrix. Firstly, 

the user-defined code generated a geometrical model of the unit cell in MATLAB. In this regard, particle-1 (yellow) 

was first distributed randomly and iteratively, then particle-2 (green) was distributed. At this point, particle-2 does 

not contact both itself and particle-1. This process is also applied to particle 3 (red). These particles are assumed to 

exist in isolation, with a random distribution within the matrix material. This is reasonable when the volume fraction 

(VF) of fillers is small (e.g., less than 0.1) to prevent brittleness and agglomeration that reduces the mechanical and 

processing properties of the polymer, as mentioned in the Introduction section. Finally, the geometrical model was 

tested and then imported into COMSOL through a module of Livelink for MATLAB. The present study aims to 

incorporate the impact of anisotropic particle distribution, which closely mimics the distribution observed in the 

experimental procedure. Additionally, the TCs of all spherical particles (kp1, kp2, kp3) and matrix material (km) are 

assumed to be constant [30]-[34]. 

 

Fig. 1. Schematic of numerical model and boundary conditions. 
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Laplace equations explain how heat is transferred in a composite structure. This obeys Fourier‟s law with no heat 

generation. Consequently, the general form of these equations applied for all domains is shown in Eq. (1). 

   

 

i i i i

i i 0 i = 1, 2, 3, m

x k T x y k T y

z k T z

        

    
 (1) 

The subscripts “1”, “2”, “3” and “m” denote the particle-1, particle-2, particle-3, and matrix, respectively. Eq. (1) 

can be converted into a dimensionless form using the variables shown in Eq. (2). 

   

* * * *

i i m

* "

i i out in m

; ; ; ;

/

x x L y y L z z L k k k

T T T q L k

   

 
 (2) 

where the characteristic length, denoted as L, represents the dimension of a unit cell, as illustrated in Fig. 1. It is 

important to note that the heat flux was specifically defined. The surface on the top of the unit cell is the inlet to 

establish the characteristic temperature. This choice is motivated by the fact that the heat flux BC should be 

employed in this model. It is worth mentioning that this BC is commonly utilized in most experimental setups for TC 

measurements. Consequently, it is anticipated that the results obtained based on this BC exhibit a higher accuracy 

level than those obtained using the isothermal BC, as mentioned in previous studies. As a result, the Eq. (1) 

becomes the Eq. (3) for non-dimensional form: 

   

 

* * * * * * * *

i i i i

* * * *

i i 0 i = 1, 2, 3, m

x k T x y k T y

z k T z

        

     
 (3) 

The important non-dimensional parameters in this research are TC ratios between the particles and the matrix κ1, κ2, 

κ3 and the particle VFs ϕ1, ϕ2, ϕ3. These parameters are defined in Eq. (4) as: 

1 1 m 2 2 m 3 3 m

1 1 1 cell 2 2 2 cell 3 3 3 cell

; ; ;

; ;

k k k k k k

N V V N V V N V V

  

  

  

  
 (4) 

where N1¸ N2 and N3 represent the number of particle-1, particle-2, and particle-3 per unit cell, respectively, V1¸ V2, 

V3, and Vcell stands for the volumes of particle-1, particle-2, particle-3, and unit cell. Based on the Fourier‟s 

equation, the ETC of polymer composite can be determined by Eq. (5): 

  eff in outk Q L T T       (5) 

In this equation, Q represents the total heat transfer rate. Eq. (5) becomes Eq. (6) in the dimensionless form, where 

the average temperature ( *

inT ) is determined at the top surface. 

 * *

eff eff m in1k k k T   (6) 

III. RESULTS AND DISCUSSIONS 

A. Single filler 

Table I. Some structures of the polymer composite with single fillers. 

ϕ=0.15, κ=2250 

N = 3 

 

N = 9 

 

N = 30 
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keff* = 1.59 

SA = 1.969 

keff* = 1.55 

SA = 2.839 

keff* = 1.55 

SA = 4.242 

 

Table I shows the effects of the number of single fillers (N) with VFs of single filler at 0.15 and the TC equal to 

2250. Three cases of N are the small value (N=3), the medium (N=9), and the large value (N=30). Based on this 

table, it was found that the polymer composite structure was well generated for single fillers with various N values. 

