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Abstract: A three dimensional analytical mathematical diffusion model of air pollutant in a mixing layer z, <
z < H;with chemical reaction and wet deposition of larger particles of pollutants due to a point source at
z = zis furnished to investigate the primary pollutant concentration in a protected sector and it is above the
earth surface layer of the earth’s atmosphere. The pollutants are assumed to be emitted only from a ceaseless
source in surface layer. The physical phenomenon of the above problem is reduced to advection diffusion
partial differential equation and is solved by using the method of Fourier’s technique. The effect of rate of
chemical reaction of pollutants and rate of wet deposition of pollutants on the concentration of dispersed
pollutants is investigatedfor both stable and neutral atmospheric situations. Concentration contours are
plotted and the results are analysed for air pollutants in stable and neutral atmospheric situations. In the upper
part of the mixing layer pollutants concentration is less in stable atmospheric condition for smaller roughness
length and moderate geostrophic wind speed.

Key words:analytical method; mathematical model; point source; chemical reaction of pollutants; wet
deposition of pollutants.

1. Introduction

In our day-to-day life, air pollution keeps on increasing in the atmosphere which is because of our lifestyle. To
study the influence of air pollution on human being and living things, one of the efficient tools is mathematical
air pollution model. Now a days the study of concentration of air pollution modelling creates curiosity in
prognosticating of the dispersion of air pollution which is released from point source. Industries, domestic needs
and transportation are the major source to produce air pollution. The dispersion of pollutants caused due to
diffusion and advection in the air near the earth’s surface. We have presented a three-dimensional analytical
mathematical model to study the impact of different removal mechanisms on concentration distribution
discharged from a point source. Most of the models presented are one dimensional and time dependent in nature.
These results are valid in the case of area sources, and they are very confining to gauge the impact of point
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source on environment. Thus, one has to consider three dimensional models in the case of point source. There
are different removal mechanisms to reduce air pollution particles which are settling of particles due to
gravitational force, leakage of pollutants, wet deposition and so on. Many K-theory models constructed by Pal
and Khan (1990b),Lakshminarayanachari and SudheerPai (2012), Lakshminarayanachari. K and Suresha(2014),
Lakshminarayanachari.K and Bhaskar.C(2021), R.Latha,K.Lakshminarayanachari and C.Bhaskar(2023)are
studied extensively the scattering of air pollutants which are liberated from area source and point source
numerically.

There are quite a large number of three-dimensional analytical models (Ku et al 1987 and Lee 1980
Rao 1981) are framed to compute the contiguous distribution of pollutant’s concentration due to the emissive
source taking into consideration of different removal mechanisms. All these analytical models consist of
constant eddy-diffusivity and velocity profiles. These mathematical models consider only dry deposition
phenomenon. The gravitational settling and absorption of pollutants cannot be ignored and this atmospheric
transport problem is discussed by Calder (1961). Using the same type of formulation as proposed by Calder,

atmospheric transport equation solutions are obtained for many cases(Smith 1962, Heines and Peters 1974).

These solutions have not been used significantly, presumably due to their complicated nature or the difficulty in
applying them under different atmospheric stability conditions. Another removal mechanism know as chemical
reaction is of prime importance for the case of reactive pollutant emitted from a point source. Alam and Seinfeld
(1981) developed a three-dimensional model considering this aspect. But the model does not take care of
settling of larger particles. In this model we discussed both the removal mechanisms wet deposition and
chemical reaction. Moreover, in all the models discussed, the height of mixing layer has been taken as arbitrary
constant. With the conformity of real situation we take the height of mixing layer as function of Monin-obukhov
stability length L and friction velocity u, .

We considered the entire atmospheric boundary layer as the region of interest. The model is steady state three-
dimensional. For the sake of simplicity we consider constant diffusivity throughout the boundary layer. To take
into account the leakage of pollutant through the super jacent layer, we employ a leakage velocity boundary
condition at the top of the boundary layer or mixing layer. We have considered only primary pollutant in this
model. This model can be considered as the generalization of the model of Alam and Seinfeld (1981) for the
case of primary pollutant when settling phenomenon cannot be neglected. In addition to that, our model
incorporates the variational form of mixing layer height with stability and several meteorological parameters.

