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Abstract: Let 𝐺 = (𝑉, 𝐸) be a simple graph and 𝑀 =  {𝑣1,  𝑣2, . . . , 𝑣𝑘}  ⊂  𝑉 (𝐺) be an ordered set and 𝑣 ∈
 𝑉 (𝐺). The representation 𝑚𝑟(𝑣/𝑀) of 𝑣 with respect to 𝑀 is the 𝑘-tuple 

(𝑑𝑚(𝑣, 𝑣1), 𝑑𝑚(𝑣,  𝑣2), . . . , 𝑑𝑚(𝑣, 𝑣𝑘)) . Then 𝑀 is called a monophonic resolving set if different vertices of 

𝐺 have different representations with respect to 𝑀. A monophonic resolving set of minimum number of 

elements is called a minimum monophonic set for 𝐺 and its cardinality is known as the monophonic metric 

dimension of 𝐺, represented by 𝑚𝑑𝑖𝑚(𝐺). In this article, we determined the monophonic metric dimension 

of degree splitting graph. 
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1. Introduction 

Let 𝐺 =  (𝑉, 𝐸) be a simple undirected connected graph. The order and size of 𝐺 are denoted by 𝑛 and 

𝑚 respectively. The length of the shortest 𝑢 − 𝑣 path in 𝐺 is the distance 𝑑(𝑢, 𝑣) between vertices 𝑢 and 𝑣 in a 

connected graph 𝐺. A 𝑢 − 𝑣 path with length 𝑑(𝑢, 𝑣) is referred to as an 𝑢 − 𝑣 𝑔𝑒𝑜𝑑𝑒𝑠𝑖𝑐. For basic graph 

theoretic terminology, we refer [1]. A path 𝑃′𝑠 chord is an edge that connects two of its non-adjacent vertices. If 

a path between two vertices 𝑢 and 𝑣 in a connected graph 𝐺 lacks chords, it is referred to as monophonic path. 

The length of the longest 𝑢 − 𝑣 monophonic path in 𝐺 is the monophonic distance 𝑑𝑚(𝑢, 𝑣) between 𝑢and 𝑣. 

These concepts were studied in [3-6]. 

Let 𝑊 =  {𝑤1,  𝑤2, . . . , 𝑤𝑘}  ⊂  𝑉 (𝐺) be an ordered set and 𝑣 ∈ 𝑉 (𝐺) . The representation 𝑟(𝑣/𝑊) of 

𝑣 with respect to 𝑊 is the 𝑘-tuple (𝑑(𝑣, 𝑤1), 𝑑(𝑣,  𝑤2), . . . , 𝑑(𝑣, 𝑤𝑘)). Then 𝑊 is called a resolving set if 

different vertices of 𝐺 have different representations with respect to 𝑊. A resolving set of minimum number of 

elements is called a basis for 𝐺 and the cardinality of the basis is known as the metric dimension of 𝐺, 

represented by 𝑑𝑖𝑚(𝐺). These concepts were studied in [2]. In this article, we study a new metric dimension 

called the monophonic metric dimension of a graph. For 𝑀 ⊆ 𝑉(𝐺)for each 𝑣 𝜖 𝑉 the monophonic resolving set 

is 𝑚𝑟 (𝑣/𝑀) = (𝑑𝑚(𝑣, 𝑣1), 𝑑𝑚(𝑣, 𝑣2) … 𝑑𝑚(𝑣, 𝑣𝑘)) , where  𝑀 = {𝑣1, 𝑣2 … . 𝑣𝑘}. 𝑀 is said to be a monophonic 

resolving set of 𝐺, if 𝑚𝑟(𝑣/𝑀) ≠ mr(𝑢/𝑀) for every 𝑢, 𝑣 ∈ 𝑉, where 𝑢 ≠ 𝑣.  The minimum cardinality of a 

monophonic resolving set is called the monophonic dimension of 𝐺. It is denoted by 𝑚𝑑𝑖𝑚(𝐺) . Any 

monophonic resolving set of cardinality 𝑚𝑑𝑖𝑚(𝐺) is called 𝑚𝑑𝑖𝑚-set of 𝐺.  