Additionally, the ETC slightly decreases with decreasing the particle size or increasing the number of particles. 

Notably, the surface area (hereafter, SA) increases with increasing the number of particles while keeping the VF 

constant. 

The numerical model provided in Section II was first validated by comparing it with a well-known model developed 

by Nan et al. [35] for single filers. The dimensional form of Nan's model applied for single spherical particles is 

shown in Eq. (7) as follows: 

 
 

 
*

eff

3 1
1

2 1
k

 

  


 

  
 (7) 

Fig. 2 shows the comparison between the ETCs from the present work and those by Nan‟s model [35] with VFs 

ranging from 0 to 0.3 for two cases of TC ratios, κ = 3 and κ = 30. Consequently, the numerical results match those 

obtained by Nan‟s model, particularly when VFs are less than 0.25. There is a minor deviation at the high VF 

because of some factors, such as the effects of particle distribution and particle size. 

 

 

Fig. 2. Comparison between the ETCs from present work and those by Nan’s model [35], Eq. (8) for two TC 

ratios, κ = 3 and κ = 30 

 

Fig. 3 shows the ETCs as a function of VF under the effects of random particle distribution for three values of N. 

The VF ranges from 0 to 0.25. Here, fifty random cases are considered for each VF. This figure indicated that the 

effect of particle distribution becomes large at the high VFs. Moreover, the ETC variation gradually shrinks at the 

smaller particle size or larger number of particles (e.g., N=30). It implies that more testing cases should be 

performed to obtain the high ETC when the large-size particles are randomly distributed in the polymer matrix. 
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Fig. 3. ETCs as a function of volume fraction with effects of random particle distribution.  = 800 

B. Hybrid fillers 

Table II shows the effects of the number of hybrid fillers with three cases, small, medium, and large number of 

particles, in the same operating condition. Total VF ϕs (ϕs= ϕ1 + ϕ2), VF ratio ϕd = ϕ2/ϕ1, total TC κs = κ1 + κ2, and 

the TC ratio κd = κ2/κ1 are used to examine the mutual effect of hybrid fillers. In this table, particles 2 (green) are 

added compared with a single filler. The SA is calculated for both particle 1 and particle 2, respectively. As a result, 

the polymer composite structure was well generated for hybrid fillers with various N values. Additionally, the ETC 

varies slightly regardless of increasing the SA or the particle size. 

 

Table II. Some structures of the polymer composite with hybrid fillers. 

ϕs = 0.15, ϕd = 0.5, κs = 2250, κd = 4 

N1 = N2 = 3 

 

N1 = N2 = 9 

 

N1 = N2 = 30 

 

keff* = 1.54 

SA = 2.45 

keff* = 1.55 

SA = 3.53 

keff* = 1.54 

SA = 5.28 

 

As reported in the literature, the Hashin-Shtrikman (HS) model can predict the TC of composites with randomly 

distributed particles [36]-[37]. Moreover, a modified HS model is proposed by Ngo et al. [38], which is shown by 

Eq. (8). In this model, correction factor λ varies from 0.5 to 5 depending on relevant effects, such as particle 

distribution, particle size, and even the TCR. 

1 2
1 2

1 2*

eff

1 2
1 2

1 2

1 1
1 2

2 2
where 0.5 ~ 5

1 1
1

2 2

k

 
  

 


 
  

 

  
  

  
 

  
  

  

 (8) 
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Fig. 4. Validation with experimental and analytical results obtained by Sanada et al. [31], ϕ1=8ϕ2, 

1=2=173.1, error bars show an SD of ETC due to particle distribution. 

 

The results obtained by Eq. (8) were compared with those from the present work, as shown in Fig. 4. Moreover, the 

experimental and analytical results obtained by Sanada et al. [31] were also included in this figure with the VF 

ranging from 0 to 0.3. It was found that the numerical results from the present study are in very good agreement 

with those obtained by the modified HS model and Sanada et al. [31] in the entire considered ranges. Particularly, 

the deviation of the ETC compared to the analytical results obtained by Sanada et al. [31] is less than 3%. It implied 

that the numerical results were well-validated. 

