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Abstract:
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1.Introduction
Let R be a ring. A mapping f : R—R is called commutativity preserving if [f(x),f(y)]=0
whenever[x, y] = 0. It is said to be strong commutativity preserving map if
[f(x).f(¥Y)] = [x, y] for all x,y€R. A strong commutativity preserving map is
commutativity preserving but the converse does not hold, In general, It is said to be a
commuting map if [f(x), x]=0 Vx € R. Itis said to be semi-commuting if either
f(x)x =xf(x) (or) f(x).x =-xf(x) forevery x € R.It is said to be centralizing if [f(x), x]
€ ZVx € R and semi- centralizing if either f(x)x - xf(x) € Z (or) f(x)x +xf(x) € Z for
every x € R
M.S. Samman [6] had proved the following results.
Let R be a semi-prime ring and f an epimorphism of R. Then f is centralizing if and only
if it is strong commutativity preserving.
Let R be a 2-torsion free semi-prime ring and f be a centralizing anti-homomorphism of
R onto itself. Then f is strong commutativity preserving.

M.Brekar [4] had proved that if R is a 2- torsion free semi-prime ring and f: R — R is a centralizing
anti-homomorphism, then

)S={eR/f(x)= x}SZ(R)

(ii) if R is prime,and f does not map R into Z(R)then S = Z(R)
(i)[x, y] = —[y, x]

(V[ xy, z] = x[y, z] + [x, z]y

(V) [x,yz] = ylx, z] + [x,y]z
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(vi)[x,x] =0
(vii)[ x, y] = 0 iff x and y commute each other

G.Gopalakrishnamoorthy and others [5] have generalized the concept of commuting maps
and centralizing maps as commuting pair of automorphisms of rings and centralizing pair of

automorphisms and obtained more general results.

In this paper, we generalize the concept of commutativity preserving map and strong

commutativity preserving map and obtain more general results of M.S.Samman[6]

2.Basic Definition

In this section we see some basic definitions and results that we use in the equal
Definition 2.1

Let R be aring, for x,y € R,define [x,y] = xy — yx,

[x, y] is called the commutator of x and y.

Note:

0] [x,y + z] = [x,y] + [x, 2] Vx,y,Z €R

(i) [x +v,z] =[x,z] + [y,z]Vx,y,z €R

(i)  [xy]=—[yx]

(iv)  [xy,z] =x[y,z] + [x,z]y

V) [vyzl =ylxz]+[xylz

(vi) [x,x]=0

(vii) [x,y] =0 iff xand y commute each other

Definition 2.2

Let R bearing and S and T be two non-trivial automorphisms of R.

They are said to be :

(a) Commuting pair of automorphisms of R if S(x) T(x) =T(x) S(x)Vx € R
(b) Anti-Commuting pair of automorphisms if S(x) T(x) =—T(x) S(x)Vx € R
(c) Strong Commuting pair of automorphisms if either

S(x) T(x) =T(x) S(x) (or)

S(x) T(x)=—T(x) S(x) forevery x €R

(d) Centralizing pair of automorphisms if S(x) T(x) —T(x) S(x) €Z Vx€R
O] Anti — Centralizing pair of automorphisms if

S(x) T(x) + T(x) S(x) € Zforevery x € R

()] Semi-Centralizing pair of automorphisms if either

S(x)T(x) -T(x)S(x) eZ (or)

S(x) T(x) +T(x) S(x) € Zforevery x €R

We generalize the above definition as follows.