 

Degree splitting graph: Definition:1.2 

Let 𝐺 = (𝑉, 𝐸)  be a graph with 𝑉 = 𝑆1 ∪ 𝑆2 ∪ 𝑆3 ∪ … 𝑆𝑡 ∪ 𝑇 where each 𝑆𝑖 is a set of vertices having 

at least two vertices of the same degree and 𝑇 = 𝑉 − ∪ 𝑆𝑖 . The degree splitting graph of 𝐺 denoted by 𝐷𝑆(𝐺) is 

obtained from 𝐺 by adding vertices 𝑤1, 𝑤2, … , 𝑤𝑡 and joining 𝑤𝑖  to each vertex of 𝑆𝑖 for 1 ≤ 𝑖 ≤ 𝑡. 
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Example:1.3 In Figure 1.1, a graph 𝐺 and the degree splitting graph 𝐷𝑆(𝐺) are shown 

 

                            

                           

Here,𝑆1 = {𝑣1, 𝑣5},𝑆2 = {𝑣2, 𝑣7, 𝑣6},𝑆3 = {𝑣3, 𝑣4},𝑇 = 𝜑. 

2. Monophonic Metric Dimension of Degree Splitting Graph   

       Let us find monophonic metric dimension of degree splitting graph 𝐷𝑆(𝐺) of the graphs path, cycle, star, 

fan, comlete bipartite, wheel, and bistar graph. 
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Theorem: 2.1 For the Path graph 𝐺 = 𝑃𝑛 (𝑛 ≥ 3), 𝑚𝑑𝑖𝑚 𝐷𝑆(𝐾1,𝑛) = 2. 

Proof: Let Pn: 𝑣1, 𝑣2, 𝑣3, … , 𝑣𝑛 be a path of order 𝑛.Since deg(𝑣1) = deg(𝑣𝑛) = 1and deg(𝑣𝑖) = 2; 2 ≤ 𝑖 ≤

𝑛 − 1, let 𝑆1 = {𝑣2, 𝑣3, 𝑣4, … , 𝑣𝑛−1} and 𝑆2 = {𝑣1, 𝑣𝑛} be the two partition of 𝐺. To obtain 𝐷𝑆(𝑃3) from 𝑃3 we 

add 𝑢1, which corresponds to 𝑆2 also 𝑃3 is isomorphic to 𝐶4 and to obtain  𝐷𝑆(𝑃𝑛) for 𝑛 ≥ 4  we add a new 

vertex 𝑢1 and 𝑢2, which corresponds to 𝑆1 and 𝑆2 respectively. As a result, 𝑉(𝐷𝑆(𝑃3)) = {𝑢1, 𝑣1, 𝑣2, 𝑣3} and 

𝑉(𝐷𝑆(𝑃𝑛)) = {𝑢1, 𝑢2, 𝑣1, 𝑣2, … , 𝑣𝑛}, where |𝑉(𝐷𝑆(𝑃𝑛))| = 𝑛 + 2 for 𝑛 ≥ 4 .                       

                                              

Case (i) 𝒏 is even 

Let 𝑀 = {𝑣2, 𝑣3},  𝑛 ≥ 4. Then  

𝑚𝑟(𝑣1/𝑀) = (1, 𝑛 − 1 ),𝑚𝑟(𝑣2/𝑀) = (0,1), 𝑚𝑟(𝑣3/𝑀) = (1,0),𝑚𝑟(𝑣4/𝑀) = (𝑛 − 1,1) ,…, 𝑚𝑟(𝑣𝑛−1/𝑀) =

(𝑛 − 2, 𝑛 − 1), 𝑚𝑟(𝑣𝑛/𝑀) = (𝑛 − 2, 𝑛 − 2), 𝑚𝑟(𝑢1/𝑀) = (𝑛 − 1, 𝑛 − 2), 𝑚𝑟(𝑢2/𝑀) = (1,1) . 

Since each representations are distinct, 𝑀 is a monophonic resolving set of 𝐺, so that 𝑚𝑑𝑖𝑚(𝐷𝑆(𝑃𝑛)) = 2. 

