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Abstract :-  This study proposes the basic idea underlying rough set serves as a technique for man aging 

information in relational databases. It is a distinctive field of uncertainity mathematics, strongly associated with 

fuzzy set theory. The integration of set theory in rough form along with spherical fuzzy set leads to the 

development of spherical fuzzy rough matrices, a powerful tool for managing uncertainity and vagueness in 

complex data environments. While spherical fuzzy sets enhance the descriptive power of conventional fuzzy 

models by representing the degrees of belonging, non-belonging and indeterminacy within a spherical framework, 

rough sets provide boundary-based approximations to handle indiscernibility in data. The combination of these 

two frameworks allows spherical fuzzy rough matrices (SFRM) to represent uncertain, imprecise and incomplete 

information in a more robust manner. This study demonstrates that the spherical fuzzy rough matrix acts as a 

crucial tool in strategic selection processes. The determinant and adjoint of the proposed matrix are formulated, 

and a ranking function based on its energy is derived. The study introduces an MCDM-based framework for the 

evaluation and ranking of different alternatives. To validate the effectiveness of the approach, numerical examples 

are presented, showing the practical applicability of the SFRM and its energy in addressing MCDM problems. 

Keywords: Rough matrix, Spherical fuzzy matrix, Spherical fuzzy rough matrix. 

 

1. Introduction 

In 1965, Zadeh pioneered the ideas of fuzzy sets, fuzzy membership functions and fuzzy logic [26] in 1965. In 

1986, Atanassov [7] proposed intuitionistic fuzzy sets, broadening fuzzy set theory to incorporate both degree of 

belonging and degree of non-belonging for an improved uncertainity handling. Cuong [10,11] proposed Picture 

fuzzy sets, adding a neutrality dimension. Yager [24,25] proposed Pythagorean fuzzy sets, expanding the scope. 

Ashraf [1–6] proposed spherical fuzzy sets to tackle uncertainity, applying it to decision dilemmas. Matrix theory 

models relationships between objects and attributes, playing a crucial role in science, engineering and medicine. 

Thomason [21] pioneered fuzzy matrix theory in 1977. Fuzzy matrices have been extensively explored for their 

ability to model uncertainity and imprecision. Each element in a fuzzy matrix represents either a fuzzy number or 

a membership value, typically between 0 and 1, indicating degrees of truth membership or uncertainity. Such 

matrices are valuable tools for dealing with vague data. Pal et al. [16] explored and developed on this, introducing 

intuitionistic fuzzy matrices. Intuitionistic fuzzy matrices were developed to represent intuitionistic fuzzy relations 

finite universes, capturing the imprecise or uncertain relationships among their components. To enhance the 

representation of uncertainity beyond the conventional fuzzy framework, Dogra and Pal [12] proposed the notion 

of a picture fuzzy matrix, which extends the idea of fuzzy matrices to include additional degrees of truth, falsity 

and neutrality. To further generalize the existing fuzzy frameworks, the concept of the spherical fuzzy matrix [20] 

was introduced, which extends the traditional fuzzy matrix by incorporating the belongingness degree, falsity 

degree and ambiguity degrees under a spherical requirement. Pawlak [17,18] developed the rough set approach in 

1982, deals with approximation based operations and set inclusions defined through relations. In 1985, rough sets 

were compared with fuzzy sets and later Dubois and Prade [13] in 1990 proposed two hybrid frameworks-rough 
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fuzzy sets and fuzzy rough sets-for handling imprecise information. To manage partial information systems, 

Kryszkiewicz [15] proposed an extension of rough set theory, providing a foundation for handling uncertainity in 

data. Subsequently, Wu et al. [23] in 2003 proposed the generalized fuzzy rough set model, which further 

enhanced the capability of rough sets in dealing with vagueness and imprecision. Christi DiStefano et al. [9] 

proposed matrix energy in 2009 and formulated its mathematical expression, providing a generalization of graph 

energy. Subsequently, Bravo et al. [8] in 2017 conducted a comprehensive study titled "Energy of Matrices", in 

which they established several theorems on matrix energy and derived its boundary values. Vijayabalaji and Balaji 

[22] proposed rough matrix theory in 2013 and applied it to decision-making problems. This research focuses on 

determinant, adjoint and ranking functions of the spherical fuzzy rough matrices. A numerical example is provided 

to illustrate the MCDM procedure.  

2. Preliminaries 

Definition 2.1. [14,19] Let 𝑈ג ̂denote the universal set and 𝑅ג ̂ be an equivalence relation on 𝑈ג ̂. The set of all 

equivalence classes generated by 𝑅ג .  is referred to as the approximation space, represented by 𝑅ג = 𝑈ג 
̂ /  𝑅ג ̂. For 

a subset 𝑋ג ⊆  𝑈ג 
̂ , the lower and upper approximations of 𝑋ג  within the space 𝑅ג  are denoted by 𝑅ג (𝑋ג ) and 

𝑅ג (𝑋ג ). 

𝑅ג (𝑋ג ) =  {𝑟 ∈   𝑈ג 
̂ : [𝑟] 𝑅

 ג
̂ ⊆ 𝑋ג }, 

𝑅ג (𝑋ג ) =  {𝑟 ∈   𝑈ג 
̂ : [𝑟] 𝑅

 ג
̂ ∩ 𝑋ג =  𝜑}, 

Where [𝑟] 𝑅
 ג

̂  represents the equivalence class under the relation  𝑅ג ̂ that includes the element r. The ordered pair 

𝑅ג (𝑋) = (𝑅ג (𝑋ג ), 𝑅ג (𝑋ג ) represents the rough set of  𝑋ג  in 𝑅ג .  

. 

Definition 2.2. [2] A Spherical fuzzy set (SFS) on a universe  𝑈ג 
̂  is defined as, 

                                     S ={(𝑥̂, 𝜒𝑠̂(𝑥̂), τ𝑠̂(𝑥̂), ψ𝑠̂(𝑥̂)) | 𝑥̂ ∈  𝑈ג 
̂ }  

For each element x in  𝑈ג 
̂ , 𝜒𝑠̂(𝑥̂) ∈ [0,1], τ𝑠̂(𝑥̂) ∈ [0,1], ψ𝑠̂(𝑥̂) ∈ [0,1] and 0 ≤ 𝜒𝑠̂

2
(𝑥̂)+ τ𝑠̂

2
(𝑥̂)+ ψ𝑠̂

2
(𝑥̂) ≤ 1, ∀ 𝑥̂ ∈ 

 𝑈ג 
̂ ,  where 𝜒𝑠̂(𝑥̂), τ𝑠̂(𝑥̂), ψ𝑠̂(𝑥̂) are the degree of belongingness, ambiguity and falsity functions. 

Definition 2.3. [14,22] Let RM =[𝑟𝑖𝑗̂] rough matrix of order 𝑚 × 𝑛 is defined as follows: 

RM =[𝑟𝑖𝑗̂]=  [

𝑟11̂ 𝑟12̂ … 𝑟1𝑛̂

𝑟21̂ 𝑟22̂ ⋯ 𝑟2𝑛̂

⋮
𝑟𝑚1̂

⋮
𝑟𝑚2̂

⋮
…

⋮
𝑟𝑚𝑛̂

] 

where, each 𝑟𝑖𝑗̂ ∈𝜇𝑥
𝑅.  𝜇𝑥

𝑅 is rough membership function.  

Definition 2.4. [20] Let 𝐴̂ = (χ𝑖𝑗
2̂ , τ𝑖𝑗

2̂ , Ψ𝑖𝑗
2̂ ) be the non-negative real numbers of spherical fuzzy matrix, where 

𝜒𝑖𝑗̂  ∈  [0,1],  𝜏𝑖𝑗̂  ∈  [0,1],  𝜓𝑖𝑗̂  ∈  [0,1] that satisfies the condition 

0 ≤ 𝜒𝑖𝑗̂
2
(𝑥̂)+ τ𝑖𝑗̂

2
(𝑥̂)+ ψ𝑖𝑗̂

2
(𝑥̂) ≤ 1, ∀ 𝑖, 𝑗. 

Here 𝜒𝑖𝑗̂  ∈  [0,1],   𝜏𝑖𝑗̂  ∈  [0,1],  𝜓𝑖𝑗̂  ∈  [0,1] be the degree of belongingness, ambiguity and falsity functions. 