Definition 2.3

Let R bearing and S and T be non-trivial automorphisms of R

They are said to be

a) Commutativity preserving pair of maps if [S(x), S(y)]=0 iff [T(x), T(y)]=0
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b) Strong Commutativity preserving pair of maps if either [S(x), S(y)] € Z (or)
[T(x), T(y)] € Zforevery x,y € R

3.Main Results
Theorem 3.1
Let R be a semi-prime ring possessing two non-trivial epimorphisms S and T. They are
centralizing pair of epimorphisms iff they are strong commutativity preserving pair of
epimorphisms.
Proof:
Assume S and T are centralizing pair of automorphisms.
So, [S(x), T(x)]=0 Vx€R (1)
Then [S(x+y),T(x+y)]=0 Vx,y€R
=[S, T+ [SC), T+ [S(), TGO + [SO), T(M] = 0vx,y €R
Using (1) we get
[SC). T+ SO, T(x)] =0 Vvx,y €R
@ie) [S(x), T)] = =[SO, T(x)] =[T(x), SOV Y ceereiiiiiiiiiin )
(ie) Sand T are strong commuting pair of automorphisms
Replacing x by xy in (2) we get
[SCxy), T)] = [T(xy), S ]Vx,y € R
(ie) S(x) [S»), T+ [S(x), T] S(y) = T(x) [T(¥), SO] + [T (x), SMIT(v)
Using (1) we get
S() [SW), T()] =T)[T(),S(x)] Vx,y €R
Using (2) we get
STW),S()] =TT (), S(X)]vx,y, € R
(i) (SG) —T)IT(),S()] =0Vx,y € R
Since T is an epimorphism of R, we have
Sx)—TX) [2,S(x)] =0 Vx,ZzER i, 3)
Replace z by uz in (3) we get
(S(x) - T(x))[uz,S(x)] =0
(ie) (SC) — TG {ulz, S()] + [u, S(x)]z} =0
(ie) (S(x) =T(x)ulz,S(x) ]+ (S(x) — T(x))[u,S(x)]z =0
Using (3) we get
(S(x) - T(x))u[z,S(x)] =0Vx,ZZUER . @)
Replacing x by x+u in (3) we get
(S(x +u)—T(x+ u))[z,S(x +u)]=0Vx,z,u €R
(S()=T@)+ (S —TW)[zSx+u)]=0
(S(x) — T(x))[z,S(x) +SW]+ (Sw) —TW)[z,Sx)+Sw)] =0
(S(x) - T(x))[z,S(x)] + (S(x) - T(x))[z,S(u)] + (S(u) - T(u))[z,S(x)] +
(W) —TW)[z SW)] =0
Using (3) we get
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(S(x) — T(x))[z,S(u)] + (S(u) — T(u))[z,S(x)] = 0Vx,z,u €R
(ie) (S(x) — T(x))[z,S(u)] = —(S(u) — T(u))[z,S(x)] ........................... (5)
Vx,z,u €R
() =T) [z S@W]v(S(x) = T()[z SW)]
= —(Sw) = T(W)[z S(N)]w(S(x) — T(x))[z S (w)]
=—(S) -TW)w[z,Sw)] Wherew = [z,S(x)]v(S(x) — T(x))
=0 (Using (4))
(ie) (S =T ()2 SWIv(Sx) =TEN[ZSW] =0 tooviiiiiiieeeeeeen, (6)
Vx,z,u,v €R
Since R is semi-prime we get
(S)=T@)[zSW]I=0 VX,Zu€R i, (7)
Put z = wz weget
(S(x) — T(x))[wz,S(u)] =0
(S(x) — T(x)){W[Z,S(u)] + [w,S(w)]z} =0
(S(x) — T(x))w[z,S(u)] + (Sx) —TE)[w,Sw)]z=0
Using (7) we get
(S(x) — T(x))W[Z,S(u)] =0Vx,zZ,u,WER . 8)
Pre multiplying by [z, S(u)] and post multiplying by (S(x)-T(x)) we get
So, [z, S(W)] (S(x) = T(x)w[z,S(W)](S(x) —T(x))=0 Vx,z,u,w €R
Since R is Semi-prime we get,
[Z,S(u)](S(x) — T(x)) =0Vx,ZZUER 9
From (8) and (9) we get
(S() = T()[zSW)] = [zSW](S(x) = T(x)) Vx,zu€R
So by Herstein (Lemmal.1.8 [10]) we get
(S)=T®)€Z, VXxER (10)
So, [S(x) —T(x),y]=0 Vx,y€R
(i) [S(x),y] = [T(x),y] =0  Vx,y€R
@ie) [S(x),y] =[Tx),y] Vx,y ER . (11)
Now, [S(x), S(¥)] = [T(x), S(¥)] (using (11))
==[S(), T(x)]
= —=[T(), T(x)] (using (11))
=[T(x), T(y)]
(ie) [SC), SO = [T(x),T(] VYx,y€ER
This proves that S and T are strong commutativity preserving maps.
Conversely assume that S and T are strong commutativity preserving automorphism of R
Then [S(x),S(V)] = [T(x), T(y)] Vx,y €ER ... (12)
Replacing y by xy we get
[SCx), S(xy)] = [T (), T (xy)]
(ie) SIS, S+ [S(x), SIS(Y) = T[T ), T] + [T ), T()IT (v)
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(i) SIS, SWMI=TMI[Tx), TY)] VX, yER .cooiriiiiiiiiiiannnn.. (13)
Using (12) we get