Case(ii) 𝒏 is odd 

      Let 𝑀 = {𝑣2, 𝑣3},  𝑛 ≥ 4. Then  

𝑚𝑟(𝑣1/𝑀) = (1, 𝑛 − 1 ),𝑚𝑟(𝑣2/𝑀) = (0,1), 𝑚𝑟(𝑣3/𝑀) = (1,0),𝑚𝑟(𝑣4/𝑀) = (𝑛 − 1,1) , 𝑚𝑟(𝑣5/𝑀) =

(𝑛 − 2, 𝑛 − 1)…, 𝑚𝑟(𝑣𝑛−1/𝑀) = (𝑛 − 3, 𝑛 − 2), 𝑚𝑟(𝑣𝑛/𝑀) = (𝑛 − 2, 𝑛 − 3), 𝑚𝑟(𝑢1/𝑀) = (𝑛 − 1, 𝑛 − 2), 

𝑚𝑟(𝑢2/𝑀) = (1,1) . 

Since each representations are distinct, 𝑀 is a monophonic resolving set of 𝐺, so that 𝑚𝑑𝑖𝑚(𝐷𝑆(𝑃𝑛)) = 2. 

 

Theorem: 2.2 For the cycle graph  𝐺 = 𝐶𝑛 (𝑛 ≥ 3), then 𝑚𝑑𝑖𝑚 𝐷𝑆(𝐶𝑛) = 2. 

Proof : Let 𝑣1, 𝑣2, … . , 𝑣𝑛 be the cycle 𝐶𝑛. To obtain 𝑚𝑑𝑖𝑚𝐷𝑆(𝐶𝑛) for 𝑛 ≥ 3. We add a vertex  

𝑢1 , which is adjacent to every vertices in 𝐶𝑛. As a result (𝐷𝑆(𝐶𝑛)) = {𝑢1, 𝑣1, 𝑣2, 𝑣3, … 𝑣𝑛}, where 

| 𝑉(𝐷𝑆(𝐶𝑛))| = 𝑛 + 1 for 𝑛 ≥ 3. Clearly 𝐷𝑆(𝐶𝑛) is isomorphic to the wheel graph 𝑊𝑛. 

Let 𝑀 = {𝑣1, 𝑣2}, we have the following cases, 

Case( i)  𝑛 is even . Then  

𝑚𝑟(𝑢1/𝑀) = (1,1),𝑚𝑟(𝑣1/𝑀) = (0,1),𝑚𝑟(𝑣2/𝑀) = (1,0), 𝑚𝑟(𝑣3/𝑀) = (𝑛 − 2,1), 

𝑚𝑟(𝑣4/𝑀) = (𝑛 − 3, 𝑛 − 2),𝑚𝑟(𝑣5/𝑀) = (𝑛 − 2, 𝑛 − 3), ,…, 𝑚𝑟(𝑣𝑛−1/𝑀) = (𝑛 − 2, 𝑛 − 3), 𝑚𝑟(𝑣𝑛/𝑀) =

(1, 𝑛 − 2). 

Since each representations are distinct, 𝑀 is a monophonic resolving set of 𝐺, so that 𝑚𝑑𝑖𝑚(𝐷𝑆(𝐶𝑛)) = 2. 

Case (ii) 𝑛 is odd. Then  

𝑚𝑟(𝑢1/𝑀) = (1,1),𝑚𝑟(𝑣1/𝑀) = (0,1),𝑚𝑟(𝑣2/𝑀) = (1,0), 

 𝑚𝑟(𝑣3/𝑀) = (𝑛 − 2,1), 𝑚𝑟(𝑣4/𝑀) = (𝑛 − 3, 𝑛 − 2),𝑚𝑟(𝑣5/𝑀) = (𝑛 − 3, 𝑛 − 3),  

𝑚𝑟(𝑣6/𝑀) = (𝑛 − 2, 𝑛 − 3),…,𝑚𝑟(𝑣𝑛−1/𝑀) = (𝑛 − 2, 𝑛 − 3), 𝑚𝑟(𝑣𝑛/𝑀) = (1, 𝑛 − 2). 

Since each representations are distinct, 𝑀 is a monophonic resolving set of 𝐺, so that 𝑚𝑑𝑖𝑚(𝐷𝑆(𝐶𝑛)) = 2. 