2. The Model Formulation

The substantial problem comprises of an elevated continuous point source of atmospheric pollutant discharging
into a horizontally semi-infinite and vertically elevated layer. We considered constant wind along x-axis,
horizontal cross wind in the direction of y-axis and vertical cross wind along z-axis. The point source is situated
at the point(0,0,zs).

The pollutant emitted from the source is bounded below by the earth’s ground surface. To study thedifferent
removal mechanisms on pollutant’s concentration in the atmospheric boundary layer above the ground surface.
we have made the following assumptions:

[i] The first order chemical reaction rate transforms the chemically reactive pollutant into a secondary pollutant.
[ii]Turbulent eddies carry the air contaminants downstream and disperse them laterally and vertically.

[iii] Under certain atmospheric condition a part of atmospheric pollutants appear in particleform on which the
gravitational acceleration effect cannot be neglected. So, pollutants are end up on the ground by means of
gravitational settling.

[iv] Carry away of pollutants may occur by dry deposition onto the surface of the earth as a result of ground
absorption by soil, vegetation etc.

[V] The pollutants are assumed to be driven by a constant horizontal wind speed.
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[vi] There may be removal of pollutants due to wet deposition.

The equation for pollutants concentration of this model is described by the turbulent advection-diffusion
equation

ac ac 8%c i ac a ac ac
_+ua+ 175 = me + E(KYE)-F E(KZ£)+VVS£_(KC+KW)C (1)

Where C represents concentration of air pollutants. t represents time and (x,y,z) represents space co-ordinates.
K. ,K, K represents eddy diffusivity , horizontal diffusivity and vertical diffusivity respectively.
W; , K. , K, represents rate of settling velocity, chemical reaction rate of pollutants concentration and rate of wet
deposition respectively.u,v represents mean wind velocity components.

In addition to the assumptions madeabove, we use the following assumptions:

[a] Since the wind is unidirectional (along the x axis) and sufficiently large and hence the diffusive transport in

2
the x-direction K, 272, will be neglected when compare to advective transport.

[b] The cross wind horizontal eddy-diffusivity Kyis assumed constant in the boundary layer.
[c] For the simplicity we assume that the vertical eddy-diffusivity coefficient is constant.
[d] Assume gravitational settling velocity of larger size particle-pollutant is negligible in this model i.e.W; = 0.

Assumption (a) makes the x-component of the pollutant particle velocity a constant. Thereforewe use Taylor’s
hypothesis. Consequently, only steady state case needs to be considered. Under the above assumption (a) takes
the form:

ac a%c a%c
- 9z2

- (Kc + KW)C (2)

The boundary and source conditions are:

[i] Continuous point - source of constant strength Q is situated at (0,0,Z,) so that.

Cx,y,2) = %8(y).6(z—zs)atx =0 (2.2)

[ii] The pollutant’s concentration approaches zero far from the source in the lateral direction. That is

C(x,y,z) =0 aty— to (2b)
[iii] The rate of pollutant’s deposition on the ground occurs which is proportional to the local concentration.

This can be expressed as

ac

K., = VaCatz = z, (2¢)

[iv] There will be leakage of some amount of pollutant at the top of the mixing layer. The flux of the pollutant at
the top of the mixing layer is assumed proportionalto the local concentration. The proportionality constant is
known as leakage velocityy;. Then we have

ac

K., = —rCatz = H, (2d)

Here, Q is the emission rate of pollutant, V4 the deposition velocity, Z; is the reference height of lower
boundary and Hi is the height of the mixing layer from the ground surface.

