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1. Introduction:

The idea of intuitionistic fuzzy set was first published by Atanassov [4] as a generalization of the notion
of fuzzy set. In 1966, Imai and Iseki introduced the two classes of abstract algebra, viz., BCK/BCl-algebra. It is
known that the class of BCK-algebra is a proper sub-class of the class of BCI-algebras. Negger and kim[8]
introduced a new notion, called B-algebra which is related to several classes of algebras of intrest such as
BCI/BCK-algebras.Cho and kim[5] discussed further relation between B-algebra and other topic especially

quasigroups. Kim and kim[6] introduced the notion of BG-algebra, which is a generalization of B-algebra. Ahn
and Lee fuzzified BG-algebra. Muthuraj et al.[7] investigated properties of fuzzy BG-ideals in BG-algebra.
Senapati et al. presented the concept and basic properties of intuitionistic fuzzy BG-subalgebras. In 2005, Zarandi
and Saeid[10] introduced the new concept called intuitionistic fuzzy ideals of BG-algebra and investigate some
of their properties. In 2021 R.Angelin Suba and K.R.Sobha[2] introduced upper and lower level sets of absolute
direct product of doubt intuitionistic fuzzy k-ideals of BCK/BCl-algebra. In this paper, we investigate some

properties of level sets of direct product of intuitionistic fuzzy BG-ideals in BG-algebra.

2. Preliminaries
Definition:2:1

[T3%L

A BG-algebra is a non empty set X with a constant 0 and a binary operation “*” satisfying the
following axioms:

Hx*x=0
(i)x*x0=x

(iii) cxy) x (0*xy) =xVx,y €X.

For brevity we also call X BG-algebra. A binary relation ‘<’ on X can be defined by x < y ifand only ifx x y =

0.
A non-empty set S of a BG-algebra X is called a BG-subalgebra of X if x * yeS V x, yeS.
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Definition:2.2

A fuzzy set u in X is called a fuzzy BG-ideal of X if it satisfies the following condition:
(D u(0) = pu(x)
(iD)u(x) = min{u(x * y), u(y)} vx, yeX.

Definition:2.3
If A X B = (Uaxp, Yaxp) 1S an intuitionistic fuzzy sets of BG-Algebra X X Y is said to be a intuitionistic
fuzzy BG-ideal of X X Y if it satisfies the following axioms
() #axp(0,0) = paxp(x1, y1)
(i) paxp (X1, y1) = min{,quB((xp)"l) * (xZ'yZ)):.u-AXB (x2,¥2)}
(iii) paxp ((x1, ¥1) * (x2,¥2)) = min{ﬂAxB(("p)’l))» taxs (X2, ¥2)}
(iv) Yaxg(0,0) < Yaxp(x1,¥1)
(V) Yaxp(x1,y1) < maX{VAxB((pr’l) * (XZJyZ))'yAxB (x2,¥2)}
(VD) Vaxp ((x1, y1) * (x2,2)) < maX{VAxB((xp}ﬁ)):VAxB (x2,¥2)} YV x1,%2, Y1, Y2 €X.

Definition:2.4

let A = (uy,v4) and B = (ug,yp) be intuitionistic fuzzy sets in X and Y respectively.Then the direct
product of intuitionistic fuzzy sets A and B is defined by A X B = (Usxp, Yaxg) Where pyxpg: X XY = [0,1] is
given by
taxp (%, y) = min {g, (x), up(y)} and yaxp: X XY - [0,1] is given by
Yaxg(x,¥) = max {y,(x),yz(y)} for all (x,y)eX X Y.