 

Theorem:2.3 For the complete bipartite graph 𝐺 = 𝐾𝑚,𝑛 (𝑛 ≥ 3).Then  

𝑚𝑑𝑖𝑚𝐷𝑆(𝐾𝑚,𝑛) = 𝑚 + 𝑛 − 2. 

Proof : Consider 𝐾𝑚,𝑛 with 𝑉(𝐾𝑚,𝑛) = {𝑢𝑖 , 𝑣𝑗/1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛}. Let 𝑋 = {𝑥1, 𝑥2, … , 𝑥𝑚} and 𝑌 =

{𝑦1, 𝑦2, 𝑦3, … , 𝑦𝑛} be two bipartite sets of 𝐺. Now we consider the following two cases.                             

Case (i) = 𝑛 .  

               In this case each vertex of same degree and so let  𝑢1 be the added vertex, which is adjacent to 𝑢𝑖 and 

𝑣𝑗, 1 ≤ 𝑖 ≤ 𝑚, and 1 ≤ 𝑗 ≤ 𝑛. Thus we obtain the graph 𝐷𝑆(𝐾𝑚,𝑛). Then 𝐷𝑆(𝐾𝑚,𝑛) = {𝑢𝑖 , 𝑣𝑗/1 ≤ 𝑖 ≤ 𝑚, 1 ≤

𝑗 ≤ 𝑛} and so 𝐷𝑆(𝐾𝑚,𝑛) = 𝑚 + 𝑛 + 1.                          

                            Let 𝑀 = {𝑥1, 𝑥2, 𝑥3, … 𝑥𝑚−1, 𝑦1, 𝑦2, 𝑦3, … , 𝑦𝑛−1}. Then 

𝑚𝑟(𝑢1/𝑀) = (1,1,1, … ,1,1,1 … ,1),𝑚𝑟(𝑥1/𝑀) = (0,2,2 … ,2,1,1 … ,1), 

𝑚𝑟(𝑥2/𝑀) = (2,0,2, … ,2,1,1, … . ,1), 𝑚𝑟(𝑥3/𝑀) = (2,2,0, … ,2,1,1, … ,1),  

𝑚𝑟(𝑥𝑚−1/𝑀) = (2,2, … ,2,0,1,1, … ,1),𝑚𝑟(𝑥𝑚/𝑀) = (2,2, … . ,2,1,1, … ,1),  
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𝑚𝑟(𝑦1/𝑀) = (1,1 … ,1,0,2,2 … ,2),𝑚𝑟(𝑦2/𝑀) = (1,1, … . ,1,2,0,2, … ,2), 

 𝑚𝑟(𝑦3/𝑀) = (1,1, … ,1,2,2,0, … ,2) , … ,  𝑚𝑟(𝑦𝑛−1/𝑀) = (1,1, … ,1,2,2, … . ,2,0) ,  

 𝑚𝑟(𝑦𝑛/𝑀) = (1,1, … ,1,2,2, … . ,2,2) .  

Since each representations are distinct, 𝑀 is a monophonic resolving set of 𝐺. Hence 𝑀 is a 

monophonic resolving set of 𝐺, so that  𝑚𝑑𝑖𝑚 𝐷𝑆(𝐾𝑚,𝑚) ≤ 2𝑚 − 2. We prove that 𝑚𝑑𝑖𝑚 𝐷𝑆(𝐾𝑚,𝑚) = 2𝑚 −

2.On the contrary, suppose that 𝑚𝑑𝑖𝑚 𝐷𝑆(𝐾𝑚,𝑚) ≤ 2𝑚 − 3. Then there exist a 𝑚𝑑𝑖𝑚-set 𝑀′ of 𝐷𝑆(𝐾𝑚,𝑚) 

such that |𝑀′| ≤ 2𝑚 − 3 . Then there exists at least 2 elements 𝑥𝑖 , 𝑦𝑗 ∈ 𝐺, such that 𝑥𝑖 , 𝑦𝑗 ∉ 𝑀′. Then 𝑚𝑟(𝑥𝑖/

𝑀′) = 𝑚𝑟(𝑦𝑗/𝑀′), Which is a contradiction. Therefore 𝑚𝑑𝑖𝑚𝐷𝑆(𝐾𝑚,𝑚) = 2𝑚 − 2. 

