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Abstract
In this paper, we establish a new theorem to find the Degree of Approximation of signals (Functions)

Y E (Lr , é’(t)) class by new (C, 2)(E, ¢) product summability method of conjugate series of Fourier
series.
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1. Introduction

It became very interesting to find the estimation of errors of functions by using various product summability
means. Now a days people are working in the direction of error estimation of functions belongignt to different
spaces by using various summability methods. Rhoads [4], Leindler [18], Sahney and Goel [9] and many more
have estimated the error of functions belonging to Lipschitz class and other classes by Cesaro, Nérlund and
Euler methods. later on Nigam and Sharma ([2], [15]), recently Kushwaha et al. ([3], [5], [19]), and various
investigators ([20]-[27]) have estimated interesting results on degree of approximation of functions by Nérlund-
Euler, (C, 2)(E, 1) and Euler-Matrix product summability means of Fourier series and conjugate series of
Fourier series respectively. Till now no work seems to have been done so for to find the estiomation of signals

(functions) by using (C, 2) (E,E) summability means of conjugate series of Fourier series. In tis paper we

have used second order Cesaro means along with Euler means to obtain the product mean (C, 2) (E, ﬁ) which
iS very new in present days.

2. Definitions and Notations

Let z U, be agiven infinite series with {S, } for it’s v partial sum.
v=0
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Let {QLE } denote the sequence of (E, £)= E,i means of the sequence {S_ } . If the (E, Z) transform of
{s,} is defined as

E, . < 7 v
Q, (&%) (l+€)’7 ;( J s, >Sa n—o>owo (2.1)

Then the series Z U, issaid to be summable to the number s by (E, f) method. (Hardy [1])
v=0
Let {QC2 } denote the sequence of (C 2)= C? means of the sequence {S, } .If the (C 2)
n ’ n I )

transform of {S,} is defined as

2

& X~ ) 2

2(77 v+1s, (&x)>sas n—oo 2.2)

Then the series Z U, issaid to be summable to the number s by the (C, 2) method. (Cesaro)
v=0

Thus if (C,2) transform of (E, ¢) transform defines (C, 2) (E, £) transformation and denoted by C..E,.
Then if

)= (77+1)(77+2)[Z(77_ {(1 +1)" § UE Hsk_)s w e 29

where Qﬂz * denotes the sequence of C,E, means that is (C 2) (E,f) product means of the sequence

{s.}

Then the series Z U, is said to be summable to the number ‘s” by the (C, 2) (E, #) method.

v=0
We know that (C,2) (E, £) method is regular. Let y be 27 -periodic, lebesgue integrable function on
[—7, 7] then its Fourier series associated with a point X is defined by

Z(x)zéao+i(avcosw<+bvsinvx):iAV, veN (2.9)

and the series

o0

> (a, sinwx—h, cos )= ZT (X) (2.5)

v=l

is called the conjugate series of the Fourier series with p partial sum S (y; X).

We use following notations through out the paper
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2 () = x(x+1) + y(x-1)

2(X) = —% ! 7. (0 cot(t/2) dt

) — 2 L, 1 &(v),, .« cos(k+1/2)t
K77(t)_7z(77+1)(77+2)l:;(n V+1){(1+£)V é@é sint/2 H 29

and L, -norm is defined by

o7 1/r
||z||r=( jmx)rdx] e
0

and the estimation of errors which is known as degree of approximation of a function £ given by Zygmund
[17]

E, () =min|A, (x) - x()],

where A,7 (X) is some 77th degree trigonometric polynomial. This method of approximation is called the

trigonometric Fourier approximation.

A function y € Lip & if
|;((X+t)—;((x)|=0(|t|a) for O<a <1, t>0.

and the function y e Lip («,r) if

0

o 1r
(“){(X +t)— ;((X)|rdXJ =O(|t|a) for O<a <l t>0.
Given a positive increasing function £ (t) and an integer r >1, y € Lip {é’(t), I’} if
o 1/r
( [lztx+0 - 200 dx] ~oc )
0

If £(t) =t“then Lip {é’(t), I’} class coincides with the Lip («, r) class and if r — oothen Lip («, )

class reduces to Lip & class.

A function y eW{Lr, g“(t)} if

(T|;((x+t)—;((x)|rsinﬁr(t/2)dx] =0{(t)}, p=0,r=1 t>0.

where y(t) is increasing function of t.

We observe that
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Lip & < Lip(a, r) < Lip(¢(t),r)cW(L', (1)) for 0<ar<1, r>1.