Definition 2.5. [8] Let 𝑀𝑛(𝐶) denote the space of 𝑛 × 𝑛 matrices with entries in 𝐶 and 𝑃 be a matrix in 𝑀𝑛(𝐶). We 

define the energy of 𝐴 as 
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𝐸(𝑃) = ∑|

𝑛

𝑖=1

 𝜆𝑖̂ − 𝜇 ̂| 

3. Determinant-Based and Energy Measures for SFRM’s 

Definition 3.1. A Spherical fuzzy determinant (𝑆𝐹𝐷) function 𝑓ג :  𝑋ג 
̂ →  𝑈ג 

̂ is a function on the set  𝑋ג 
̂  of 𝑆𝐹𝑀𝑠 

of order 𝑛 × 𝑛 over  𝑈ג 
̂  such that if  𝐴ג ̂ ∈  𝑋ג 

̂  then 𝑓ג ( 𝐴ג ̂) or | 𝐴ג ̂| belongs to  𝑈ג 
̂  and is given by 

| 𝐴ג ̂| = ∑ ∏ 𝑎𝑖𝜎(𝑖)

𝑛

𝑖=1𝜎∈𝑆𝑛

 

Where 𝑎𝑖𝜎(𝑖)
= (𝑎𝑖𝜎(𝑖)𝜒̂

, 𝑎𝑖𝜎(𝑖) 𝜏̂
, 𝑎𝑖𝜎(𝑖)𝜓̂

) and 𝑆𝑛 denotes the symmetric group of all permutations of the symbols 

{1,2, . . . 𝑛}. 

Definition 3.2. The spherical fuzzy matrix is represented by three matrices of truth (𝑎𝑖𝑗̂ ∈ 𝑃(𝜒𝑖𝑗̂)), indeterminacy 

(𝑏𝑖𝑗̂ ∈ 𝑃(𝜏𝑖𝑗̂)), and falsity (𝑐𝑖𝑗̂ ∈ 𝑃(𝜓𝑖𝑗̂)) membership values. It is denoted as  

𝑃(𝑆)  = (𝑃(𝜒𝑖𝑗̂), 𝑃(𝜏𝑖𝑗̂), 𝑃(𝜓𝑖𝑗̂)) 

Then the spherical fuzzy matrix’s energy is defined as 

𝐸[𝑃(𝑆)] =(E[𝑃(𝜒𝑖𝑗̂)], E[𝑃(𝜏𝑖𝑗̂)], E[𝑃(𝜓𝑖𝑗̂)]) 

Where 𝜆𝑖̂, 𝜍𝑖,̂ and 𝜂𝑖̂ be the eigen values of the belongingness, ambiguity and falsity functions respectively, for 𝑖 =

1,2, . . . 𝑛. Their corresponding mean values are 𝜇𝜆̂̂, 𝜇𝜍̂̂, 𝜇𝜂̂̂ . 

Definition 3.3. A spherical fuzzy rough matrix (𝑆𝐹𝑅𝑀) is denoted by 𝐹(𝑆) = (𝐹𝑖𝑗  (𝑆), 𝐹𝑖𝑗(𝑆)), has an order of 

𝑝 ×  𝑞 , where 𝐹𝑖𝑗  (𝑆) represents the lower approximation and 𝐹𝑖𝑗(𝑆) represents the upper approximation of the 

spherical fuzzy set 𝑆. It can be written as: 𝐹(𝑆) = (𝐹𝑖𝑗  (𝑆), 𝐹𝑖𝑗(𝑆)) =

((𝜒𝑖𝑗̂(𝑆), 𝜏𝑖𝑗̂(𝑆), 𝜓𝑖𝑗̂(𝑆)) , (𝜒𝑖𝑗̂(𝑆), 𝜏𝑖𝑗̂(𝑆), 𝜓𝑖𝑗̂(𝑆)))

𝑝 × 𝑞

 

where, 𝜒𝑖𝑗̂(𝑆), 𝜏𝑖𝑗̂(𝑆) and 𝜓𝑖𝑗̂(𝑆) are 𝑖, 𝑗𝑡ℎ  values of truth, indeterminacy and false mem bership matrices of lower 

approximation and 𝜒𝑖𝑗̂(𝑆), 𝜏𝑖𝑗̂(𝑆) and 𝜓𝑖𝑗̂(𝑆) are 𝑖, 𝑗𝑡ℎ values of truth, indeterminacy and false membership 

matrices of upper approximation of spherical fuzzy rough matrix 𝐹(𝑆), which satisfy the conditions 

0 ≤  𝜒𝑖𝑗̂
2(𝑆) + 𝜏𝑖𝑗̂

2(𝑆) + 𝜓𝑖𝑗̂
2
(𝑆)  ≤  1, 

0 ≤  𝜒𝑖𝑗̂

2
(𝑆) + 𝜏𝑖𝑗̂

2
(𝑆) + 𝜓𝑖𝑗̂

2

(𝑆)  ≤  1. 

Example 3.4. Let us consider a spherical fuzzy rough matrix of order 4 × 2. 

𝑆 = [

(0.2, 0.7, 0.01)(0.02, 0.45,0.30)

(0.19, 0.25, 0.41)(0.52,0.48,0.22)

(0.51, 0.32, 0.16)(0.18,0.31,0.27)

(0.12,0.23,0.31)(0.34,0.29,0.19)
(0.32, 0.24, 0.58)(0.8,0.15,0.25)

(0.42, 0.09, 0.3)(0.28,0.35,0.17)

(0.31, 0.42, 0.38)(0.3,0.1,0.5)

(0.4, 0.2, 0.3)(0.2, 0.27, 0.58)

] 

Definition 3.5. The Determinant of spherical fuzzy rough matrix (𝑆𝐹𝑅𝑀𝑆) of order 𝑛 × 𝑛, represented as 𝑑𝑒𝑡(𝑆) 

or |𝑆|, has the following definition: 

|𝑆| = ∑ {(𝜎𝜖𝑆𝑛  𝛼1𝜎(1)(𝑥̂), 𝛽1𝜎(1)(𝑥̂), 𝛾1𝜎(1)(𝑥̂)), … , (𝛼𝑛𝜎(𝑛)(𝑥̂), 𝛽𝑛𝜎(𝑛)(𝑥̂), 𝛾𝑛𝜎(𝑛)(𝑥̂))}, 
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                    ∑ {(𝜎𝜖𝑆𝑛  𝛼1𝜎(1)(𝑥̂), 𝛽
1𝜎(1)

(𝑥̂), 𝛾
1𝜎(1)

(𝑥̂)), … , (𝛼𝑛𝜎(𝑛)(𝑥̂), 𝛽
𝑛𝜎(𝑛)

(𝑥̂), 𝛾
𝑛𝜎(𝑛)

(𝑥̂))} 

      = ∑ ∏ (𝑛
𝑖=1𝜎𝜖𝑆𝑛

𝑠𝑖𝜎(𝑖), 𝑠𝑖𝜎(𝑖)) 

where, 𝑖 = 1,2, . . . 𝑛. 

𝑠𝑖𝜎(𝑖) = 𝛼𝑖𝜎(𝑖)(𝑥̂), 𝛽𝑖𝜎(𝑖)(𝑥̂), 𝛾𝑖𝜎(𝑖)(𝑥̂) 

𝑠𝑖𝜎(𝑖)) =  𝛼𝑖𝜎(𝑖)(𝑥̂), 𝛽
𝑖𝜎(𝑖)

(𝑥̂), 𝛾
𝑖𝜎(𝑖)

(𝑥̂) 

Each element of 𝑥̂ is taken from the set 𝑆 and 𝑆𝑛 represents the group consisting of all possible permutations of 

the set {1,2, . . . , 𝑛}. 

Definition 3.6. Let 𝑆 be 𝑛 × 𝑛 spherical fuzzy rough matrix. Its adjoint is denoted as 𝑎𝑑𝑗 𝑆 and is defined by 𝐴𝑖𝑗̂ 

= | 𝑆𝑖𝑗|where  𝑆𝑖𝑗  is the transpose of 𝑆. The adjoint matrix can thus be represented in a compact form. 