Case (i) ≠ 𝑛 .  

               In this case each vertex 𝑢𝑖 is of same degree and each vertex 𝑣𝑗 is of same degree where 𝑑𝑒𝑔(𝑢𝑖) ≠

deg (𝑣𝑗), 1 ≤ 𝑖 ≤ 𝑚, and 1 ≤ 𝑗 ≤ 𝑛  so let 𝑢1 and 𝑢2 be the added vertex, where 𝑢1 is adjacent to every 𝑢𝑖 and 

𝑢_2 is adjacent to every 𝑣𝑗. Thus we obtain the graph 𝐷𝑆(𝐾𝑚,𝑛). Then 𝐷𝑆(𝐾𝑚,𝑛) = {𝑢𝑖, 𝑣𝑗 , 𝑢_1, 𝑢_2/1 ≤ 𝑖 ≤

𝑚, 1 ≤ 𝑗 ≤ 𝑛} and so 𝐷𝑆(𝐾𝑚,𝑛) = 𝑚 + 𝑛 + 2. 

             Let 𝑀 = {𝑥1, 𝑥2, 𝑥3, … 𝑥𝑚−1, 𝑦1, 𝑦2, 𝑦3 , … , 𝑦𝑛−1}. Then (𝑢1/𝑀) = (1,1,1, … ,1,1,1 … ,1) , 

𝑚𝑟(𝑢2/𝑀) = (2,2,2, … ,2,1,1 … ,1) , 𝑚𝑟(𝑥1/𝑀) = (0,2,2 … ,2,1,1 … ,1), 

𝑚𝑟(𝑥2/𝑀) = (2,0,2, … ,2,1,1, … . ,1), …. ,𝑚𝑟(𝑥𝑚−2/𝑀) = (2,2, … ,0,2,1,1, … ,1),  

𝑚𝑟(𝑥𝑚−1/𝑀) = (2,2, … 2,0,1,1, … ,1) , 𝑚𝑟(𝑥𝑚/𝑀) = (2,2, … 2,2,1,1, … ,1), 

𝑚𝑟(y1/𝑀) = (1,1 … ,1,0,2,2 … ,2), 𝑚𝑟(y2/𝑀) = (1,1, … . ,1,2,0,2, … ,2), 

𝑚𝑟(y3/𝑀) = (1,1, … ,1,2,2,0, … ,2), 𝑚𝑟(yn−2/𝑀) = (1,1, … ,1,2,2, … ,0,2) ,  

𝑚𝑟(yn−1/𝑀) = (1,1, … ,1,2,2, … . ,2,0) , 𝑚𝑟(𝑦𝑛/𝑀) = (2,2, … 2,2,1,1, … ,1). 

Since each representations are distinct, 𝑀 is a monophonic resolving set of 𝐺. Hence 𝑀 is a 

monophonic resolving set of 𝐺, so that  𝑚𝑑𝑖𝑚 𝐷𝑆(𝐾𝑚,𝑛) ≤ 𝑚 + 𝑛 − 2. We prove that 𝑚𝑑𝑖𝑚 𝐷𝑆(𝐾𝑚,𝑛) = 𝑚 +

𝑛 − 2. On the contrary, suppose that 

𝑚𝑑𝑖𝑚 𝐷𝑆(𝐾𝑚,𝑛) ≤ 𝑚 + 𝑛 − 3. Then there exist a 𝑚𝑑𝑖𝑚-set 𝑀′ of 𝑆(𝐾𝑚,𝑛) , such that |𝑀′| ≤ 𝑚 +

𝑛 − 3. Then there exists at least 2 elements 𝑦𝑖 , 𝑦𝑗 ∈ 𝐺 such that 𝑦𝑖 , 𝑦𝑗 ∉ 𝑀′. 

Then(𝑦𝑖/𝑀′) = 𝑚𝑟(𝑦𝑗/𝑀′) , which is a contradiction. Therefore 𝑚𝑑𝑖𝑚𝐷𝑆(𝐾𝑚,𝑛) = 𝑚 + 𝑛 − 2. 