Fig. 5 shows the effects of random particle distribution for various values of N. Fifty random cases are also 

considered for each VF to examine the effects of particle distribution. Consequently, the behavior of the ETC 

resembles that obtained for a single filler mentioned in Section A. Indeed, the effect of particle distribution becomes 

large at the high VFs, and the ETC variation gradually shrinks at the smaller particle size. However, the ETC 

possibly lifts to the high VF range. This is because the synergic effect exists, and the maximum particle packing can 

be improved for hybrid fillers compared to single fillers. 

 

Fig. 5. ETC as a function of volume fraction with effects of random particle distribution with ϕ1=10ϕ2, 

1=160, 2=640, s=800. 

C. Triple fillers 

The user-defined code in MATLAB was also developed for triple-filled polymer composite. Like hybrid filler, the 

following parameter were defined: ϕs (ϕs=ϕ1+ϕ2+ϕ3), ϕd1 = ϕ2/ϕ1, ϕd2 = ϕ3/ϕ1, total TC κs=κ1+κ2+κ3, and the ETC 

ratio κd1 = κ2/κ1, κd2 = κ3/κ1. Again, Table III also indicated that the polymer composite structure was well generated 

for triple fillers with various operating conditions. Additionally, the ETC slightly increases with increasing the 

number of particles. These results are consistent with those obtained for single and hybrid fillers. 
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Table III. Some structures of the polymer composite with triple fillers. 

ϕs=0.15, ϕd1 =0.5, ϕd1 =2, κs=2250, κd1 = 0.25, κd2 = 0.5  

N1=N2=N3=3 

 

N1=N2=N3=9 

 

N1=N2=30 

 

keff* = 1.54 

SA = 1.97 

keff* = 1.55 

SA = 2.84 

keff* = 1.54 

SA = 4.24 

 

To effectively predict the TC of polymer composites with triple fillers, prediction models can be developed. First, 

the Lewis-Nielsen model [39] was proposed, as shown in Eq. (9), but for triple fillers. For the spherical fillers, Bi 

equals 1.5, and the maximum packing fraction of particles, ϕm,i is 0.637 [39]-[41]. 

     

3 3
*

eff

1 1

2

, ,

,

1 1        

= 1 ; 1 1
 where

 and  depend on filler shape and orientation

i i i i i i

i i

i i i i m i m i ii

i m i

k B C C D

C A D

B

 

    



 

   
     
   

        



 
 (9) 

Second, a model originated from the Hashin-Shtrikman model [36]-[37] was also developed for triple fillers, as 

given by Eq. (10). 

3 3
*

eff

1 1

1
1 2 1 where =

2

i
i i i i i

i i i

k E E E


 
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   
     

   
   (10) 

Finally, a modified HS model proposed by Ngo et al. [38] was considered, as shown in Eq. (11). 

31 2
1 2 3

1 2 3*
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31 2
1 2 3

1 2 3

11 1
1 2

2 2 2

11 1
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2 2 2

where 0.5 ~ 5
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 
   

  

 
   

  



  
   

   


  
   

   



 (11) 

All models mentioned above satisfy the following important properties from a physical viewpoint: (i) the role of 

three particles is equivalent, and (ii) the ETC always equals unity if the VF of three particles is zero, regardless of the 

TC ratios, or if TC ratios of fillers equal unity regardless of their VFs. It implies that predicting the ETC of polymer 

composite with triple fillers is feasible under a given operating condition. 
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Fig. 6. ETC of hybrid filler polymer composites obtained from various models and present work, (a) 

ϕ1=ϕ2=ϕ3, 1=1, and 2=150, 3=1020, (b) ϕ1=2ϕ2=4ϕ3, 1=1020, 2=1600, and 3=2250, N1=10, N2=15, and 

N3=25. Error bars show the standard deviation of ETC due to particle distribution. 

Fig. 6 shows the comparison between the ETC from the present work and the results obtained by the prediction 

models (from Eq. (9) to Eq. (11)). Fig. 6a shows the lower TC with ϕ1=ϕ2=ϕ3 and Fig. 6b shows the higher TC with 

operating condition ϕ1=2ϕ2=4ϕ3 (Fig. 6b). Notably, it can be assumed ϕ1> ϕ2 > ϕ3 since the role of fillers in the 

composite structure is equivalent. Consequently, it was found from Fig. 6 that the numerical results are in very good 

agreement with those obtained by Modified Lewis-Nielsen‟s HS model, particularly the modified HS model 

proposed by Ngo et al. [38]. 