𝐴𝑖𝑗̂ = ∑ ∏((𝜒̂𝑡𝜎(𝑡)

𝑡𝜖𝑛𝑗𝜎𝜖𝑆𝑛𝑖𝑛𝑗 

, 𝜏̂𝑡𝜎(𝑡), 𝜓̂𝑡𝜎(𝑡)), (𝜒̂𝑡𝜎(𝑡), 𝜏̂𝑡𝜎(𝑡), 𝜓𝑡𝜎(𝑡)
)) 

The set 𝑆𝑛𝑖𝑛𝑗
comprises all possible permutations of 𝑛𝑗with respect to 𝑛𝑖, where 𝑛𝑗 = {1,2, . . . , 𝑛}. 

Example 3.7. Let us consider a spherical fuzzy rough matrix of order 2 ×  2. 

𝑆 = [
(0.2,0.7,0.01)(0.02,0.45,0.30) (0.51,0.32,0.16)(0.18,0.31,0.27)

(0.19, 0.25, 0.41)(0.52,0.48,0.22) (0.12,0.23,0.31)(0.34,0.29,0.19)
] 

|𝑆| = [(0.2,0.7,0.01)(0.02,0.45,0.30). (0.12,0.23,0.31)(0.34,0.29,0.19)]

+  [(0.19,0.25,0.41)(0.52,0.48,0.22). (0.51,0.32,0.16)(0.18,0.31,0.27) 

= {[min (0.2,0.12),max (0.7,0.23),max (0.01,0.31)],  

          [𝑚𝑖𝑛 (0.02,0.34),𝑚𝑎𝑥 (0.45,0.29),𝑚𝑎𝑥 (0.30,0.19)]}  +

           {[𝑚𝑖𝑛 (0.19,0.51),𝑚𝑎𝑥 (0.25,0.32),𝑚𝑎𝑥 (0.41,0.16)], 

            [𝑚𝑖𝑛 (0.52,0.18),𝑚𝑎𝑥 (0.48,0.31),𝑚𝑎𝑥 (0.22,0.27)]} 

= [(0.12,0.7,0.31), (0.02,0.45,0.30)] + [(0.19,0.32,0.41), (0.18,0.48,0.27)] 

= [max(0.12,0.19) ,min(0.7,0.32) ,min(0.31,0.41)],  

             [𝑚𝑎𝑥(0.02,0.18),𝑚𝑖𝑛(0.45,0.48),𝑚𝑖𝑛(0.30,0.27)] 

= [(0.19,0.32,0.31), (0.18,0.45,0.27)] 

𝑎𝑑𝑗 𝑆 = |𝑆𝑖𝑗| = [(0.19,0.32,0.31), (0.18,0.45,0.27)] 

Definition 3.8. Let 𝐹(𝑆) =  [𝐹𝑖𝑗(𝑆)] be the spherical fuzzy rough matrix of order 𝑝 × 𝑞 where [𝐹𝑖𝑗(𝑆)] =

(𝜒𝑖𝑗̂(𝑆), 𝜏𝑖𝑗̂(𝑆), 𝜓𝑖𝑗̂(𝑆)) , (𝜒𝑖𝑗̂(𝑆), 𝜏𝑖𝑗̂(𝑆), 𝜓𝑖𝑗̂(𝑆)) , consequently, the score function can be expressed by 

𝜚𝑛 =
1

3

(

 2 + (
𝜒𝑖𝑗̂ + 𝜒𝑖𝑗̂

2
) − (

𝜏𝑖𝑗̂ + 𝜏𝑖𝑗̂

2
) − (

𝜓𝑖𝑗̂ + 𝜓𝑖𝑗̂

2
)

)

 ⟶ (3.1) 

4. Energy-Based Characterization of Spherical Fuzzy Rough Matrices (SFRM) 

Definition 4.1. The spherical fuzzy rough matrix is represented by six matrices of truth (𝑎𝑖𝑗̂ ∈ 𝑃(𝜒𝑖𝑗̂)),  

indeterminacy (𝑏𝑖𝑗̂ ∈ 𝑃(𝜏𝑖𝑗̂)), and falsity (𝑐𝑖𝑗̂ ∈ 𝑃(𝜓𝑖𝑗̂)) membership values of lower approximations and (𝑎𝑖𝑗̂ ∈
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𝑃(𝜒𝑖𝑗̂), indeterminacy (𝑏𝑖𝑗̂ ∈ 𝑃(𝜏𝑖𝑗̂) and falsity (𝑐𝑖𝑗̂ ∈ 𝑃(𝜓𝑖𝑗̂) membership values of upper approximations. It is 

denoted as  

𝑃(𝑆) = (𝑃 (𝜒𝑖𝑗̂) , 𝑃(𝜏𝑖𝑗̂), 𝑃 (𝜓𝑖𝑗̂)) , (𝑃 (𝜒
𝑖𝑗

̂) , 𝑃(𝜏𝑖𝑗̂), 𝑃 (𝜓
𝑖𝑗

̂ ))  

Then the spherical fuzzy rough matrix’s energy is defined as 

𝐸[𝑃(𝑆)] = ((𝐸 [𝑃 (𝜒𝑖𝑗̂)] , 𝐸[𝑃(𝜏𝑖𝑗̂)], 𝐸 [𝑃 (𝜓𝑖𝑗̂)]) , (𝐸 [𝑃 (𝜒
𝑖𝑗

̂)] , 𝐸[𝑃(𝜏𝑖𝑗̂)], 𝐸 [𝑃 (𝜓
𝑖𝑗

̂ )])) 

𝐸[𝑃(𝑆)] = ([∑|

𝑛

𝑖=1

𝜆𝑖̂ − 𝜇̂𝜆̂|,∑ |

𝑛

𝑖=1

𝜍𝑖̂ − 𝜇̂𝜍̂|,∑ |

𝑛

𝑖=1

𝜂𝑖̂ − 𝜇̂𝜂̂|], [∑ |

𝑛

𝑖=1

𝜆𝑖
̂

− 𝜇̂
𝜆
̂|,∑ |

𝑛

𝑖=1

𝜍
𝑖

̂ − 𝜇̂𝜍̂|,∑ |

𝑛

𝑖=1

𝜂
𝑖

̂ − 𝜇̂𝜂̂|]) 

Where 𝜆𝑖̂, 𝜍𝑖̂ and 𝜂𝑖̂ be the eigen values of the belongingness, ambiguity and falsity functions of lower 

approximation matrices and 𝜆𝑖
̂

, 𝜍
𝑖
̂  and 𝜂

𝑖
̂  be the eigen values of the belongingness,  ambiguity and  falsity functions 

of upper approximation matrices respectively, for 𝑖 = 1,2, . . . 𝑛. Their corresponding mean values are 𝜇̂𝜆̂, 𝜇̂𝜍̂, 

𝜇̂𝜂̂, 𝜇̂𝜆
̂, 𝜇̂𝜍̂ and 𝜇̂𝜂̂ respectively. 

Example 4.2. Let 𝑆 be the Spherical Fuzzy Rough Matrix with the order 2 × 2. 

𝑆 = [
(0.5,0.3,0.1)(0.2,0.1,0.2) (0.6,0.4,0.1)(0.3,0.2,0.1)
(0.4,0.2,0.1)(0.5,0.1,0.1) (0.7,0.2,0.2)(0.4,0.1,0.2)

]
𝑛×𝑛

 

𝑆 can be expressed as 6 matrices. 

𝑃(𝜒𝑖𝑗̂) = [
0.5 0.6
0.4 0.7

]  ; 𝑃(𝜏𝑖𝑗̂) = [
0.3 0.4
0.2 0.2

] ;  𝑃(𝜓𝑖𝑗
̂ ) = [

0.1 0.1
0.1 0.2

] 

𝑃(𝜒𝑖𝑗
̂ ) = [

0.2 0.3
0.5 0.4

];  𝑃(𝜏𝑖𝑗̂) = [
0.1 0.2
0.1 0.1

];   𝑃(𝜓
𝑖𝑗

̂ ) = [
0.2 0.1
0.1 0.2

] 

The eigen values of truth lower matrix 𝜆𝑖̂ = 1.2856, −0.0856 and mean 𝜇̂𝜆̂ = 0.6. The energy of 𝑃 (𝜒𝑖𝑗̂)=1.3712. 

