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Abstract:- In, this paper we establish Ulam-Hyers stability of quadratic functional equation involving  Mean sum 

of functions of consecutive variables of the form   
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1. Introduction 

The stability problem of functional equations was raised by Ulam S M. [32] in 1964. In fact he imposed the 

question “Suppose that a function fulfilling a functional equation approximately according to some concord. Is it 

then possible to find near this function a function satisfying the equation accurately?” In 1941 Hyers D H [16] 

gave a consequential partial solution to this problem in his paper. 

        Hyers’ result was generalized by Aoki.T [2] for additive mappings. In 1978, Rassias Th M [29] generalized 

Hyers’ result, a fact which rekindled interest in the field. Such type of stability is now called the Ulam-Hyers-

Rassias stability of functional equations.We refer the curious readers for further information on such problems to, 

for example, [4,5,6,7,9,10,13,14,17,18,22,23]. 

        The main aim of this paper is to give the generalized Ulam-Hyers-Rassias stability of quadratic functional 

equation of the form 

           ( ) ( ) ( )( ) 







 −−++ 








= 










= == == =

m

a

m

ab
ababa

m

a

m

ab

m

a

a

b
b uuquuq

b
uq

b
u

a
q

1
2

1
2

1 1

1

2

111
                    (1) 

in Banach space using direct and fixed point method. 

              Now, we recall the fundamental result of alternative fixed point theory. 

Theorem. 1.1. [The alternative fixed point] Suppose for a complete generalized metric space ( )d, and strictly 

contractive mapping  →: with  Lipschitz  constant L  . Then  for each given u ,either 

( ) =+ uud nn 1,  for all  ,0n  

or there exist a natural number 0n  such that 



Tuijin Jishu/Journal of Propulsion Technology 

ISSN: 1001-4055 

Vol. 47 No. 02 (2026) 

__________________________________________________________________________________ 

230 

(AF1)  ( ) + uud nn 1, for all ;onn   

(AF2)   The sequence }{ un   is convergent to a fixed point   
*u of  ;    

(AF3)   
*u  is the unique fixed point   in the set   ( ) };,:{ = uudu on  

(AF4)   ( ) ( )uud
L

uud ,
1

1
, *

−
  for all u  

2.STABILITY RESULT IN BANACH SPACE USING DIRECT METHOD 

    In this section we analyze the Ulam-Hyers stability of  functional equation (1) in Banach space using direct 

method. Hereafter throughout this paper, assume that 1  be a normed linear space and 2 be a Banach space. 

We use the following abbreviation for a given function 21:  →q by
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for all ),...,3,2,1(,1 miui = . 

Theorem 2.1 Let 1=  be fixed. Also let   ),0[: 1 →
m

 be a mapping satisfies                   
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for all ),...,3,2,1(,1 miui =  and 21:  →q be a mapping satisfies the inequality  

                                                  ( ) ( )mm uuuuuuq ,...,,,...,, 2121                                                                   (3) 

for all ),...,3,2,1(,1 miui = . Then there exists a unique quadratic mapping  21:  →Q such that 
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for  all 1u ,where  the mapping )(uQ and )(u  are defined  by 
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( )muu ,...,0,0)(  =  for all 1u   respectively. 

Proof. Case (i): Assume  1= . Replacing  ( )muuu ,...,, 21  by ( )u,...,0,0  in (3), we get 
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for  all 1u . Changing  u  by mu  in (5), we obtain 
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for  all 1u .Taking ( ) )(,...,0,0 umu  = into (6), we arrive 
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for  all 1u . In general  
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for  all 1u . Setting u by um l
 in (8) and dividing 

lm2
, we reach 
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for  all 1u . As limit →l the right off  (9) approaches to  0. Hence the sequence 
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for  all 1u . To prove that Q  satisfies (1), replacing ( )muuu ,...,, 21 by ( )m
nnn umumum ,...,, 21  and dividing 

nm2
 in (3) and allowing limit →n  and using (10), it is easy to see that Q  satisfies (1) for all 

),...,3,2,1(,1 miui = . To prove Q  is unique, we let 'Q be another mapping satisfies (1) and (3).Then we have 
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for  all 1u . The rest of the proof is similar to that of Case (i). This completes the proof of the Theorem.  

    The following corollary is the immediate consequence of the Theorem II.1 concerning the stability of (1). 

Corollary 2.2   Assume   be positive number and   be real number  with 2 . Let 21:  →q  be a 

mapping satisfying the functional inequality 
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for all ),...,3,2,1(,1 miui = . Then there exists unique quadratic mapping  21:  →Q   such that 
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for  all 1u . 

3.STABILITY RESULT IN BANACH SPACE USING FIXED POINT METHOD 

     In this section we analyze the Ulam-Hyers stability of  functional equation (1) in Banach space using fixed 

point method. 