 

Theorem:2.4 For the star graph  𝐺 = 𝐾1,𝑛 (𝑛 ≥ 3), 𝑚𝑑𝑖𝑚 𝐷𝑠(𝐾1,𝑛) = 3. 

Proof: Let  𝑣1, 𝑣2, 𝑣3, … , 𝑣𝑛−1 are the end vertices and 𝑥 is the full vertex of the star 𝐾1,𝑛−1 and 𝑦 be the 

corresponding vertex which is added to obtain the graph 𝐷𝑠(𝐾1,𝑛). Then 

𝑉 (𝐷𝑆(𝐾1,𝑛)) = {𝑥, 𝑣1, 𝑣2, 𝑣3, … , 𝑣𝑛 , 𝑦}. Clearly|𝑉 (𝐷𝑆(𝐾1,𝑛)) | = 𝑛 + 2 .                                               

Let 𝑀1 = {𝑥, 𝑢1} . Then  

𝑚𝑟(𝑥/𝑀) = (0,2) , 𝑚𝑟(𝑢1/𝑀) = (2,0) ,  𝑚𝑟(𝑣1/𝑀) = (1,1) ,  𝑚𝑟(𝑣2/𝑀) = (1,1) 

𝑚𝑟(𝑣3/𝑀) = (1,1) . 

Since m𝑟(𝑣1/𝑀1) = 𝑚𝑟(𝑣2/𝑀1) = (1,1) , 𝑀1  is not a monophonic resolving set of 𝐺. 

Let 𝑀2 = {𝑥, 𝑣1} .Then   

𝑚𝑟(𝑥/𝑀) = (0,1),𝑚𝑟(𝑢1/𝑀) = (2,1), 𝑚𝑟(𝑣1/𝑀) = (1,0) , 𝑚𝑟(𝑣2/𝑀) = (1,2) , 

𝑚𝑟(𝑣3/𝑀) = (1,2) .  

Since (𝑣2/𝑀2) = 𝑚𝑟(𝑣3/𝑀2) = (1,2) , 𝑀2 is not a monophonic resolving set of 𝐺. 

Let 𝑀3 = {𝑣1, 𝑣2}.Then  

𝑚𝑟(𝑥/𝑀) = (1,1),𝑚𝑟(𝑢1/𝑀) = (1,1),𝑚𝑟(𝑣1/𝑀) = (0,2), 

𝑚𝑟(𝑣2/𝑀) = (2,0), 𝑚𝑟(𝑣3/𝑀) = (2,2). 

Since 𝑚𝑟(𝑥/𝑀3) = 𝑚𝑟(𝑢1/𝑀3) = (1,1), 

𝑀3 is not a monophonic resolving set of 𝐺. Therefore 𝑚𝑑𝑖𝑚(𝐺) ≥ 3 

Let 𝑀 = {𝑥, 𝑣1, 𝑣2}.Then  

𝑚𝑟(𝑥/𝑀) = (0,1,1),𝑚𝑟(𝑢1/𝑀) = (2,1,1),𝑚𝑟(𝑣1/𝑀) = (1,0,2), 

 𝑚𝑟(𝑣2/𝑀) = (1,2,0), 𝑚𝑟(𝑣3/𝑀) = (1,2,2). 
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Since each representations are distinct,𝑀 is a monophonic resolving set of 𝐺, so that 𝑚𝑑𝑖𝑚𝐷𝑆(𝐾1,𝑛) = 3.  

 

Theorem:2.5 For the Wheel graph 𝐺 = 𝑊𝑛 (𝑛 ≥ 3), 𝑚𝑑𝑖𝑚 𝐷𝑆(𝑊𝑛) = 3. 

 Proof: Let 𝐺 be a wheel graph with central vertex 𝑥 and {𝑣1, 𝑣2, 𝑣3, . . . , 𝑣𝑛} be the degree 3     vertices. To 

obtain 𝐷𝑆(𝑊𝑛) for ≥ 4 , we add a new vertex 𝑢1. Clearly|𝑉(𝐷𝑆(𝑊𝑛))| = 𝑛 + 2.                