Similarly find other matrices. 

So 𝐸[𝑃(𝑆)] = [(1.3712, 0.5744, 0.3605), (0.8, 0.2828, 0.5292)] 

Theorem 4.3. 

 Let 𝑃(𝑆) be a spherical fuzzy rough matrix. Suppose that 𝜆𝑖̂, 𝜍𝑖̂, 𝜂𝑖̂, 𝜆𝑖
̂

, 𝜍
𝑖
̂  and 𝜂

𝑖
̂  (𝑖 = 1,2, . . . , 𝑛) are the eigen 

values corresponding to the lower and upper approximations of the belongingness matrix 𝑃(𝜒𝑖𝑗̂), hesitancy matrix 

𝑃(𝜏𝑖𝑗̂), and falsity matrix 𝑃(𝜓𝑖𝑗̂) respectively. 

Then, the following relations hold: 

∑ |𝑛
𝑖=1 𝜆𝑖̂ − 𝜇̂𝜆̂|= ∑ |𝑛

𝑖=1 𝑎𝑖𝑖̂ − 𝑎𝑖𝑖̂| = ∑ |𝑛
𝑖=1 𝜆𝑖

̂
− 𝜇̂

𝜆
̂|= ∑ |𝑛

𝑖=1 𝑎𝑖𝑖̂ − 𝑎𝑖𝑖̂| = 0             

∑ |𝑛
𝑖=1 𝜍𝑖̂ − 𝜇̂𝜍̂|= ∑ |𝑛

𝑖=1 𝑏𝑖𝑖̂ − 𝑏𝑖𝑖̂| = ∑ |𝑛
𝑖=1 𝜍

𝑖
̂ − 𝜇̂𝜍̂ |= ∑ |𝑛

𝑖=1 𝑏𝑖𝑖̂ − 𝑏𝑖𝑖
̂

| = 0                               ∑ |𝑛
𝑖=1 𝜂𝑖̂ −

𝜇̂𝜂̂|= ∑ |𝑛
𝑖=1 𝑐𝑖𝑖̂ − 𝑐𝑖𝑖̂| = ∑ |𝑛

𝑖=1 𝜂
𝑖

̂ − 𝜇̂𝜂̂|= ∑ |𝑛
𝑖=1 𝑐𝑖𝑖̂ − 𝑐𝑖𝑖̂| = 0  

Proof: 

 Let 𝑃(𝑆) be a Spherical fuzzy rough matrix. Then it can be decomposed into three component matrices 

corresponding to lower and upper approximation of truth, indeterminacy and falsity matrices denoted by 𝜒𝑖𝑗̂ =

(𝑎𝑖𝑗,̂  𝑎𝑖𝑗̂), 𝜏𝑖𝑗̂ = (𝑏𝑖𝑗,̂  𝑏𝑖𝑗̂) and 𝜓𝑖𝑗̂ = (𝑐𝑖𝑗 ,̂ 𝑐𝑖𝑗̂) respectively. 
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By the definition of 𝑆𝐹𝑅𝑀, the associated truth, indeterminacy and falsity matrices are diagonal in nature, i.e, all 

off-diagonal elements are zero.  

Since both the lower and upper approximation matrices are diagonal, their eigen values are given by their diagonal 

elements.  

Hence                                𝜆𝑖̂ = 𝑎𝑖𝑖̂, 𝜍𝑖̂ = 𝑏𝑖𝑖̂, 𝜂𝑖̂ = 𝑐𝑖𝑖 ,̂                                                                                                   

𝜆𝑖
̂

= 𝑎𝑖𝑖̂, 𝜍𝑖
̂ = 𝑏𝑖𝑖

̂
, 𝜂

𝑖
̂ = 𝑐𝑖𝑖̂, 𝑖 = 1,2, . . . 𝑛. 

The mean values of the eigen values as 

𝜇̂𝜆̂ =
1

𝑛
∑ 𝜆𝑖̂

𝑛
𝑖=1 ,  𝜇̂𝜍̂ =

1

𝑛
∑ 𝜍𝑖̂ ,

𝑛
𝑖=1   𝜇̂𝜂̂ =

1

𝑛
∑ 𝜂𝑖̂

𝑛
𝑖=1  

𝜇̂𝜆̂ =
1

𝑛
∑ 𝑎𝑖𝑖̂

𝑛
𝑖=1 ,  𝜇̂𝜍̂ =

1

𝑛
∑ 𝑏𝑖𝑖̂ ,

𝑛
𝑖=1   𝜇̂𝜂̂ =

1

𝑛
∑ 𝑐𝑖𝑖̂

𝑛
𝑖=1  

Consider the expression, ∑ |𝑛
𝑖=1 𝜆𝑖̂ − 𝜇̂𝜆̂| 

∑|

𝑛

𝑖=1

𝜆𝑖̂ − 𝜇̂𝜆̂| =  ∑|

𝑛

𝑖=1

𝑎𝑖𝑖̂ − 𝜇̂𝜆̂| 

Similarly, for upper approximation matrices, 

∑|

𝑛

𝑖=1

𝜆𝑖
̂

− 𝜇̂
𝜆
̂| = ∑|

𝑛

𝑖=1

𝑎𝑖𝑖̂ − 𝜇̂
𝜆
̂| 

If all diagonal elements are equal to their corresponding mean values, i.e, 𝑎𝑖𝑖̂ = 𝜇̂𝜆̂, 𝑏𝑖𝑖̂ − 𝜇̂𝜍̂, 𝑐𝑖𝑖̂ − 𝜇̂𝜂̂, ∀ 𝑖. 

∑ |

𝑛

𝑖=1

𝜆𝑖̂ − 𝜇̂𝜆̂| = 0 

∴ ∑ |𝑛
𝑖=1 𝜆𝑖̂ − 𝜇̂𝜆̂|= ∑ |𝑛

𝑖=1 𝑎𝑖𝑖̂ − 𝑎𝑖𝑖̂| = ∑ |𝑛
𝑖=1 𝜆𝑖

̂
− 𝜇̂

𝜆
̂|= ∑ |𝑛

𝑖=1 𝑎𝑖𝑖̂ − 𝑎𝑖𝑖̂| = 0                                ∑ |𝑛
𝑖=1 𝜍𝑖̂ −

𝜇̂𝜍̂|= ∑ |𝑛
𝑖=1 𝑏𝑖𝑖̂ − 𝑏𝑖𝑖̂| = ∑ |𝑛

𝑖=1 𝜍
𝑖
̂ − 𝜇̂𝜍̂ |= ∑ |𝑛

𝑖=1 𝑏𝑖𝑖̂ − 𝑏𝑖𝑖
̂

| = 0                                ∑ |𝑛
𝑖=1 𝜂𝑖̂ − 𝜇̂𝜂̂|= ∑ |𝑛

𝑖=1 𝑐𝑖𝑖̂ − 𝑐𝑖𝑖̂| =

∑ |𝑛
𝑖=1 𝜂

𝑖
̂ − 𝜇̂𝜂̂|= ∑ |𝑛

𝑖=1 𝑐𝑖𝑖̂ − 𝑐𝑖𝑖̂| = 0  

Hence Proved. 

Theorem 4.4.  