Non-Dimensionalization

The above equations are non-dimensionalized using characteristic values of length (l¢), speed (Uc) and
concentration (C.) as follows.
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u l? le le
ol Ky _Valkep _ Ky
C=cK = N="~F= 3
Here
u, =uC, = - =H -2z 4)

u(He—zy)? ¢
Which is valid under the assumption of mesoscale dispersion within the confined mixing layer.

Non-dimensionalization of egn (2), the source conditions & boundary conditions (2a) to (2d), lead to

ac 9%C | —0%C =
% = PBaz tKigz— (ac+a,)C ®)
C(X,Y,Z) =6).6(z—ds)atX =0 (5a)
CX,Y,2)=0 asY - +o (5b)
K 22 =NCatz =0 (5¢)
_67 _ =
Kzg = —y,CatZ = (5d)
where

de = ZS - Zr = _ yl(Hl - Zr) o = KC(HZ - Zr)z P — KW(HI - Zr)z

ST H, -2, Vi K, c K, w —Kz

Pollutants Dispersion depends on the atmospheric stability, the surface drag, the total heat flux and also mixing
layer height. So better to know precise description of the parameters like atmospheric stability length L, friction
velocity u~, mixing layer height Hs.

3. Meteorological Parameters

Let us know about the meteorological parameters involved in this model before solving equation (5).To find the
value of ‘h’ which denotes the thickness of the surface layer, we followed the approach of Pasquill and Smith
(1983)and its expression is given by

T -7
0 A fBS}zl (6)
T ugCg

0

T.-T
Where OT Z =009 (7

0

In the above, the terms7 , 7 denotes the shear stress which is at the ground level and at any height z
respectively., denotes the total turning direction of gradient wind in lower part of the atmosphere. To find the
value of stability length L we followed the approach of Monin-Obukhov(1954) and it is given by the expression

__udplpT
L= K.gHg (®)

u, = cquy (9)

The terms U, , p, C, , T, K, g, H¢ represents friction velocity, atmosphere air density, specific heat,
temperature, Karman constant, acceleration due to gravity and net head flux respectively.

According to Pal and Sinha (1987) the formula for geostrophic drag coefficientc, is given by
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0.6 c;y  forstablecaseofatmosphere
Cy = (10)
Cgn forneutralcaseof atmosphere

According to Lettau (1959), in the neutral atmospheric condition the term drag coefficient cgy is given by the
formula

0.16

g 1010 (Ro)—1.8]

gN =

=Yg
Ro = 72(11)
Here Ro = ug/(zo.f) represents Rossby number , f represents earth’s Coriolis Parameter.
According to Lettau (1970), surface roughness length z, is considered as
Ha
Zy = ﬁ(12)
The terms H,a,A denotes roughness elements height, frontal area seen by the wind & the lot area respectively.

Pasquill and smith (1983) expressed the value of ‘a’ which denotes mixing layer height as
U U
a=%F (FL) (13)

After conducting Minnesota experiment, Smith and Blackall (1979) confirmed that F1 = 0.2 and it is constant for
neutral atmospheric condition. Further for stable atmospheric condition it is given by

21500 u?
a =

T

(14)

Table 01: The roughness parameters z, under different terrain categories

Terrian Components z, (M)
Water surface 0.0005
Open field 0.03
Open field with scattered trees and hedges 0.25
Roads/ Railways 0.5
Wood 1.0
Buildings 2.0

4. Solution Of Our Model

Fourier’s technique is used to get the solution of eqn(5) with respect to the source and bces (5a) - (5d). We look
for the solution ofegn (5) in theform

C(X,Y,Z2) = n(X,Z)p(X,Y). el-(actaw)X] (15)

Substitutingegn (15) in (5) and separating the variables, we get

a — 02 —0

K~ W= = 1K, (16)
a2 a

B — 2= —pKy (17

Where K1 is an arbitrary constant.

