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Abstract: In this paper, we introduce and formalize the concepts of Interval-Valued Neutrosophic Hypersoft
(IVNHS) open mappings and IVNHS-closed mappings within the framework of IVNHS-topological spaces. We
establish necessary and sufficient conditions for these mappings using the fundamental topological operators of
interior and closure. Furthermore, we extensively investigate the behavior of these mappings under composition.
Specifically, we prove that the composition of two IVNHS-open (or closed) mappings preserves their respective
properties. We also derive the structural conditions under which the component mappings inherit openness or
closedness from their composite forms, utilizing the auxiliary conditions of injectivity, surjectivity, and continuity.
These findings enrich the structural theory of interval-valued neutrosophic hypersoft topology and pave the way
for deeper geometric and algebraic mappings within multi-attribute decision-making environments.
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Introdution:

The generalization of neutrosophic structures into topological spaces has provided a deep geometric understanding
of continuity, convergence, and separation behavior. A pioneering milestone in this direction was achieved by
Salama and Alblowi (2012), who first defined neutrosophic sets and formalized the primitive axioms of
neutrosophic topological spaces. This structural foundation was expanded by Mukherjee et al. (2014), who
embedded interval-valued properties into soft topological spaces, exploring the interaction between interval
parameterizations and topological frameworks. Following this, Oztiirk and Bayramov (2017) investigated the
structural behavior of mappings by introducing the topology on soft continuous function spaces, clarifying how
continuity behaves under systematic functional transformations.

As structural complexity progressed towards topological boundaries, Gunduz et al. (2019) introduced and
explored separation axioms within neutrosophic soft topological settings, bridging foundational set-theoretic
boundaries with separation attributes. The evolution advanced from soft parameters to Cartesian sub-domains
when Musa and Asaad (2022a) introduced hypersoft topological spaces, providing a dedicated space for multi-
argument attribute structures. They later advanced this framework by investigating connectedness on hypersoft
topological spaces (Musa and Asaad, 2022b), characterizing how spaces split or hold together under multi-
attributes.

Definition 3.2.1.

Let (an,ad) : (Ua1, Ty,, »Y) — (Uaz, Tu,, > Y) be an NVHS-mapping where, (U,, Ty, »Y) and (U,q, Ty,, ,Y) are
NVHS-topological spaces.

1. (an,ad) is an NVHS-open mapping if the image of each NVHS-open set in (Uy, Ty, ,Y ) is an NVHS-open set
in (UZs TUZ ’ Y)

2. (an,ad) is an NVHS-closed mapping if the image under (an,ad) of every 1y,, NVHS-closed set is an Ty,
NVHS-closed set.
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Proposition 3.2.2.

Let (Ua1, Ty, »Y) and (Ugy, Ty, » Y) be NVHS-topological spaces.

A mapping (an,ad) : (Ua1, Ty,, »Y) = (Uaz, Ty, > Y) is an NVHS-open mapping if and only if (an,ad)((a9,aY )°)
C [(an,ad)(aY,aY)]", for every (a8, aY ) € (Uay, Ty,, »Y)-

Proof. Let (an, ad) be an NVHS-open mapping and let (a8, aY) € (U,q, Ty, ,Y). Then (a8, aY ) is an NVHS-
open set. Since, (an, ad) is an NVHS-open mapping, (an, ad)((a9,aY )°) is an NVHS-open set in (U,z, Ty,, » Y)

and

[(an, ad)((af, aY )o)]> = (an, ad)((a%, aY )).

Now, (a9, aY)e € (a9, aY) and which implies

(an, ad)((a9, aY )°)° C (an, ad)(ay, aY ).

Hence [(an, ad)((a9, aY )°)]° € [(an, ad)(a9, aY )]°.

Thus (an, ad)((a9, aY )°) € [(an, ad)(ad, aY)]e. [by (3.5)

Conversely, let (an, ad)((ad, aY )°) < [(an, ad)(ad, aY )]°, V (a3, aY ) € (Uyy, Ty, ,Y). Since (ad, aY)

is an NVHS-open set in (Uy4, Ty, »Y),

we have (a9, aY )o = (a9, aY).

Hence (an, ad)((a9, aY )°) = (an, ad)(ay, aY).

But by hypothesis, (an, ad)((a9, aY )°) € [(an, ad)(a9, aY )]e.

Now (3.6) and (3.7) yields (an, ad)(a9, aY ) € [(an, ad)(ad, aY )]e.

Also [(an, ad)(a9, aY )]° € (an, ad)(ad, aY ), V (ad,aY ).

From (3.8) and (3.9) (an, ad)(ay, aY ) = [(an, ad)(a9, aY)]e. (3.6) (3.7) (3.8) (3.9)

Thus, (an, ad)(a9, aY ) is an NVHS-open set and hence (an, ad) is an NVHS-open mapping.

Proposition 3.2.3.

Let (Ua1, Ty, »Y) and (Ugy, Ty, » Y) be NVHS-topological spaces. A mapping (an,ad) : (U1, Ty,, »Y) — (Uag,
Ty,, » Y) is an NVHS-closed mapping if and only if (an, 6a)(ad,aY ) < (an, ad)((aY,aY)), for every (a8, aY ) €
(Uas, T, ,Y).

Proof.

Let (an, ad) : (Ua1, Tu,, »Y) — (Vaz, Ty, » Y) be an NVHS-closed mapping and (a9, aY ) € (U,,, Ty,, »Y)-
Since, (a9, aY ) is an NVHS-closed set, we have (an, ad)( (a9, aY )) is an NVHS-closed set.