Let 𝑃(𝑆) be a Spherical fuzzy rough matrix. The energy of 𝑃(𝑆), determined via the eigen values of its lower and 

upper approximation matrices of truth, indeterminacy and falsity matrices. Then, the following relations hold: 

∑ (𝜆𝑖̂ − 𝜇̂𝜆̂)
2 =𝑛

𝑖=1 ∑ 𝑎𝑖𝑖̂
2𝑛

𝑖=1 + ∑ 𝑎𝑖𝑗̂1≤𝑖<𝑗≤𝑛 𝑎𝑗𝑖̂ − 𝑛𝜇̂𝜆̂
2,                                                                    ∑ (𝜆𝑖

̂
−𝑛

𝑖=1

𝜇̂
𝜆
̂)2 =∑ 𝑎𝑖𝑖̂

2𝑛
𝑖=1 + ∑ 𝑎𝑖𝑗̂1≤𝑖<𝑗≤𝑛 𝑎𝑗𝑖̂ − 𝑛𝜇̂

𝜆
̂
2
, 

∑ (𝜍𝑖̂ − 𝜇̂𝜍̂)
2 =𝑛

𝑖=1 ∑ 𝑎𝑖𝑖̂
2𝑛

𝑖=1 + ∑ 𝑎𝑖𝑗̂1≤𝑖<𝑗≤𝑛 𝑎𝑗𝑖̂ − 𝑛𝜇̂𝜍̂
2, 

∑ (𝜍
𝑖

̂ − 𝜇̂𝜍̂)
2 =𝑛

𝑖=1 ∑ 𝑎𝑖𝑖̂

2𝑛
𝑖=1 + ∑ 𝑎𝑖𝑗̂1≤𝑖<𝑗≤𝑛 𝑎𝑗𝑖̂ − 𝑛𝜇̂𝜍̂

2
, 

∑ (𝜂𝑖̂ − 𝜇̂𝜂̂)
2 =𝑛

𝑖=1 ∑ 𝑎𝑖𝑖̂
2𝑛

𝑖=1 + ∑ 𝑎𝑖𝑗̂1≤𝑖<𝑗≤𝑛 𝑎𝑗𝑖̂ − 𝑛𝜇̂𝜂̂
2,                                                                   ∑ (𝜂

𝑖
̂ −𝑛

𝑖=1

𝜇̂𝜂̂)
2 =∑ 𝑎𝑖𝑖̂

2𝑛
𝑖=1 + ∑ 𝑎𝑖𝑗̂1≤𝑖<𝑗≤𝑛 𝑎𝑗𝑖̂ − 𝑛𝜇̂𝜂̂

2
 

Proof:   ∑ (𝜆𝑖̂ − 𝜇̂𝜆̂)
2 =𝑛

𝑖=1 ∑ 𝑎𝑖𝑖̂
2𝑛

𝑖=1 + ∑ 𝑎𝑖𝑗̂1≤𝑖<𝑗≤𝑛 𝑎𝑗𝑖̂ − 𝑛𝜇̂𝜆̂
2 
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Take 𝐿. 𝐻. 𝑆. first, ∑ (𝜆𝑖̂ − 𝜇̂𝜆̂)
2𝑛

𝑖=1          

Expand the 𝐿. 𝐻. 𝑆 in (a − b)2 formula.      

  ∑ (𝜆𝑖̂ − 𝜇̂𝜆̂)
2 =𝑛

𝑖=1 ∑ 𝜆𝑖̂
2
− 2𝑛

𝑖=1  𝜇̂𝜆̂ ∑ 𝜆𝑖̂
𝑛
𝑖=1 + ∑ 𝜇̂𝜆̂

2𝑛
𝑖=1  ⟶ (1)                                                   

Substitute ∑ 𝜆𝑖̂
𝑛
𝑖=1 = 𝑛𝜇̂𝜆̂ in (1) 

⇒ ∑ 𝜆𝑖̂
2
− 2𝑛

𝑖=1  𝜇̂𝜆̂𝑛𝜇̂𝜆̂ + 𝑛𝜇̂𝜆̂
2
                                                                                                                 ⇒

∑ 𝜆𝑖̂
2
− 2𝑛𝜇̂𝜆̂

2 + 𝑛𝜇̂𝜆̂
2𝑛

𝑖=1  

⇒ ∑𝜆𝑖̂
2
− 𝑛𝜇̂𝜆̂

2

𝑛

𝑖=1

⟶ (2) 

Expand ∑ 𝜆𝑖̂
2𝑛

𝑖=1  using trace property. 

∴ ∑𝜆𝑖̂
2

= 𝑡𝑟(𝐴2) = ∑∑ 𝑎𝑖𝑗̂𝑎𝑗𝑖̂

𝑛

𝑖=1

𝑛

𝑖=1

𝑛

𝑖=1

⟶ (3) 

Expand the summation  

∑ ∑𝑎𝑖𝑗̂𝑎𝑗𝑖̂

𝑛

𝑖=1

𝑛

𝑖=1

= ∑𝑎𝑖𝑖̂
2

𝑖=𝑗

+ ∑𝑎𝑖𝑗̂𝑎𝑗𝑖̂

𝑖≠𝑗

⟶ (4) 

∴  𝑖 = 𝑗, 𝑎𝑖𝑗̂𝑎𝑗𝑖̂ = 𝑎𝑗𝑖̂𝑎𝑖𝑗̂ is equal. 

∴  𝑖 ≠ 𝑗, counts each pair as twice (once for 𝑖 < 𝑗 and 𝑖 > 𝑗) 

∑𝑎𝑖𝑗̂𝑎𝑗𝑖̂

𝑖≠𝑗

= 2 ∑ 𝑎𝑖𝑗̂

1≤𝑖<𝑗≤𝑛

𝑎𝑗𝑖̂ ⟶ (5) 

Subs. (5) in (4) 

∑∑𝑎𝑖𝑗̂𝑎𝑗𝑖̂

𝑛

𝑖=1

𝑛

𝑖=1

= ∑ 𝑎𝑖𝑖̂
2

𝑖=𝑗

+ 2 ∑ 𝑎𝑖𝑗̂

1≤𝑖<𝑗≤𝑛

𝑎𝑗𝑖̂ ⟶ (6) 

Subs. (6) in (3)  

∑𝜆𝑖̂
2

=

𝑛

𝑖=1

∑𝑎𝑖𝑖̂
2

𝑛

𝑖=1

+ 2 ∑ 𝑎𝑖𝑗̂

1≤𝑖<𝑗≤𝑛

𝑎𝑗𝑖̂ ⟶ (7) 

Subs. (7) in (2)                                                                                                                                                      =

∑ 𝑎𝑖𝑖̂
2𝑛

𝑖=1 + +2∑ 𝑎𝑖𝑗̂1≤𝑖<𝑗≤𝑛 𝑎𝑗𝑖̂ − 𝑛𝜇̂𝜆̂
2                                                                                                     = 𝑅.𝐻. 𝑆 

∴ ∑(𝜆𝑖̂ − 𝜇̂𝜆̂)
2 =

𝑛

𝑖=1

∑𝑎𝑖𝑖̂
2

𝑛

𝑖=1

+ ∑ 𝑎𝑖𝑗̂

1≤𝑖<𝑗≤𝑛

𝑎𝑗𝑖̂ − 𝑛𝜇̂𝜆̂
2 

Similarly, we prove lower and upper approximations of indeterminacy and falsity matrices. 

5. MCDM Framework Employing Energy Rankings of SFRM’s 

This section focuses on a decision-making approach is presented to determine the most suitable alternative among 

several choices by utilizing the energy of the Spherical fuzzy rough matrix. Consider a decision-making problem 

involving 𝑜 potential alternatives that are assessed based on 𝑚 evaluation criteria.  The assessment process is 
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carried out by a panel of 𝑛 experts. The sets of alternatives, criteria and experts are represented respectively as 

𝑃 = {𝑃1, 𝑃2, … , 𝑃𝑂}, 𝑅 = {𝑅1, 𝑅2, … , 𝑅𝑚} and 𝐸𝑋 = {𝐸𝑋1, 𝐸𝑋2, … , 𝐸𝑋𝑛}. 

Step 1: Each expert assign weights to the criteria and evaluate every alternative according to each criterion. The 

weight and rating information provided by the experts are represented in matrix form for computational 

convenience. Assume that the experts evaluations of them criteria formulated as a weight matrix 𝑊 of order 

𝑚 × 𝑛. 

                                                   𝐸𝑋1                   𝐸𝑋2                 …               𝐸𝑋𝑛 

𝑅1

𝑅2

⋮
𝑅𝑚 [

 
 
 
 

  

     (𝛼11,𝛽11,𝛾11) (𝛼12,𝛽12,𝛾12)         ⋯ (𝛼1𝑛,𝛽1𝑛,𝛾1𝑛)

(𝛼21,𝛽21,𝛾21)

⋮
    (𝛼𝑚1,𝛽𝑚1,𝛾𝑚1)

(𝛼22,𝛽22,𝛾22)

⋮
(𝛼𝑚2,𝛽𝑚2,𝛾𝑚2)

⋯
⋮
⋯

(𝛼2𝑛,𝛽2𝑛,𝛾2𝑛)

⋮
(𝛼𝑚𝑛,𝛽𝑚𝑛,𝛾𝑚𝑛)]

 
 
 
 

 

 

 Assume the expert evaluations for alternative 𝐷1 are represented by a matrix of order 𝑛 × 𝑚 for the alternative 

𝐷1. 