3. Level Set of Direct Product of Intuitionistic Fuzzy BG-Ideals
Let A X B = (liaxp, Yaxp) be a intuitionistic BG-ideals of a BG-algebra X X Y and «, f€[0,1] then
a — level cut of g and § — level cut of y of A X B is as follows
Haxga = {06, Y)EX XY /paxp(x,y) = a} and
Yaxpp = {06 Y)EX XY /panp(x,y) < B}

Theorem 3:1
If A X B = (Uaxp, Yaxp) is a intuitionistic fuzzy BG-ideal of X X Y, then psxp 4
and Yaxp,p are BG-ideal of X X Y for any a, f€[0,1].
Solution:
Let A X B = (Uuxp, Yaxp) be a intuitionistic fuzzy BG-ideal of X X Y and
Let a €[0,1]

Then we have(i) pux5(0,0) = ptang(x, Y)V(x,y)eX XY
By definition, paxp(x,y) = a V (X, ¥)€laxpa
So paxp(0,0) = a
Therefore (0,0)€piaxp o
(ii) Let (x1, y1), (2, y2)€X X Y be such that(x;, y1) * (X2, ¥2)€laxp,a
and (3, ¥2)€laxp,a
Then paxp[(x1, ¥1) * (x2,¥2)] = @

taxp[(x2,¥2)] =
Since pyxp is a intuitionistic fuzzy BG-ideal of X X Y it follows that

Maxp{(x1,¥1) * (x2,¥2)} = min {uyp(x1, y1), laxp (X2, ¥2)}
> min {a, a}
> a

Therefore txp{(x1, 1) * (x2,¥,)} 2
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Hence (xq,y1) * (x5, y,)eX XY
Therefore pyxp o is a intuitionistic fuzzy BG-ideal in BG-algebra.
(iii)Clearly, u,p is a intuitionistic fuzzy BG-ideal of X X Y it follows that
Baxp{(, ¥1)} = min {paxp (1, y1) * (X2, ¥2)), ttaxs (X2, ¥2)}
= min {a, a}
= a
Hence pip o 1s a intuitionistic fuzzy BG-ideal in BG-algebra.
Similiarly,
let Be[0,1]
Also we have (iv) Y4x5(0,0) < yaxg(x, YVIV(x,y)eX XY
By definition, yxp(x,¥) < a V (X, ¥)Elaxpq
So Y4xp(0,0) < a
Therefore(0,0)€Y x5 p
(v)Let (xq,y1), (x2, y2)€X X Y be such that(xy, ¥1) * (X2, ¥2)€Vaxn,p
and (xz'YZ)EVAxB,,B
Then Y4xp[(x1, ¥1) * (x2,¥2)] < B
Yaxsl(x2,¥2)] < B
Since y,xp is a intuitionistic fuzzy BG-ideal of X X Y it follows that
Yaxs{(Ce1, ¥1) * (%2, ¥2)} < max {Yaxp (1, Y1), Yaxs (X2, ¥2)}
< max {8, §}
<p
Therefore yxp{(x1,¥1) * (x2,¥2)} < B
Hence (x1,y71) * (x5, y,)eX XY
Therefore y,xp,p is a intuitionistic fuzzy BG-ideal in BG-algebra.
(iii)Clearly, y,«p is a intuitionistic fuzzy BG-ideal of X X Y it follows that
Yaxp{(x1, ¥1)} < max{y g ((x1, ¥1) * (x2,¥2)), Yaxs (X2, ¥2)}
< max{f, 5}
<pB

Therefore Y445 5 is a intuitionistic fuzzy BG-ideal in BG-algebra.

Hence fiyxp  and Yaxp,p are intuitionistic fuzzy BG-ideals in BG-algebra.