Using the transformation
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n(X,2) =n,(X,Z). e Xu¥andp(X,Y) = p,(X,Y). efuX (18)
(16)and (17) take the following form:

angy _ 9%y

x  az2 (19)
dpz _ n0%p2

E - B Y2 (20)

Now we use the transformations (15) and (18) in the source and boundary conditions (5a) - (5d).So we finally
get the following systems of equations for p,andns,.

System |:

a 9?2

=B (21)
P, X, Y)=6(Y)atX =0 (21a)
p,(X,Y) =0 asasY - o (21b)
System I1I:

any _ 9%n,

ax ~ az2 (22)
n,(X,Y) =6(z—dg)atX =0 (22a)

]

“2 = Nn,atZ =0 (22b)

2 _

% = —ymatZ =1 (22¢)

Solution of (21), using (21a) and (21b) can be written as

p(X,Y) = 2; [-v2/(4px)] 23)

iR e
To solve the system (22), we assume the solution in the form
1,(X,Z) = e ** F(z,2) (24)

Where 1 is a constant. Due to homogeneity of (22)and homogeneity of boundary conditions (22a) and (22c) the
constant A become eigenvalue of the problem, the pollutant’s concentration decreases with X, 2 should be non-
negative,

ODE satisfied by F (Z, 1) is
d?F
=t AF =0 (25)

The boundary conditions are:

dF _

T=NF at Z=0 (25a)
C=-7F atz=1 (25b)

The solution of (25) may be written as
F(Z,\) = A [cosbz +% sinbz] :b=+1 (26)
Now the general solution for 1, (X, Z)can be written in the form:

7,(X,Y) =3Y™ , A,e0 7 (2) 27)
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Zn(z) = [cosbyz + Dysinbyz] : D, = i—“ (27.3)
by = Ay = b} (27.b)
__ [bpsinby—¥jcosby]
Dy = [bpcosby+¥7sinby] (27.)
and by, can be obtained by solving the transcendental equation.
Tanb, = 247D (27.d)

b3-N7]
The constant A, appeared in solution (27) is obtained using the source condition (22a). That is
n=14n-Zn(2) = 6(z — ds) (27.¢)
Multiplying both sides of (27¢) byZ,,(z), n = 1,2,...m and integrating between the limits 0 and 1, we get
JS (AL Zy + AyZy + AsZy oo A Zip) Zndz = Zy(dg) , n =123, .....m 7.

Equation (27f) represents system of m linear, non-homogeneous algebraic equation with m unknowns Aj,
Au......An. The coefficients of the above system of equations are integrals

1

J-ZiZ]'dZ’ l,] = 1,2,3,m
0

Which have been evaluated in explicit from. Solving these equations by Gauss elimination method we get Ay,
As,...... Anm. Therefore final solution is

CX,Y,Z) = ZJ;W' e['”/(‘*ﬁx)]-Z?:lAn- el-Gntactam)x] 7 () (28)
Where Z, (z) is given by (27a) - (27d) , the eigenvaluesi,are given by (27b) and

(27d) and A,,sare obtained by solving (27f).

Table 02: Meteorological Parameters for various atmospheric categories

Stable atmospheric condition Neutral atmospheric condition
Parameters H¢=— 0.06 langley/min Hs= 0.0 langley/min
Ug U= L h a Ug U= L h a
(ms [ (ms?) [ (m) [(m) |(m) |(ms |(ms | (m) |(m) |(m)
Y Y Y
For Weak Wind 05 014 |55 |11 65 05 023 | 31 460
ﬁo:O.ZS Moderate Wind | 10 025 |35 |19 208 | 10 042 |« 53 840
Strong Wind 20 0.47 218 | 33 734 | 20 0.78 | w 91 1560
Weak Wind 05 0.19 14 21 120 | 05 031 | 59 620
For Moderate Wind | 10 034 |81 35 384 | 10 056 | o 95 1120
?:225 Strong Wind 20 0.61 | 482 |56 1237 | 20 1.0 0 155 | 2000