         𝑅1                     𝑅2                …               𝑅𝑚 

𝐸𝑋1

𝐸𝑋2

⋮
𝐸𝑋𝑛 [

 
 
 
 

  

 (𝜇11,𝜗11,𝛿11)  (𝜇12,𝜗12,𝛿12)     ⋯ (𝜇1𝑛,𝜗1𝑛,𝛿1𝑛)

(𝜇21,𝜗21,𝛿21)

⋮
   (𝜇𝑛1,𝜗𝑛1,𝛿𝑛1)

(𝜇22,𝜗22,𝛿22)

⋮
(𝜇𝑛2,𝜗𝑛2,𝛿𝑛2)

⋯
⋮
⋯

(𝜇2𝑛,𝜗2𝑛,𝛿2𝑛)

⋮
(𝜇𝑛𝑚,𝜗𝑛𝑚,𝛿𝑛𝑚)]

 
 
 
 

 

Step 2: Determine the weights of the experts. Suppose 𝐸𝑋1, 𝐸𝑋2, … , 𝐸𝑋𝑛 represent the experts, each associated 

with an individual weight. 

Let 𝐸𝑋1 = (𝑒1, 𝑓1, 𝑔1), 𝐸𝑋2 = (𝑒2, 𝑓2, 𝑔2), … , 𝐸𝑋𝑛 = (𝑒𝑛, 𝑓𝑛, 𝑔𝑛) 

Step 3: Define the matrix based on the 𝑆𝐹𝑅𝑆 for both criteria and alternatives.  The spherical fuzzy rough matrix 

corresponding to the criteria is formulated to illustrate the connection between each criterion and the weights 

determined by experts.                              

𝑊(𝑅1𝐸𝑋1) = [(min (𝑒1, 𝛼11),max (𝑓1, 𝛽11),max (𝑔1, 𝛾11)),             

                                (𝑚𝑎𝑥(𝑒1, 𝛼11),𝑚𝑖𝑛(𝑓1, 𝛽11),𝑚𝑖𝑛(𝑔1, 𝛾11))]                                                                                               

                       = [(𝛼11, 𝛽11, 𝛾11) , (𝛼11, 𝛽11, 𝛾11)] 

                                              𝐸𝑋1                                    ⋯                                𝐸𝑋𝑛 

𝑊 =

𝑅1

𝑅2

⋮
𝑅𝑚

[
 
 
 
 
 [(𝛼11, 𝛽11, 𝛾11) , (𝛼11, 𝛽11, 𝛾11)] ⋯ [(𝛼1𝑛, 𝛽1𝑛 , 𝛾1𝑛) , (𝛼1𝑛, 𝛽1𝑛 , 𝛾1𝑛)]

[(𝛼21, 𝛽21, 𝛾21) , (𝛼21, 𝛽21, 𝛾21)] ⋯ [(𝛼2𝑛, 𝛽2𝑛 , 𝛾2𝑛) , (𝛼2𝑛, 𝛽2𝑛, 𝛾2𝑛)]

⋮

 [(𝛼𝑚1, 𝛽𝑚1, 𝛾𝑚1) , (𝛼𝑚1, 𝛽𝑚1, 𝛾𝑚1)]
⋮
⋯

⋮

[(𝛼𝑚𝑛 , 𝛽𝑚𝑛 , 𝛾𝑚𝑛) , (𝛼𝑚𝑛 , 𝛽𝑚𝑛 , 𝛾𝑚𝑛)]]
 
 
 
 
 

 

For the alternatives, 𝑆𝐹𝑅𝑀 is constructed to illustrate the link between each criterion and the alternatives. 

𝑃1(𝐸𝑋1𝑅1) = (min(𝛼11, 𝜇11) ,𝑚𝑎𝑥(𝛽11, 𝜗11),𝑚𝑎𝑥(𝛾11, 𝛿11)), 

                                      (max(𝛼11, 𝜇11) ,𝑚𝑖𝑛(𝛽11, 𝜗11),𝑚𝑖𝑛(𝛾11, 𝛿11)) = ((𝜇11, 𝜗11, 𝛿11) , (𝜇11, 𝜗11, 𝛿11)) 

                                                     𝑅1                             ⋯                                𝑅𝑚 



Tuijin Jishu/Journal of Propulsion Technology 

ISSN: 1001-4055 

Vol. 47 No. 02 (2026) 

__________________________________________________________________________________ 

1381 

𝑃1 =

𝐸𝑋1

𝐸𝑋2

⋮
𝐸𝑋𝑛

[
 
 
 
 
 [(𝜇11, 𝜗11, 𝛿11) , (𝜇11, 𝜗11, 𝛿11)] ⋯ [(𝜇1𝑚, 𝜗1𝑚, 𝛿1𝑚) , (𝜇1𝑚, 𝜗1𝑚, 𝛿1𝑚)]

[(𝜇21, 𝜗21, 𝛿21) , (𝜇21, 𝜗21, 𝛿21)] ⋯ [(𝜇2𝑚, 𝜗2𝑚, 𝛿2𝑚) , (𝜇2𝑚, 𝜗2𝑚, 𝛿2𝑚)]

⋮

 [(𝜇𝑛1, 𝜗𝑛1, 𝛿𝑛1) , (𝜇𝑛1, 𝜗𝑛1, 𝛿𝑛1)]
⋮
⋯

⋮

[(𝜇𝑛𝑚, 𝜗𝑛𝑚, 𝛿𝑛𝑚) , (𝜇𝑛𝑚, 𝜗𝑛𝑚, 𝛿𝑛𝑚)]]
 
 
 
 
 

 

Step 4: During this stage, the non-square matrix is adapted into a square matrix. The matrix 𝑊 is further divided 

into six matrices, representing the lower and upper approximations of truth, indeterminacy and falsity matrices, 

collectively denoted as 

(𝑊 (𝜒𝑖𝑗̂) ,𝑊 (𝜏𝑖𝑗̂) ,𝑊 (𝜓𝑖𝑗̂)) and (𝑊(𝜒𝑖𝑗̂),𝑊(𝜏𝑖𝑗̂) ,𝑊(𝜓𝑖𝑗̂)). Similarly, 𝑃1 matrix is represented as (𝑃1 (𝜒𝑖𝑗̂) , 𝑃1 

(𝜏𝑖𝑗̂) , 𝑃1 (𝜓𝑖𝑗̂)) and (𝑃1(𝜒𝑖𝑗̂), 𝑃1(𝜏𝑖𝑗̂), 𝑃1(𝜓𝑖𝑗̂)).  

𝑃1 (𝜒𝑖𝑗̂)
𝑛×𝑚

× 𝑊 (𝜒𝑖𝑗̂)
𝑚×𝑛

= 𝑃1 (𝜒̂) =

[
 
 
 
 
𝜇𝛼11 𝜇𝛼12 … 𝜇𝛼1𝑛

𝜇𝛼21 𝜇𝛼22 … 𝜇𝛼2𝑛

⋮
𝜇𝛼𝑛1

⋮
𝜇𝛼𝑛2

⋮
⋯

⋮
𝜇𝛼𝑛𝑛]

 
 
 
 

𝑛×𝑛

 

Step 5: Matrix energy is evaluated through the concept of a 𝑆𝐹𝑅𝑀 . For every alternative, six energy values are 

obtained, corresponding to the lower and upper ap proximations of belongingness, ambiguity and falsity matrices. 

𝐸(𝑃1) = ((𝐸 [𝑃1 (𝜒̂)] , 𝐸[𝑃1(𝜏̂)], 𝐸 [𝑃1 (𝜓̂)]) , (𝐸[𝑃1(𝜒̂)], 𝐸[𝑃1(𝜏̂)], , 𝐸 [𝑃1 (𝜓̂)]))  

Step 6: This process is repeated for all 𝑘 possible alternatives, and the approximate 𝑆𝐹𝑅𝑀 energies 

𝐸(𝑃1), 𝐸(𝑃2), … , 𝐸(𝑃𝑂) are computed for every alternative.  