Kushwaha [5] has proved a theorem on approximation of function by (C, 2)(E, 1) product summability method
as following-

Theorem:- If f :R— R is 27 periodic, Lebesgue integrable on [—, 7] and belonging to Lip (e, )
class then the error estimation of function (signals) by the (C, 2)(E, 1) product means of Fourier series f
satisfies

CoEi(f- v _ 2 C _ ;L_k k .
¢ (f,x)——(n+1)(n+2){kz_;(n k+1){2k ;(VJsv(f,x)H @7)

of its Fourier series is given by

1
|cier 1| = O{g[n—ﬂj} (2.8)

is the (C, 2)(E,1) means of the Fourier series (2.4).

3. Main Theorem

If a function y bea 27 periodic, Lebesgue integrable on [—, 7] and belonging to W{L', g”(t)} class then

the estimate error of signals (functions) y by the (C, 2)(E, ¢) product means of conjugate series of Fourier

]
r n

provided that £ (t) satisfies following conditions given below-

series of y satisfies

~(C,2)(E, 0) .

Q, - x(X)

1/r

1/p t‘;gx(t)sinﬁt‘r 1
N :O(Zj 7

and

Ir

_ ] 1
PO gl ~ofye) 63

Y

11
where ¢ is an arbitrary positive number such that S(# —¢) —1>0, —+—=1, 1<r <oo. These
r s

conditions (3.2) and (3.3) hold in C; E,f that is (C, 2)(E, ¢) means of the conjugate series of Fourier series.

4.L.emmas

To prove theorem, we need the following lemma:

;n(t)‘ZO(}j; for lStSﬂ.
t 7
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1 . .
Proof For — <t <7 ;by applying Jordan’s lemma Sin (t/2) >t/ zand sinnt <1..

n
S s A lev {@E %H
=7ﬂn+$w+2)§Xﬂ v+1)(1 o :ﬂﬁJkaqw“W”tH
B Va2 {@ pr H
g AU Ty {mg e‘>}

m{i (n - {

L+ 0)"

I e (1+€2+2£cost)k’2|
“wnaraus? YT
1 . 4/7sin’t/2
_m;(n_‘/-i-l){l—w}
1 ” a0 t? _
Sm;(n_\/+l){l—m} ssint/2>t/ .
1 e
72 (L+0)k
<(n+1)(n+2)tz(’7 v+De 7
w e*(1—x)<lwhen0<x<1
:;_i(n—v+l)}
m+D(m+ 2t 7=

1

0+ )0+ 2t =

n(n+1)

Zn:(ﬂ +1)—Zn:v}

nn+1)1/2

T m+Dm+2t

(n+1)(n+2)t
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N

)

Following Titchmarsh [6] and using Riemann-Lebesgue theorem S 5 ()(; X) nth partial sum of the Fourier
series is given by

5. Proof of the Theorem

- -1% 1 tcos(v+1/2)t
=——|cott/2 t)dt + t) dt
5 1(X) 27[! 2O dt+ j TRy A0
cos(v +1/2)t
— tt/2 t)dt = _ t) dt
,,(x)+ jco 2:() zﬁj stz o®
1/n
(x)+— j cott/2 ;(X(t)dt+2— jcott/z 7, () dt
72-1/77
l/r] V3
:i I+I COS(‘./Jrl/Z)tZX(t) dt
2\ % 1, sint/2

(%) - l(X)——Jﬁ (){M—cottm}duiT;(x(t)Mdt

sint/2 27 11, sint/2
__ﬂjn W cos(v +1/2)t —cost/2 dt+i]£ (t)COS(V+1/2)tdt
- sint/2 27z1,777(X sint/2

:_T (t){ZSin(v+1)t/2 sin(—vt)/2}dt+ 1 f X(t)cos(v+1/2)tdt

sint/2 27 3, sint/2
1 . 17 cos(v +1/2)t
=— { +1sin(—vt)/2;dt + — t) —————dt
> !zxo{(v )sin(-vt)/ 2} zﬂujnzxo /2