Theorem 3:2

An intuitionistic fuzzy set A X B = (Uaxp, Yaxp) is @ intuitionistic fuzzy BG-ideal of X X Y iff for all

@, B€[0,1], Uaxp,« and Yaxp g are either empty or BG-ideals of X X Y.
Solution:

Assume that p4.p o and Yaxp g are either empty or BG-ideals of X X Y for a, f€[0,1]

Forany (x,y)e X XY
(i) Let pynp(x,y) = a and
Yaxg(x,¥) =B
Then (x,y)€laxp o and Yaxp,g> SO Uaxpa * D # Yaxp,p
Since flaxp,q and Yaxp g are BG-ideals of X X Y
Therefore (0,0)€laxp ¢ and Vaxp,p
Hence piy445(0,0) = «
= taxg(x,y)
Also y4x5(0,0) < B
= yaxg (x,y) where (x,y)eX XY
Hence condition (i) satisfy
(ii) If there exist (xq, ¥1), (x5, y,)€X X Y be such that
taxp{ (e, ¥} < min {paup ((g, 1) * (X2, ¥2)), taxs (X2, ¥2)}
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Then by taking
1 .
oy = E(”AxB(xllyl)) + min {paxp ((x1, Y1) * (X2,Y2)), thaxp (X2, ¥2)}
We have pigup(x1,¥1) < ag < min {faxp((x1,¥1) * (X2,¥2)), laxp (X2, ¥2)}
Hence (x;,y1) € HaxB,aq
(x1, 1) * (xz'yz)eﬂAxB,ao and (xZ'yZ)E”AxB,aO
That is, {axpq, 1S nota BG-ideals of X XY.
Which is a contradiction
Therefore
Paxpi(x1,¥1)} = min{ﬂAxB((xp}ﬁ) * (xz’}’Z))’.“AxB(xz»3’2)}\7'(3‘1’}’1)» (x2,¥2)eX XY
Similiarly,
By taking

1
Bo = E(VAxB(leﬁ)) + max {Vaxp ((x1,y1) * (x2,¥2)), Yaxs (X2, ¥2)}

We have y4,5(x1,y1) > Bo > max {yaxp((x1, ¥1) * (X2, ¥2)), Vaxe (X2, ¥2)}
Hence (x1, 1) € Yaxs,g,
(1, y1) * (xZ'yZ)EyAXB,/?O and (xZ:YZ)EVAxB,ﬁO
That is, Yaxg,g, is not a BG-ideals of X XY,
Which is a contradiction
Therefore
Yaxe{(c1, 1)} < max {yaxp((er, y1) * (%2, ¥2)), Vaxs (X2, ¥2)} ¥V (X1, ¥1), (x2, y2)eX X Y.
(iii) Clearly
Baxp{(x1, ¥1) * (X2, ¥2)} = min {faxp (X1, Y1), haxg (X2, ¥2)3 ¥V (1, 71), (%2, ¥2)€X X Y.
Similiarly,
Yaxe{(x1,¥1) * (%2, ¥2)} < max {Yaxp(x1, Y1), Yaxs (X2, ¥2)}
V (x1, 1), (xz, y2)eX X Y.
Conversely,
Assume A X B = (Uaxp, Yaxp) 1S a intuitionistic fuzzy BG-ideal of X X Y
To prove: Uaxp o and yaxp g are either empty or BG-ideals of X XY
Suppose that pi4xp o # @ for any a, f€[0,1]
It is clear that (0,0)€uaxp o and Yaxp,p
Since pi4xp(0,0) = pyxp(x,y) =
Also Yaxp(0,0) < vaxp(x,y) < B
(ii) Let (xy, y1) * (2, Y2)€laxp,a and (X2, Y2)€laxpa
Baxp{(x1,¥1) * (X2, ¥2)} = a and
taxe{(x2,¥2)} = @

taxp{(e1, ¥1)} = min {axp ((cr, ¥1) * (X2, ¥2)), haxs (X2, ¥2)}

=a
Baxpi(x1, 1)} = a
Therefore (x4, Y1) €Elaxp q
Hence plxp o are BG-ideals of X X Y.
Also (x1,y1) * (X2, ¥2)€Vaxp,p and (X2, ¥2)€Vaxp g