SIS, S = T[S, S(¥)]
@ie) (S(x) —T)[SX),S(y)] =0 VX, Yy ER i, (14)
Also from (12) and (13) we get

ST (), T(y)] = T[T (x), T(¥)]
(ie) (SG) =TT, TGN =0 Vx,y ER oo (15)
Replacing y by zy in (14) we get
(S(x) —T(x)[S(x),S(zy)]= 0 Vx,y,z€R
(S(x) = T()){S@[S(x), SO] + [S(x), S(2)]S(»)} = 0
(5() = T(x))S@[S(x), SO + (S(x) = T(x))[S(x), S(2)]IS(y) = 0
Using (14) we get

(S) = T@) S@ISX), SO =0 VX,¥,ZER  .ooovveiiiiiiiiineenn, (16)
Since S is an automorphism of R, we have

(S(x) — T(x)) w[S(x),S(y)] =0 Vx,y,WER . (17)
Puty = s (T(x))in (17) weget

(SG) = TE))W[S), T(xX)]=0  VXLWER..cocoiiiiiieeain (18)

Put w = T(x)win (18) weget
(SCG) =TT WIS (x), T(x)] = 0
(ie) (SC)T(x) = T(x?)) wS(x), T(x)]=0 VX, WER.........eeviirnennn... (19)
Pre multiplying (18) by T(x) weget
T)(S() = Tx))Iw[S(x), T(x)] = 0
(ie) (T(x)S(x) —=T(A)w[S(x), T(x)] =0 VX, WER.........eeviieinnn... (20)
(19) — (20) gives
S@)T(x) —Tx)S))w[S(x), T(x)]=0 Vx,w€R
(ie) [S(), T)Iw[S(x), T(x)]=0 Vx,we€ER
Since R is semi —prime we have
[S(x), T(x)] =0vVx €R
So S and T are commuting pair of automorphisms of R and so S and T are centralizing pair of
automorphisms of R
Remark 3.2
Let R be a ring and f:R — R be an anti-homomorphisms.Then f is commutativity
preserving.
Proof
Letf: R — R be an anti- homomorphism
Letx, yER
Suppose [x,y] =0
=xy—yx =0
=Xy = yXx

=f(xy) = f(yx)
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=fWf(x) = ff )
=[fC);fM]I=0
(ie) f is commutativity preserving.
Theorem 3.3
Let R be a 2-torsion free semi-prime ring and S and T be a centralizing pair of anti
homomorphisms of R onto itself. Then they are strong commutativity preserving pair.
Proof:
Let S and T be a centralizing pair of anti homomorphisms of R onto itself
We shall prove that S and T are commuting pair
Since S and T are centralizing pair
[S(x), T(x)]€eZ Vx€ER
Suppose 3x.€ Rsuchthat [S(x.),T(x:)] =0 (1)
From (1) we have

[S(x0+y), T(xo+y)|]EZ,y ER

(ie) [S(xo), T(xo)]+[S(xe), T(W] + [SW), T (x)]+[S(Y), T(¥)] € Z,Vy ER
Using (1) we get