Step 7: Ranking values are derived by evaluating the score function for every 𝑆𝐹𝑅𝑀 energy and alternatives are 

then ordered from highest to lowest. 

6. Numerical Example 

Let us assume that problem of selecting good steel rod for construction work performing well across all criteria. 

Six companies are selected as alternatives (𝐴1̂ ג, 𝐴2̂ ג, 𝐴3̂ ג, 𝐴4̂ ג, 𝐴5̂ ג, 𝐴6̂ ג), the criteria are:  

𝑅1=Strength and hardness, 

𝑅2=Ductility, 

𝑅3=Corrosion resistance.  

Three decision makers are involved in assessing the problem (𝐸𝑋1, 𝐸𝑋2, 𝐸𝑋3) who are experts in selecting a best 

steel rod from the best company. Table.1 provides the linguistic variables for spherical fuzzy numbers, which help 

experts assess the alternatives. 

Table1. Linguistic variables for spherical fuzzy numbers 

 

 

 

 

 

 

S.No Linguistic variable (Code) Spherical fuzzy numbers 

1. Low quality (0.25,0.1,0.2) 

2. Medium quality (0.45,0.5,0.51) 

3. Best quality (0.8,0.3,0.5) 
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Table2. Weights of criteria 

 

 

 

 

 

Step 1: Tables 2 and 3 display the expert-assigned importance levels for the criteria and the evaluated alternatives. 

Step 2: The weight of experts: 

𝐸𝑋1 =  𝐵ג 
̂ = (0.8,0.3,0.5);  𝐸𝑋2 =  𝑀ג 

̂ = (0.45,0.5,0.51);  𝐸𝑋3 =  𝑀ג 
̂ = (0.45,0.5,0.51) 

Step 3: From the obtained values, 𝑆𝐹𝑅𝑀′𝑠 are developed for both the criteria and the alternatives. The 𝑆𝐹𝑅𝑀 

corresponding to the criteria describes the association between each criterion and the expert-assigned weights, as 

reported in Table 4. In a similar manner, the 𝑆𝐹𝑅𝑀 for the alternatives reflects the linkage between the criteria 

and the alternatives as presented in Table 5. 

Step 4: The product of the lower truth matrices of alternatives and the weights assigned to the criteria. 

 𝐴1̂ ג (𝜒̂) =  𝐴1̂ ג(𝜒𝑖𝑗̂)𝑦×𝑥 × 𝑊(𝜒𝑖𝑗̂)𝑥×𝑦=[
0.8 0.45 0.45
0.45
0.45

0.45 0.25
0.45 0.8

] × [
0.8 0.45 0.45
0.8
0.45

0.45 0.45
0.45 0.45

] 

 

 𝐴1̂ ג (𝜒̂) = [
 1.2025 0.7650 0.7650
0.8325
1.0800

0.5175 0.5175
0.7650 0.7650

] 

 𝜆𝑖 ̂ =2.4527, 0.0323 and 0. Truth lower approximation matrix energy = 3.2488  

Step 5: The energy levels of both the lower and upper approximation matrices for belongingness, ambiguity and 

falsity are determined. 

Table 3. Scores assigned to each alternative. 

Companies Experts 𝑅1 

 

𝑅2 

 

𝑅3 

 

 𝐴1̂ ג 𝐸𝑋1 

𝐸𝑋2 

𝐸𝑋3 

 

 𝐵ג ̂ 

 𝑀ג 
̂  

 𝐵ג ̂ 

 

 𝑀ג 
̂  

 𝐵ג ̂ 

 𝑀ג 
̂  

 

 𝐵ג 
̂  

 𝐿ג ̂ 

 𝐵ג 
̂  

 

 𝐴2̂ ג 𝐸𝑋1 

𝐸𝑋2 

𝐸𝑋3 

 

 𝑀ג 
̂  

 𝐿ג ̂ 

 𝐵ג ̂ 

 

 𝐿ג ̂ 

 𝐵ג ̂ 

 𝐵ג ̂ 

 

 𝐵ג 
̂  

 𝐵ג 
̂  

 𝑀ג 
̂  

 

 𝐴3̂ ג 𝐸𝑋1  𝑀ג 
̂   𝐵ג ̂  𝐵ג 

̂  

Criteria 𝐸𝑋1 𝐸𝑋2 𝐸𝑋3 

𝑅1 

𝑅2 

𝑅3 

 𝐵ג ̂ 

 𝐵ג ̂ 

 𝑀ג 
̂  

 𝐵ג ̂ 

 𝑀ג 
̂  

 𝑀ג 
̂  

 𝑀ג 
̂  

 𝐵ג ̂ 

 𝐵ג ̂ 
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𝐸𝑋2 

𝐸𝑋3 

 

 𝐵ג ̂ 

 𝐿ג ̂ 

 𝐿ג ̂ 

 𝐵ג ̂ 

 𝐵ג 
̂  

 𝐵ג 
̂  

 𝐴4̂ ג 𝐸𝑋1 

𝐸𝑋2 

𝐸𝑋3 

 

 𝐵ג ̂ 

 𝐿ג ̂ 

 𝐵ג ̂ 

 𝐵ג ̂ 

 𝑀ג 
̂  

 𝐵ג ̂ 

 𝑀ג 
̂  

 𝐵ג 
̂  

 𝐿ג ̂ 

 𝐴5̂ ג 𝐸𝑋1 

𝐸𝑋2 

𝐸𝑋3 

 𝐿ג ̂ 

 𝐵ג ̂ 

 𝐵ג ̂ 

 𝑀ג 
̂  

 𝑀ג 
̂  

 𝐵ג ̂ 

 𝑀ג 
̂  

 𝐵ג 
̂  

 𝑀ג 
̂  

 𝐴6̂ ג 𝐸𝑋1 

𝐸𝑋2 

𝐸𝑋3 

 

 𝐿ג ̂ 

 𝐵ג ̂ 

 𝑀ג 
̂  

 𝑀ג 
̂  

 𝐿ג ̂ 

 𝐵ג ̂ 

 𝐵ג 
̂  

 𝑀ג 
̂  

 𝐿ג ̂ 

 

Table 4. Spherical fuzzy rough matrix for criteria. 

Criteria 𝐸𝑋1 

 

𝐸𝑋2 𝐸𝑋3 

𝑅1 

 

[(0.8,0.3,0.5), (0.8,0.3,0.5)] [(0.45,0.5,0.51), (0.8,0.3,0.5)] [(0.45,0.5,0.51), (0.45,0.5,0.51)] 

𝑅2 

 

[(0.8,0.3,0.5), (0.8,0.3,0.5)] [(0.45,0.5,0.51), (0.45,0.5,0.51)] [(0.45,0.5,0.51), (0.8,0.3,0.5)] 

𝑅3 

 

[(0.45,0.5,0.51), (0.8,0.3,0.5)] [(0.45,0.5,0.51), (0.45,0.5,0.51)] [(0.45,0.5,0.51), (0.8,0.3,0.5)] 

 

Table 5. Spherical fuzzy rough matrix for alternative. 

 𝐴1̂ ג 𝑅1 

 

𝑅2 

 

𝑅3 

 

𝐸𝑋1 

 

[(0.8,0.3,0.5), (0.8,0.3,0.5)] [(0.45,0.5,0.51), (0.8,0.3,0.5)] [(0.45,0.5,0.51), (0.8,0.3,0.5)] 

𝐸𝑋2 

 

[(0.45,0.5,0.51), (0.8,0.3,0.5)] [(0.45,0.5,0.51), (0.8,0.3,0.5)] [(0.25,0.5,0.51), (0.45,0.1,0.2)] 

𝐸𝑋3 

 

[(0.45,0.5,0.51), (0.8,0.3,0.5)] [(0.45,0.5,0.51), (0.8,0.3,0.5)] [(0.8,0.3,0.5), (0.8,0.3,0.5)] 
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Energy of                                                                                                                                 

 𝐴1̂ ג = [(3.2488,2.4815,3.0941), (6.2649,1.2159,2.8182)]. 