Yaxpi (X1, ¥1) * (x2,¥2)} < B and
Yaxe{(x2,¥2)} < B

Yaxp{ (e, 1)} < max {Vaxp ((x1, y1) * (%2, ¥2)), Yaxs (X2, ¥2)}

<B
Yaxe{(x1,y1)} < B
Therefore (X1, Y1) €Vaxs,p

Hence y,xpp are BG-ideals of X X'Y.
Therefore pyxpq and yuxpp are BG-ideals of X X Y.
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(iii) Clearly,
Paxp{(x1,¥1)} = @ and gy p{(x2, )} = @
(e, 1) * (x2:3’2)E.UA><B,a

That is ,uaxp{(x1, y1) * (x2,¥2)} = min {pa.p(x1, Y1), thaxp (X2, ¥2)}
Hence piyxp o, are BG-ideals of X X Y.

Similiarly,

Yaxs{(, y1) * (%2, ¥2)} < max {Yaxs (%1, Y1), Yaxs (x2, ¥2)}
Therefore y,xp 5 are BG-ideals of X X Y.
Hence ptyxp,« and yuxp g are intuitionistic fuzzy BG-ideals of X X'Y.

Theorem 3:3
For any intuitionistic fuzzy set A X B = (li4xp, Yaxp) i @ intuitionistic fuzzy BG-ideal of X X Y iff the
non-empty upper & — level cut p g : @ and the non-empty lower 8 — level cut of y,5: [ are ideals of X X Y for
any «a, fe[0,1]
Solution:
Let A X B = (axp, Yaxp) be a intuitionistic fuzzy BG-ideal of X X Y.
(i) paxp(0,0) = paxp((x1,¥1)) and
Yaxp(0,0) < yAxB((xlryl)) V(x;,y1)eEX XY
(1) paxpi{(x, y1)} = min {pg5p((x1, 1) * (X2, ¥2)), Haxs (X2, ¥2)}
and
Yaxs{(1, ¥1)} < max {yaxp((1, 1) * (%2, ¥2)), Vaxs (X2, ¥2)}
for any a, B€[0,1], if uaxp{(x1,¥1)} = @
That is ,
min {uaxp (O, Y1) * (X2, ¥2)), taxe (X2, ¥2)} = @
This implies (X1, Y1) €laxpq
Clearly (x1,¥1) * (X2, Y2)€Haxpa
(X2, ¥2)€MAxBa
Now paxp{(x1, y1)} = min {455 (Ce1, ¥1) * (%2, ¥2)), Haxs (X2, ¥2)}
= min {a, a}
=«
This implies (X1, 1) €Elaxp q
Thus ae[0,1],is a intuitionistic fuzzy BG-ideal of X X Y.
Clearly, if yaxp (%1, 71) < B
Then
max {Vaxp ((x1,y1) * (x2,¥2)), Vaxp (X2, ¥2)} < B
This implies (x1,¥1) €Vaxpp
Clearly (xq,y,) * (xz'Y2)EVA><B,/3
(XZ'YZ)E]/AXB,ﬁ

Now Yaxp{(x1, ¥1)} < max{yaxp((x1, 1) * (x2,¥2)), Vaxs (x2, ¥2)}

< max {#, B}

<pB

This implies (x1,¥1) €Vaxg,p
Thus Se[0,1], is a intuitionistic fuzzy BG-ideal of X X Y.
Hence a, f€[0,1] is a intuitionistic fuzzy BG-ideal of X X Y.
Conversely,
Let (1, v1), (x5, y,)€X X Y such that

#AxB((xltyl)) =«
YAxB((x1:Y1)) =g
This implies (x1, 1) €ftaxp,a and (xq,¥1) €YaxB,p
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Therefore

#AXB((xliyl)) 4
YAXB((xlﬂyl)) <p

This gives

and

Maxp{(x1,¥1)} = min {5 ((x1, ¥1) * (X2, ¥2)), laxp (X2, ¥2)}

Yaxp{(x1, ¥1)} < max{yaxp((x1,¥1) * (X2,2)), Yaxp (X2, ¥2)}

Hence A X B is a intuitionistic fuzzy BG-ideal of X X Y.
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