[S(x), TD] + [SO), T(x0)] € Z,Vy ER

S0 [S(xo).[S(x0), T(N] + [S(¥), T(x+)]=0,Vy € R

Putting y = x02, we get

[S(x0),[S (x0), T (xs2)]+[S (x62),T (x5)]]=0

(le) [S(XO),T(XO) [S(XO),T(XO)]+ [S(XO),T(XO)]T(XO)+

S(x0)[S(x0), T (x0)] + [S(x0), T (x)]T (x0)] = 0O

Using (1) we get

[S(xo),2T (xo) [S(x0),T (x0)]+2S(xo) [S(xo), T (x0)] =0

Z[S(Xo),T(XO) [S(XO),T(XO)]+ 2 [S(XO),S(XO) [S(XO),T(XO)]]:O

2{T (x0) [S(xe), [S(xo).T (xe)I]+ [S (xe). T (xo)] [S(xo), T (xe)I}

+2{S(Xo) [S(XO),[S(XO), T(Xo)]]"‘[S(Xo),S(XO)] [S(Xo), T(Xo)]} =0

Using (1) we get

2 [S(Xo), T(.X'o)]2 =0

Since Ris 2 — torsionfree,weget

[S(x0), T (x0)]*=0

Since the center of a semi-prime ring contains no non-zero nilpotent elements, we have
[S(x.), T(x-)]=0, a contradiction

So [S(X), T(x)]=0 VXER....c.ovvviiinininannnn. (2)l.e, S and T are commuting

pairs.
Now [S(x+y),T(x+y)]=0,Vx,y €ER
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(ie) [SCO, T+ [SC,TDMI+ SO, T+ [SG).T()] =0
Using (2) we get
[SC), T+ [SO),T(x)] =0,Vx,y €R
@ie) [SC),TO)]=—-ISO),T@)] =[Tx),SO)]ceeeeeriiiaiiennn. 3)
Vx,y €ER
Then, [T(xy),S(x)] = [S(xy), T(x)]
Now [S(xy), T(x)] = SIS, T(x)] + [S(x), T(x)]S(¥)
[S(xy), T(x)] =SSO, T v 4)
Also  [T(xy),S(x)] =[TW)T(x),S(x)] (T isanti-homomorphism)
=TWIT (), S + [T(y), ST (x)
Using (2) we get

[T(xy),S(x)] =[T),S(x)] T(x) VX, VER .coiiiiiiiiiiiiiieea,

From(3) , (4) and (5) we get

[T), SIT(x) = SCI[S(Y), T(x)] Vx,y €R
Using (3) we get

[T(), SCIIT(x) = ST (y), S(x)]vx,y € R

Since T is onto
[z, S()]T(x) = S)[2, SV, Z ER ..o, (6)
Replacing z by u S(z) in (6) we get
[uS(2), SCOIT (x) = S(x)[uS(2), S(x)]

u[S(2), SCIIT(x) + [w, S()]S(2T (x) = SC)ulS(2), S(x)] + S()[u, S(x)1S(2)

Using (6) we get

uS)[S(2), S(x) ] + [u, S(0)]S(2)T (x)]

=S)u[S(2), S()] + [w, ()T (x)S(2)

uS(x) = S)W[S(2), S()] + [w, S(](S@)T(x) — T(x)S(2))

[w, SC][S(2), S(x)] + [, S(X)][S(2), T(x)] =0 VX, ZZUER......ceeviiiiiannn (7

Using(3) we get
[, SCOIIS(2), ()] + [w, SCIIT(2),S(x)] =0
[w, SCOKIS(2), SCI] + [T(2),S(x)]} =0

[u, S(x)][S(z) + T(2),S(x)] =0 VX, Z,UWE R. i

Replacing u by uw in (8) we get

[uw, S(W][S(2) + T(2),S(x)] = 0

ulw, SG)1IS(2) + T(2), SCI] + [u, SC)w[S(2) + T(2),S(x)] =0
Using (8) we get

[u, S)W[S(2) + T(2),S(xX)] =0 VX, Z,U,WER......cooiiiiiiiiiiiiiiiiin,

Putu=S(2) + T(2)