             Let = {𝑣1, 𝑣2, 𝑥} 𝑛 ≥ 5. Then 𝑚𝑟(𝑣1/𝑀) = (0,1,1 ),𝑚𝑟(𝑣2/𝑀) = (1,0,1), 𝑚𝑟(𝑣3/𝑀) = (𝑛 −

2,1,1), 𝑚𝑟(𝑣4/𝑀) = (𝑛 − 3, 𝑛 − 2,1) ,…, 𝑚𝑟(𝑣𝑛−1/𝑀) = (𝑛 − 1, 𝑛 − 2,1), 𝑚𝑟(𝑣𝑛/𝑀) = (1, 𝑛 −

2,0), 𝑚𝑟(𝑥/𝑀) = (1,1,0), 𝑚𝑟(𝑢1/𝑀) = (1,1,2) .  

Since each representations are distinct, 𝑀 is a monophonic resolving set of 𝐺. Hence 𝑀 is a 

monophonic resolving set of 𝐺, so that  𝑚𝑑𝑖𝑚 𝐷𝑆(𝑊𝑛) ≤ 3.We prove that  𝑚𝑑𝑖𝑚 𝐷𝑆(𝑊𝑛) = 3. On the 

contrary, suppose that 𝑚𝑑𝑖𝑚 𝐷𝑆(𝑊𝑛) ≤ 2.Then there exist a 𝑚𝑑𝑖𝑚-set 𝑀′ of 𝐷𝑆(𝑊𝑛) such that |𝑀′| ≤ 2. Then 

there exists at least 2 elements 𝑥, 𝑢1 ∈ 𝐺 such that 𝑥, 𝑢1 ∉ 𝑀′. 

Then 𝑚𝑟(𝑥/𝑀) = 𝑚𝑟(𝑢1/𝑀) ,which is a contradiction . Therefore  𝑚𝑑𝑖𝑚𝐷𝑆(𝑊𝑛) = 3. 

 

Theorem:2.6 For the bistar  graph 𝐺 = 𝐵𝑟,𝑠(𝑛 ≥ 3).Then 𝑚𝑑𝑖𝑚 (𝐷𝑆(𝐵𝑟,𝑠)) = 𝑟 + 𝑠 + 1. 

Proof:Consider the bistar graph  𝐵𝑟,𝑠  with 𝑉(𝐵𝑟,𝑠) = {𝑢, 𝑣, 𝑢𝑖 , 𝑣𝑗/1 ≤ 𝑖 ≤ 𝑟, 1 ≤ 𝑗 ≤ 𝑠} . Here 𝑢𝑖 and   𝑣j  are the 

vertices adjacent with  𝑢 and  𝑣. 𝐺 = 𝐷𝑆(𝐵𝑟,𝑠). Let  𝑥, 𝑦 be the corresponding vertices  which are added to obtain  

𝐷𝑆(𝐵𝑟,𝑠) . Then (𝐷𝑆(𝐵𝑟,𝑠)) = {𝑢, 𝑣, 𝑢𝑖 , 𝑣𝑗 , 𝑥, 𝑦/1 ≤ 𝑖 ≤ 𝑟, 1 ≤ 𝑗 ≤ 𝑠} , 𝑟 ≥ 2, 𝑠 ≥ 2,and so |𝑉 (𝐷𝑆(𝐵𝑟,𝑠))| =

𝑟 + 𝑠 + 4 . 

   Let 𝑀 = {𝑥, 𝑣1, 𝑣2, … . , 𝑣𝑟 , 𝑢1, 𝑢2, … , 𝑢𝑠}.Then 

𝑚𝑟(𝑥/𝑀) = (0,4,4, … ,4,4,4, … ,4), 𝑚𝑟(𝑦/𝑀) = (3,1,1 … ,1,1,1, … ,1)  

𝑚𝑟(𝑢/𝑀) = (1,3,3, … ,3,1,1, … ,1),  𝑚𝑟(𝑣/𝑀) = (1,1, … ,1,3,3, … ,3) ,  

 𝑚𝑟(𝑢1/𝑀) = (4,3, … ,3,0,2,2, … ,2) ,𝑚𝑟(𝑢2/𝑀) = (4,3,3, … ,3,2,0, . . ,2) , 

𝑚𝑟(𝑣1/𝑀) = (4,0,2 … 2,3,3, … ,3) ,𝑚𝑟(𝑣2/𝑀) = (4,2,0 … ,2,3,3, … ,3).  