 

Table IV. Temperature contour on two mid planes for the same VF of 0.12, N1=N2=N3=3 

VF 

Plane  

x* = 0.5 

Plane  

z* = 0.5 Quantities 

κ1=10, κ2=190, and κ3=1000 

ϕ=0.12 

  

(a) 

Single filler 

keff*=1.31 

SA= 2.89 

ϕ1=0.04 

ϕ2=0.08 

  

(b) 

Hybrid filler 

keff
*
 = 1.38 

SA=3.60 
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ϕ1=0.01 

ϕ2=0.04 

ϕ3=0.07 
  

(c) 

Triple filler 

keff
*
 = 1.41 

SA= 5.62 

 κ1=κ2= κ3=400  

ϕ=0.12 

  

(d) 

Single filler 

keff
*
 = 1.45 

SA= 2.89 

ϕ1=0.04 

ϕ2=0.08 

  

(e) 

Hybrid filler 

keff
*
 = 1.42 

SA= 3.60 

ϕ1=0.01 

ϕ2=0.04 

ϕ3=0.07 

  

(f) 

Triple filler 

keff
*
 = 1.42 

SA= 5.62 

 

Fig. 7 shows the variation of ETC under the effects of particle distribution for two particular cases of VF 

ratio, ϕd1=ϕd2=0.1 (Fig. 7a) and ϕd1=ϕd2=1.0 (Fig. 7b). The yellow, blue, and red surfaces represent the 

minimum, mean and maximum ETC, respectively. The ETC variation depends on both d1 and d2. It was 

found from Fig. 7 that the highly complex behavior of the ETC in terms of effective parameters is first 

explored. Indeed, the mountain shape of ETC forms and depends on various parameters, including d1, d2, 

ϕd1, and ϕd2. The extreme point of the ETC is ETC obtained when two TC ratios are less than 1.0 (Fig. 7a); 

however, the extreme point ETC point moves and is close to the bar line (d1 = d2 = 1) (Fig. 7b). 

Table IV shows the temperature iso-contour on two mid planes x* =0.5 and z* =0.5 for total VFs of 0.12 and the 

same number of particles for three cases: single, hybrid, and triple fillers. For the different TCs (κ1=10, κ2=190, and 

κ3=1000), the ETC increases from 1.31 (single filler) to 1.41 (triple fillers). On the other hand, the ETC slightly 

decreases from 1.45 (single filler) to 1.42 (triple fillers) for the same TC case. In summary, the ETC of the 

triple-filled polymer composite improves compared with single and hybrid fillers only if the different filler‟s TCs are 

used. Otherwise, the ETC slightly reduces if the filler‟s TCs have the same value. 

 

 

Fig. 7. Effects of particle distribution on the maximum ETC, (a) ϕd1 = ϕd2 = 0.1 and (b) ϕd1 = ϕd2 = 1.0, 

ϕs=0.15, κs =800, and N1 = N2 = N3 = 5 were used for all cases. 
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IV. CONCLUSION 

The TC of multi-filler polymer composites has been studied numerically and analytically. Geometrical models with 

randomly distributed mono-fillers (single filler) and multi-fillers (hybrid and triple fillers) were built by The Livelink 

for MATLAB with COMSOL. Then, the ETC was predicted accurately and effectively by the finite element 

method. The numerical results were thoroughly validated by comparing them with well-known models, other 

numerical results, and experimental results for single filler, hybrid, and triple fillers. The ETC is examined under 

various effects. The polymer composite structure was well generated for single, hybrid, and particularly triple fillers. 

Furthermore, the random particle distribution affects the ETC significantly, particularly at high total VFs where the 

ETC variation is extended. Additionally, the highly complex behavior of the ETC in terms of effective parameters is 

first explored. The maximum ETC depends on depends on various parameters, including d1, d2, ϕd1, and ϕd2. The 

ETC of the triple-filled polymer composite improves compared with single and hybrid fillers only if the different 

filler‟s TCs are used. Otherwise, the ETC slightly reduces if the filler‟s TCs have the same value. The results 

obtained can be used to enhance the ETC of polymer composites with multiple fillers. 
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