[S(z) + T(2),S(x)]w[S(2) + T(2),5(x)] =0

Since R is semi —prime ring

[S(z) +T(2),S(x)]=0 VX, ZER oo, (10)
@ie) [S(2),S(x)]+[T(2),S(x)]=0 Vx,z€R

(ie) [S(x),SD)]+[Sx), T(z)]=0 Vx,z €R
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(ie) [S(x),S(2)] =—-[S(x),T(2)] VX,ZER.......ovviiinnn, (11)
Interchanging S and T we get
[T(x), T(z)] = —[T(x),S2IVX,ZER. ..o, (12)

Using (8) we get
[S(x),5(z)] = [T(x), T(z)]Vx,z €R
(ie) SandT are strong Commutativity Preserving Pair of maps of R.
Remark 3.4
Brekar has Proved the following result.
Let R be a 2-torsion free semi-prime ring and let f: R — Rbea be a centralizing anti-
homomorphism.
Then a)S={x €R/f(x) =x} € Z(R)
b)If R is prime and f does not map R into Z(R) then S = Z(R)
We generalize this result as
Theorem 3.5
Let R be a 2-torsion free semi-prime ring and let S and T are two non-trivial Centralizing
anti-homorphisms of R onto itself.
Thena) S ={x € R/S(x) =T(x)} € Z(R)
b) IfRis prime and S and T does not map R into Z(R) then S = Z(R)
From (10) of the Previous theorem
[S(z2)+T(2),Sx)]=0 Vx,z€R
Since S is onto
[S(2)+T(2),y] =0 Vy,z €ER
(ie) S(z)+T(z)eZ(R) VZER
Soforallz € S,5(z) + T(z) = 25(z) € Z(R)
Since R is 2-torsion free semi-prime ring
z€Z(R) VzZER
Hence S € Z(R)
Thus (a) is proved
(b) Assume that R is prime and let z € Z(R)
If T(z) = 0,Then z = 0 (T is an automorphism) and so S(z) = 0 = T(z)
sozeSifz=0€Z(R)
So assume z # 0 Sincez € Z(R)and S and TareautomorphismsofR,
S(z) € Z(R)andT (z) € Z (R)
From (6) of the previous theorem, we have
[u, S)]T(x) = SC)[U, SC)IVE, Y ER .o, (1)
Replace x by zx in (1) we get
[u,S(zx)]T(zx) = S(zx)[u, S(zx)]
S(2)[u, S(x)]T(zx) + [u, S(2)]S(x)T(zx) = S(zx)S(2)[u, S(x)] + S(zx)[u, S(2)]S(x)
Since S(2) € Z(R) wehave
S2)[u, S)]T(2)T(x) = S(2)S(x)S(2)[u,S(x)] Vx,u €R
Since T(z),5(z) € Z(R) weget
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[u, SC)]T(X)T(2)S(z) = S(x)[u, S(x)] S(z?) Vx,u €R, z € Z(R)
Again using (1) we get

[, SCOIT ()T (2)S(2) = [u, S()IT (x)S(2?)

(ie) [u, SC)IT(x)(T(2)S(z) —S(z%))=0 Vx,u€R,z € Z(R)

Since S is an automorphismofR

[u, w]T (x)(T (2)S(z) — S(z%)) =0 Vx,u,w €R, z€Z(R)

Since R is prime, any non — zero central element is not a zerodivisor
eitherT(2)S(z) — S(z%)=0 (or) [u,w]T(x) =0

SinceT # 0T(x) # 0 Vxand also[u,v] # 0 Vu,v (~* R is not commutative)
Hence T(2)S(z) —S(z) = 0

(ie) (T(z) —S(2))S(z) =0sincez #0f(z) #0

Hence T(z) —S(z) =0

(ie) T(z)=S(z) SozeS, S=Z(R)
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