C,=0.24 Cal/g (K) , g =980cm/s , Ps=0.3 radian, p=1.25x1023g/cm®, k=04 ,F; =02, T =278K , f = 1x
10%/s
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Figure (7) Dimensionless Concentration profiles Vs. dimensionless vertical height for
different values of wind velocities in case of Strong Wind under Stable atmospheric
condition at larger travel time

5. Results And Discussions

A three-dimensional analytical mathematical model has been presented for concentration distribution of air
pollution particles released from a point source z = z, in mixing layer z,. < z < H;. This model includes various
phenomena like diffusion, transport and different removal mechanisms including deposition of air pollution
particles by wet deposition due to washout, surface terrain, chemical reaction and leakage of air pollutants to the
space through the top of the mixing layer. The distribution of air pollution concentration in atmospheric
boundary layer strongly based on the atmospheric stability and different meteorological parameters. To obtain
the stability dependent concentration distribution we have considered the vertical height of the mixing layer as a
function of Monin-Obukhov stability parameter L, friction-velocity u-& radiating net flux Hr . The formula used
for the mixing layer height has been tested by Smith and Blackall (1979) using the data drawn from Minnesota
experiment.

The mathematical model has been solved by quasianalytic approach. The results have been analysed for
various situation of deposition discussed in formulation of the model. For various atmospheric categories listed
in Table 02 the computation has been carried out for ambient concentration of chemically reactive primary
pollutant. Various aspects of the results are explained graphically using the Figures (1) to (7)

For computation, we took values of roughness length (z,) as 0.25 mts and 2.25 mts. The friction velocity
u- and stability length L values under different atmospheric conditions have been summarized in Table 02 for
typical case of geostrophic wind speed 2.0 m/s,2.25 m/s and 3.0 m/s. The value of radiating net heat flux Hs is
taken as -0.06 langley min* for stable atmospheric condition. The height of the mixing layer is calculated using
the formula (13) for different atmospheric conditions and values are summarised in table 02 . The value of
leakage-velocity is cosidered as 0.0m/s in this model. The value of wind velocity u is 2.25m/s and reference
height Z is 1.00m fixed such that 0 < z < 1. The rates of wet deposition and chemical reaction are 0.05 h/r,
0.005h/r respectively. The typical value of horizontal diffusivity K,is taken as 17.08 m?/s and the value of
vertical diffusivity Ky is 17.08m?s. Source height for all graphs is d;=0.7. Figures (1) to (7) are the plot of non-

dimensional horizontal concentration profiles along non-dimensional vertical height.

When settling of larger particles is negligible, it can be seen from the figure(1) that the concentration is
higher in the lower part of the boundary layer and the concentration decreased in the upper part of the mixing
layer.In figure(2) under stable atmospheric condition, in the lower part of the boundary layer the concentration
of the air pollution decreased as the surface roughness length increased and the same thing happened in the
upper part of the mixing layer. In figure(1) and (3) for same surface roughness length, at the bottom of the
surface layer the pollutant concentration is more in figure(1) when compare to figure(3), this is because of stable
atmospheric condition.
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In figure(4) for different surface roughness length, the concentration of air pollution is almost same is due
to neutral atmospheric condition.In figure(5) and (6) for different wind speed at larger travel time , the pollutant
concentration is almost same which is due to neutral atmospheric condition. In figure(7) for different wind
velocities in case of strong wind speed, the air pollution concentration is higher in the lower part of the mixed
boundary layer and the concentration decreased in the upper part of the mixing layer is due to neutral
atmospheric condition at larger travel time.

6. Conclusion

This model provides a proper approach to represent stability dependence concentration profile using surface
layer height and mixing layer height with Monin-Obukhov stability parameter L. The effect of both rate of
roughness parameters and rate of wind velocity of pollutants on the concentration of dispersed air pollutants is
analysed for both stable atmospheric condition and neutral atmospheric condition. The air pollutants
concentration in the upper part of the mixing layer is less in stable atmospheric situation for smaller roughness
length of terrain and moderate geostrophic wind speed.
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