Using the (E, /) transformof S, (; X)is given by

—fﬂcx (®) (1+1£),7 i(@ﬁ”k{(k +1)sin(-kt/2)[ + Mﬂdt

—(E,0) —

Q, —x(¥)|=

k=0 sint/2

i i - cos(k +1/2)t
(1+g)v§( J( {(k+l)+ sint/2 Hdt

Now, denoting (C, 2)(E, ¢) transformation of S , (¥; X) is given by

L=
:Zl"*“)
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—(E,0)  ~_

1
Q, -x()= (77+1)(r7+2)z(77 v+1)

1 & cos(v +1/2)t
><{(14%)k V_O(v) J.IX(t)((VJrl) sint/2 Hdt

v=0

k kv cos(v +1/2)t
7r(77+1)(f7+2)z(77_ {(1 f)kvo[ jﬁ ( sint/2 ﬂ

1 1y

cos(v +1/2)t
ﬂ(77+1)(77+2)z(77_ {(1 z)kZU J ( sint/2 ﬂ

In

ST k—vlh]
zz(n+1)<n+2)z("_ {(1 wZW !Z*(t)((wl))}

1/n 1/n

=00 [0 dt+ [ 2,0 Kr (O (by Lemma)

=1, +1,

1/n

Now, 1] < [lr, ®]joen)dt

Further ;(eW{L', ((t)}:> e eW{Lr, g“(t)}, thus

1/n

<] tz, O sin”t £ O,
‘ £(t) tsin” t ‘

Using Holder’s Inequality and the fact that y, (t) GW{ L", ¢ (t)} and using the lemma-

r 1/r 1/s
1/n 1/n
e[| o] [ 000 a
0 &
1y 1/s
=O(lj[l m I &) Olm) 0(77) J since 1+1:1
n &0 " tSIﬂ t r S

. 1y é/(t) s 1/s
[m ! LMJ dt}

0

t y, (t) sin”t
40

<) o@m)|

tsin” t
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Since £'(t) is a positive increasing function and using second mean value theorem for integrals-

1y 1 1/s
I :é,l {J- t(FD)s dt}

[ t—(ﬁ+l)s+1 Ln ts
4 {—} forsome 0<e<1/n

1
7

1
n)l-(B+D)s+1

:O{ryﬁ””é’(lj} since 1+1:1.
n rs

1/n

Now consider,

P (t)‘ it

Using Holder’s inequality

. (1s o L e
[RE I{t %0 Smﬁt} dt

s 1/s

() g, | tesin?t

1/n

s 1/s

Ky (t)

t*§+ﬂ

- |4

=0O{(n)* dt

1/n

O{(U)g{i {ti(i)ﬂ } dt] by lemma

1 1
Now putting t = — and dt = ——-dx
X X

-0ty {20 %

Since (1) is a positive increasing function and using second mean value theorem for integrals-

1/s
1| F  dx
||2|:o{n§é’(;j}|:'[m} ,forsome 1/ z<7<n

T
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1/s

ol 1 s(l-¢+8)-1 n
{” ‘/’{Zj} {sa c—h)- 1}
=0 77§ é'(lj}ﬂ(l—ﬁﬂ) -1/s
n
O{ C(ij}ﬂﬂd—l/s
n

=O{ Uﬂﬂ/ré’(lJ} , since 1+l=1-
n r s

fed]

Combining I,and I, yields-

—~(C,2)(E, 0) -

Qn - x(X)|=

Now, using L, -norm, we get

_(C,2)E, 1) __ 27| __(C, 2XE, 6) __ r ur
‘Qn — 7(%) j — ()| dx
r 0
r 1/r
J' B+t (1 } dx
0 n
1/r
{ ﬂ+l/r 1)} (ZJ'dXJ
n 0

A=)

1. If £=0 then W{Lr , é’(t)} class reduces to Lip{<(t), r}class r >1, then the estimation of error of the
signals (functions) by (C, 2)(E, ¢) means is given by

‘ =O{n”'§(%}, 1/r<a<l. (6.1)

2.1F S(t) =t“,0 < <lincase (1) then Lip{<(t),r}, r >1 class reducesto Lip(c, r) class, then the
estimation of the error of signals (functions) by (C, 2)(E, ¢) means is given by

6. Particular Cases Some

—-(C,2XE, 0) -

Qn - x(X)

2574



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 44 No. 4 (2023)

3. If ¢ =1in case (1) then the estimation of error of the signals (functions) belonging to Lip{< (t), r} class by

(C, 2)(E, ¢) means is given by
= o{ nl”g(ij} . (6.3)
n

4.1f r > ooin case (2), then Lip(er, r) class reduces to the class Lip &, then the estimation of error of the

~(C,2)E, 0) -

Qn - x(X)

=O(%), l/r<a<l. (6.2)
770!7 r

—~(C,2(E, ) .

Qn — Z(X)

signals (functions) by (C, 2)(E, ¢) means is given by
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~-(C,2(E, o) __

Qn - x(X)

= O(%} ,O<a<l. (6.4)
77(1— r
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