Table 6. Ranking order of alternatives. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Similarly, the energy is computed for each alternatives.  

 Step 6: The alternatives are evaluated by computing their respective energy scores. 

 𝐴[(6.5600,1.1030,2.6158) ,(2.7645,2.3867,3.0873)] = 2̂ ג, 

 𝐴[(5.8950,1.0533,2.6180) ,(3.5405,3.4719,3.0805)] = 3̂ ג,  

 𝐴[(5.8861,1.2737,2.6275) ,(3.5379,2.1335,3.0739)] =4̂ ג,  

 𝐴[(5.8861,1.4333,2.8335) ,(3.1237,2.3867,3.0873)] =5̂ ג, 

 𝐴[(5.6050,1.2133,2.4294) ,(2.8965,2.2343,3.0805)] = 6̂ ג.                 

Step 7: The values of the score function are obtained from the 𝑆𝐹𝑅𝑀 energy. Equation 3.1 is applied to obtain 

the score function of  𝐴1̂ ג  and this procedure is repeated for all other alternatives. 

Score function of  𝐴1̂ ג =
1

3
 [2 + [

3.2488+6.2649

2
] − [

2.4815+1.2159

2
] − [

3.0941+2.8182

2
]] 

𝛲( 𝐴1̂ ג) = 0.6507. 

The resulting rank arrangement is shown below:  𝐴4̂ ג,  𝐴2̂ ג,  𝐴1̂ ג,  𝐴6̂ ג,  𝐴5̂ ג,  𝐴3̂ ג. Table 6 shows that alternative 2 

achieves the highest performance compared to the others. Con sequently, company 2 is selected as the preferred 

company in that region. Figure 1 illustrates the score function values of all alternatives in a barchat. 

Company Score function Ranking 

 𝐴1̂ ג 

 

0.6507 

 

3 

 𝐴2̂ ג 

 

0.6886 

 

2 

 𝐴0.5353 3̂ ג 

 

6 

 𝐴4̂ ג 

 

0.7192 1 

 𝐴5̂ ג 

 

0.5448 5 

 𝐴4 0.5907 6̂ ג 
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Conclusion 

This paper presents new concepts of spherical fuzzy determinant, spherical fuzzy rough determinant and spherical 

fuzzy rough adjoint. These definitions extend classical matrix theory to a spherical fuzzy rough framework. The 

concept of energy of a spherical fuzzy matrix was also introduced. The proposed energy measure helps analyze 

matrix behaviour under uncertainity. An 𝑀𝐶𝐷𝑀 application was carried out to demonstrate practical usefulness. 

The results show that the proposed approach provides consistent and reliable rankings. The integration of spherical 

fuzzy and rough structures improves decision accuracy. The developed framework can handle complex and vague 

information effectively. This study opens new directions for further research in fuzzy matrix theory and decision-

making models. 

References 

[1] Ashraf. S, Abdullah. S, Mahmood. T, Ghani. F, Tariq Mahmood, "Spherical fuzzy sets and their applications 

in multi-attribute decision making problems", Journal of intelligent and fuzzy systems xx(20xx) x-xx. 

[2] Ashraf. S, Abdullah. S, "Spherical aggregation operators and their application in multi-attribute group 

decision-making, International Journal of Intelligent Systems, Vol 34, Issue 3:493-523, 2019. 

[3] Ashraf. S, Abdullah. S, Mahmood. T, Ghani. F, Tariq Mahmood, "GRA method based on spherical linguistic 

fuzzy choquet integral environment and its application in multi-attribute decision making problems", 

Mathematical sciences, Vol 12, Issue 4:263-275, 2018. 

[4] Ashraf. S, Abdullah. S, Qadir. A, "Novel Concept of Cubic Picture Fuzzy Sets", Journal of New Theory, Issue 

24:59-72, 2018. 

[5] Ashraf. S, Mahmood. T, Abdullah. S, Khan. Q, "Different Approaches to Multi-Criteria Group Decision 

Making Problems for Picture Fuzzy Environment", Bulletin of the Brazilian Mathematical Society, Vol 50, 

Issue 2:373-397, (2019). 

[6] Ashraf. S, Abdullah. S, Mahmood. T, Khan. Q, "Picture Fuzzy Linguistic Sets and Their Applications for 

Multi-Attribute Group Decision Making Problems", The Nucleus, Vol 55, Issue 2:66-73, 2018. 

[7] Atanassov. K, "Intuitionistic fuzzy sets", Fuzzy Sets and Systems, Vol.20, pp. 87-96, 1986.  

[8] Bravo. D, Cubría. F, Rada. J, "Energy of Matrices", Applied Mathematics and Computation, Vol 312, Issue 

3:149-157, 2017. 

0 0 0 0 0 0

0.6507
0.6886

0.5353

0.7192

0.5448
0.5907

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

V
al

u
e

s

Alternatives(Companies)

BARCHAT OF RANKING

Company Score function



Tuijin Jishu/Journal of Propulsion Technology 

ISSN: 1001-4055 

Vol. 47 No. 02 (2026) 

__________________________________________________________________________________ 

1386 

[9] Christi DiStefano, Davis. G, "Matrix Energy", University of Massachusetts at Darmouth, 2009. 

 [10] Cuong. B.C, "Picture Fuzzy Sets", Journal of Computer Science and Cybernetics, Vol 30, Issue 4:409-420, 

2014. 

[11] Cuong. B.C, Kreinovich, "Picture Fuzzy Sets- a new concept for computational intelligence problems", Proc. 

World Congress on Information and Communication Technologies (WICT), 2013. doi: 

10.1109/WICT.2013.7113099. 

[12] Dogra. S, Pal. M, "Picture fuzzy matrix and its application", Soft Comput 24, 9413-9428. 

https://doi.org/10.1007/s00500-020-05021-4, 2020. 

[13] Dubois. D, Prade. H, "Rough fuzzy sets and fuzzy rough sets", Int. J. Gen. Syst., 17(2-3), 191-209, 1990. 

[14] Jeni Seles Martina. D, Deepa. G, "Some algebraic properties on rough neutrosophic matrix and its application 

to multi-criteria decision making", AIMS Mathematics Vol 8, Issue 10:24132-24152, 2023. 

[15] Kryszkiewicz. M, "Rough set approach to incomplete information systems", Information Sciences, Vol 

112:39-49, 1998. 

[16] Pal. M, Khan. S.K, Amiya K Shyamd, "Intuitionistic fuzzy matrices", Notes on Intuitionistic Fuzzy Sets, 

8(2),51-62, 2002. 

[17] Pawlak. Z, "Rough sets", International Journal of Computing and Information Sciences (11), 341-356, 1982.  

[18] Pawlak. Z, Rough sets: "Theoretical Aspects of Reasoning About Data", Kluwer Academic Publishers, 

Boston, 1991. 

[19] Said Broumi, Florentin Smarandache, Mamoni Dhar, "Rough Neutrosophic Sets", Neutrosophic Theory 

Appl., Vol 3:60-65, 2014. 

[20] Silambarasan. I, "Spherical Fuzzy Matrices", TWMS J. App. and Eng. Math., 13(1), 98-109, 2023.  

[21] Thomson. M.G, "Convergence of powers of a fuzzy matrix", Journal of Mathematical Analysis and 

Applications, 57, 476-480, 1977. 

[22] Vijayabalaji. S, Balaji. P, "Rough Matrix Theory and its decision making", International Journal of Pure and 

Applied Mathematics Vol 87, Issue 6:845-853, 2013.  

[23] Wu. W, Ju-Sheng Mi, Wen-Xiu Zhang, "Generalized fuzzy rough sets", Information Sciences, Vol 151:263-

282, 2003. 

[24] Yager. R.R, "Pythagorean Membership Grades, Complex Numbers and Decision Making", International 

Journal of Intelligent Systems, Vol 28, Issue 5:436-452, 2013. 

[25] Yager. R.R, "Pythagorean Membership Grades in Multi-Criteria Decision Making", IEEE Transactions on 

Fuzzy Systems, Vol 22, Issue 4:958-965, 2014. 

[26] Zadeh. L. A, "Fuzzy sets", Information and Control, 8, 338-353, 1965. 

 

  