Since each representations are distinct, 𝑀 is a monophonic resolving set of 𝐺, so that 𝑚𝑑𝑖𝑚(𝐺) ≤ 𝑟 +

𝑠 + 1.We prove that 𝑚𝑑𝑖𝑚(𝐺) = 𝑟 + 𝑠 + 1. On the contrary, suppose that 𝑚𝑑𝑖𝑚(𝐺) ≤ 𝑟 + 𝑠.   Then there exis  t 

𝑚𝑑𝑖𝑚 -set  𝑀′   of  𝐷𝑆(𝐺),such that |𝑀′| ≤ 𝑟 + 𝑠.Then 𝑀′ is not a monophonic resolving set, which is 

contradiction. Therefore 𝑚𝑑𝑖𝑚(𝐺) = 𝑟 + 𝑠 + 1. 

 

Theorem: 2.7 Let 𝐺 be the fan graph 𝐹𝑛 = 𝐾1 + 𝑃𝑛−1 (𝑛 ≥ 4) . Then 𝑚𝑑𝑖𝑚(𝐷𝑆(𝐺)) = 3. 

Proof: Let 𝐺 be the fan graph 𝐹𝑛 (𝑛 ≥ 5) . Let 𝑉(𝐾1) = 𝑥 and 𝑉(𝑃𝑛−1) = {𝑣1, 𝑣2, . . , 𝑣𝑛−1}.Then (𝐷𝑆(𝐹𝑛)) =

{𝑥, 𝑣1, 𝑣2, . . , 𝑣𝑛, 𝑢1, 𝑢2) . Clearly,|𝑉(𝐷𝑆(𝐹𝑛))| = 𝑛 + 3.                              

 Let us assume that 𝑀 = {𝑣1, 𝑣2, 𝑢1}. Then 𝑚𝑟(𝑥/𝑀) = (1, 𝑛 − 1,2),𝑚𝑟(𝑣1/𝑀) = (0,1,1),𝑚𝑟(𝑣2/𝑀) =

(1,0, 𝑛 − 1), 𝑚𝑟(𝑣3/𝑀) = (𝑛 − 1,1, 𝑛 − 1), 𝑚𝑟(𝑣4/𝑀) = (𝑛 − 2, 𝑛 − 1, 𝑛 − 2),…,𝑚𝑟(𝑣𝑛−2/𝑀) =

(  𝑛 − 2, 𝑛 − 2, 𝑛 − 1), 𝑚𝑟(𝑣𝑛−1/𝑀) = (  𝑛 − 1, 𝑛 − 2,1), 𝑚𝑟(𝑢1/𝑀) = (1, 𝑛 − 1,0) , 𝑚𝑟(𝑢2/𝑀) = (4,1,3). 

Since each representations are distinct, 𝑀 is a monophonic resolving set of 𝐺. Hence 𝑀 is a 

monophonic resolving set of 𝐺, so that  𝑚𝑑𝑖𝑚 𝐷𝑆(𝐹𝑛) ≤ 3 . We prove that  𝑚𝑑𝑖𝑚 𝐷𝑆(𝐹𝑛) = 3. On the 

contrary, suppose that 𝑚𝑑𝑖𝑚 𝐷𝑆(𝐹𝑛) ≤ 2. Then there exist a 𝑚𝑑𝑖𝑚-set 𝑀′ of 𝐷𝑆(𝐹𝑛) such that |𝑀′| ≤ 2. Then 

there exists at least 2 elements 𝑥, 𝑢1 ∈ 𝐺 such that 𝑥, 𝑢1 ∉ 𝑀′.Then 𝑟(𝑥/𝑀) = 𝑚𝑟(𝑢1/𝑀) , which is a 

contradiction . Therefore 𝑚𝑑𝑖𝑚𝐷𝑆(𝐹𝑛) = 3. 
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