This implies that (an, ad)( (ad,aY))= (an,ad)(ad,ay¥).
As, (a9, aY) € (a9, aY) always,

we have(an,ad)(ad,a¥Y) € (an,ad)((al,ay¥)).

Now, (an,ad)(ad,aY )& (an,ad)(ay,a¥Y) = (an, ad)( (a9, aY)).
Hence, (an,ad)(a9,aY )) < (an, ad)( (a9, aY)), for every (a8, aY) € (U,y, Ty,, »Y)-
Conversely, let (an,ad)(ad,aY) < (an, ad) ((ad,aY)), for every (a9, aY ) € (U,q, Ty, »Y)

Let (a9, aY) be any NVHS-closed set in (U,;,Y) so that,
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(a9,aY) = (a9, aY)
Now, (an, ad)( (a9,aY)) = (an, ad)(ay, aY) (3.10)

Also, by hypothesis (an,ad)(ad,aY ) € (an, ad)( (ad,aY¥ )) (3.11)

Hence from (3.10) and (3.11) we get (an,ad)(ad,a¥ ) S (an, ad)(aY, aY ) (3.12)

But, we know that (a9, aY) € (a9, aY ) always.

Hence (an, ad)(a9, aY ) € (an,ad)(av,aYt ). (3.13)

Hence, from (3.12) and (3.13) we get (an, ad)(a9, aY ) = (an, §)(ad, aY ).

Thus (an, ad) (a9, aY ) is an NVHS-closed set. Hence, (an, ad) is an NVHS-closed mapping.

Proposition 3.2.4.

Let (Ugy, Ty, »Y)s (Uaz, gy » Y) and (Ug3, Ty, ,Y) be NVHS topological spaces. Let (an,ad) : (Ugq, Ty,, »Y)
— (Ugz, Ty, » ¥) and (ay, ad) : (Ugy, Ty, » ¥) = (Ugs, Ty, »¥) be two NVHS-maps.

1. If (an, ad) and (ay, a8) are NVHS-open mappings, then (ay, ad)e(an, ad) is also an NVHS-open mapping.

2. If (ay, ad)°(an, ad) is an NVHS-open mapping and if (an, ad) is a surjective NVHS continuous mapping, then
(ay, ad) is an NVHS-open mapping.

3. If (ay, ad)e(an, ad) is an NVHS-open mapping and if (ay, ad) is a injective NVHS continuous mapping, then
(an, ad) is an NVHS-open mapping.

Proof.

1. Let (a3, aY) be an NVHS-open set in (Uqyq, Ty, »Y). Since (an, ad) is an NVHS open mapping, we have (an,
ad)(ad, aY) is an NVHS-open set in (Uyy, Ty, » Y). Again, since (ay, ad) is an NVHS-open map, we have (ay,
ad)((an, ad)(a9, aY )) = ((ay, ad)°(an,ad))(ad,aY ) is an NVHS-open set in (Ugs, TU0s ,Y). Hence, (ay, ad)e(an,
ad) is an NVHS-open mapping.

2. Let (a), a¥) be an NVHS-open set in(Ug,, T¥as » Y). Since (an, ad) is an NVHS continuous mapping, we have
(an, ad)~*(ak, aY) is an NVHS-open set in (U, Tya, »Y)- Again, since (ay, ad)o(an, ad) is an NVHS-open
mapping, we have ((ay, ad)e(an, ad))[ (an, ad)~* (ak, a¥)] is an NVHS-open set in (U3, TU4s ).

As, (an, ad) is surjective,

((ay, ad)e(an, ad))[ (an, ad)~1(ak, a¥)] = (ay, ad)((an, ad)[ (an, ad) ™" (ak,a Y)]) =(ay, ad)(al, a¥) is an NVHS-
open set in (U, Ty, ,Y).

Therefore, (ay, ad) is an NVHS-open mapping.

3. Let (a8, aY) be an NVHS-open set in (Ug,, Ty, »Y)- Since ((ay, ad)e(an, ad)) is an NVHS-open mapping, we
have ((ay, ad)°(an, ad))(a9, aY ) is an NVHS-open set in (U3, To,s ).

Again, since (ay, ad) is an NVHS-continuous mapping, we have (all), a 8)_1 (((ay, ad)e(an, ad))(a9, aY )) is an
NVHS-open setin (Ugs, Ty, » Y). As, (ay, ad) is injective, (alp, a<§)_1 (((ay, ad)e(an, ad))(a9, aY )) = (alp, a<§)_1

((ay, ad)((an, ad)(a9, aY ))) = (an, ad)(ad, aY ) is an NVHS-open set in (U, To,, » Y). Hence, (an, ad) is an
NVHS-open mapping.
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Proposition 3.2.5.

Let (Uay, Tw,, »Y )s (Uaz, Ty, » Y) and (U3, Tys,, ,Y) be NVHS topological spaces. Let (an, ad) : (Uay, Ty, ,Y )
— (Uaz, Ty, » Y) and (ay, " ad) : (Uny, Ty,, » Y) = (Uas, Tw,, »Y) be two NVHS-maps.

1. If (an, ad) and (ay, ad) are NVHS-closed mappings, then (ay, ad)(an, ad) is also an NVHS-closed map.

2. If (ay, a8)°(an, ad) is an NVHS-closed mapping and if (an, ad) is a surjective NVHS-continuous mapping, then
(ay, ad) is an NVHS-closed mapping.

3. If (ay, ad)e(an, ad) is an NVHS-closed mapping and if (ay, ad) is an injective NVHS-continuous mapping, then
(an, ad) is an NVHS-closed mapping.

Proof. The proof is similar to Proposition 3.2.4 following Definition 3.2.1.
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