Theorem 3.1  Suppose 21:  →q be a function satisfies the inequality (3) for which there exists a mapping 
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Proof. Assume a set  

                                                               = }0)0(,:|{ 21 =→ qqq                                        (18) 

 and define the generalized metric on  as 
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Therefore  (AF1)  of  Theorem I.1 holds. 

By (AF2) of Theorem I.1, there exists a fixed point Q  of q  in   such that 
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To show that 21:  →Q  satisfies the functional equation (1), idea of this just similar lines to that of 

Theorem II.1.  
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for all 1u . Hence the proof is complete. 

Corollary 3.2 Assume   be positive number and   be real number with 2 . Let 21:  →q  be a 

mapping satisfying the functional inequality 
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for all ),...,3,2,1(,1 miui = . Then there exists unique quadratic mapping  21:  →Q   such that 
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for  all 1u . This competes the proof of the corollary. 

  4.  Some real life application problems  

  In this section we provide some real life application problems based on the quadratic functional equation (1) for 
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and   

   ( ) ( )( )

( ) ( )

( ) ( )

1 2 31 2
1

1 2 1 22 2

1 2 32 2 2 2 2
1 2 1 2

2

2 3 2 3

( )
2 3

1 1

2 31 1 1 1 1 1
1 ( ) ( ) ( ) .

2 3 2 3 3 2 1

3

+ ++   
+ +   

   

  
+ + − −  

        
= + + + + + +       + − −      

 +  
 + + − −   

u u uu u
q u q q

q u u q u u

q u q u q u
q u u q u u

q u u q u u

                      (35)  

Example-4.1: [Application problem in flood management] 

  A river basin is prone to flooding, and the water level is modeled by the quadratic function 
2)( uuq = , where u

is the rainfall intensity and )(uq  is the water level. The rainfall intensity is expected to be hmm18  for the first 

hour, hmm26  for the second hour. Using the quadratic functional equation (34), find the maximum water level 

expected during the flood. 

Solution:  Let 181 =u  and 262 =u . Then , we have                  

( )
2

1( ) 18 324;q u = = ( )
2

2( ) 26 676;q u = = ( ) 193644)(
2

21 ==+ uuq , ( ) 648)(
2

21 =−=− uuq  

                                                        ( ) 48422
2

221 ==






 + uu
q . 

Using the quadratic function (30), we can verify that,  

LHS of (30) 
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                                                       ( ) .808484324)22(18
2

)( 2221
1 =+=+=







 +
+

uu
quq  

RHS of (30) 

( ) ( )( )

( )  

( ) ( )

1 2 1 2 1 22 2 2

1 1 1 1
1 ( ) ( )

22 2 2

1 1 1 1
1 (324) 676 1936 64

4 4 2 4

1
324 324 676 936

4

324 484 808.

q u q u q u u q u u
    

+ + + − −    
    

   
= + + + −   
   

= + + +

= + =

 

Therefore, the maximum water level expected during the flood is approximately 808 meters.

 

Example-4.2: [Application problem in mount sliding impact] 

  A mountainous region is prone to landslides, and the impact of a landslide on the surrounding terrain is modeled 

by the quadratic function 
2)( uuq = , where u  is the volume of the landslide )(uq  is the impact. The region is 

expected to experience three landslides with volumes of 000,10 cubic meters, 000,20 cubic meters and 000,30

cubic meters. Using the quadratic functional equation (35), find the total impact of the three landslides.  

Solution:  Take 000,101 =u  000,202 =u  and 000,303 =u . 

Using the quadratic function (30), the total impact of the three landslides is approximately 1225,000,000 units. 

Example-4.3: [Application problem in  pregnancy process] 

   A healthcare provider is monitoring the growth of a fetus during pregnancy. The growth of the fetus is modeled 

by the quadratic function 
2)( uuq = , where u  is the number of weeks of pregnancy and )(uq  is the fetal growth. 

The provider wants to estimate the total growth of the fetus over three consecutive trimester, with 10  weeks in 

the first trimester, 20  weeks in the second trimester, and 30  weeks in the third trimester. Using the quadratic 

functional equation (35), find the total growth of the fetus. 

Solution:

 

 Let ,101 =u 202 =u  and .303 =u  

Using the quadratic function (30), the total growth of the fetus is approximately 1,225 units. 

Example-4.4: [Application problem in satellite launch] 

     A satellite launch vehicle has three stages, each with a different fuel capacity. The fuel ca pacity of each stage 

is modeled by the quadratic function 
2)( uuq = , where u  is the number of fuel tanks and )(uq  is the fuel capacity. 

The first stage has 10  fuel tanks, the second stage has 20  fuel tanks, the third stage has 30  fuel tank, and fourth 

stage has 40  fuel tanks.  Using the quadratic functional equation (1) for .4=m Then the total fuel capacity of the 

launch vehicle is approximately 350,1 units. 

Solution: (Hint: Using example-1,2)  

Similar way to we can extend many application problems based on the quadratic functional equation (1) in various 

scenarios on m -variables.
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