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1. Introduction

The stability problem of functional equations was raised by Ulam S M. [32] in 1964. In fact he imposed the
question “Suppose that a function fulfilling a functional equation approximately according to some concord. Is it
then possible to find near this function a function satisfying the equation accurately?” In 1941 Hyers D H [16]
gave a consequential partial solution to this problem in his paper.

Hyers’ result was generalized by Aoki.T [2] for additive mappings. In 1978, Rassias Th M [29] generalized
Hyers’ result, a fact which rekindled interest in the field. Such type of stability is now called the Ulam-Hyers-
Rassias stability of functional equations.We refer the curious readers for further information on such problems to,
for example, [4,5,6,7,9,10,13,14,17,18,22,23].

The main aim of this paper is to give the generalized Ulam-Hyers-Rassias stability of quadratic functional
equation of the form

m 1 a m( m ] 1
Zq(— Zub} z(z—zjq( o)t —z(z — (gl +u,)- q(ub—ua))) M)
a=1 \ 4 b=1 a=N\b=a b a=I\b ab

in Banach space using direct and fixed point method.

Now, we recall the fundamental result of alternative fixed point theory.

Theorem. 1.1. [The alternative fixed point] Suppose for a complete generalized metric space ( ,d )and strictly
contractive mapping é W —> Y with Lipschitz constant L . Then for each given u ey either
d(ﬁ”u,(f"”u): o forall n>0,

or there exist a natural number #; such that
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(AF1) d(f"u,§"+lu)< woforall n2n,,
(AF2) The sequence {&"u} is convergent to a fixed point U of £

(AF3) U is the unique fixed point & intheset w={uecy: d(u,df"Ou>< ©o};

(AF4) d(u,u*)g ﬁd(u,fu) for all u ey

2.STABILITY RESULT IN BANACH SPACE USING DIRECT METHOD

In this section we analyze the Ulam-Hyers stability of functional equation (1) in Banach space using direct

method. Hereafter throughout this paper, assume that /| be a normed linear space and ¥/, be a Banach space.

We use the following abbreviation for a given function g Y1 —>¥/» by

m 1 ¢« m( m ] 1 m( m
aq(ulouZV--aum): ZQ(_ Zubj_ Z( Z 2%(” )_ [ (Q(ub +u ) q(ub ua))j
a=1 \ a b=l a=\b=a b

alb—a

forall u; €y,(i=123,...,m).

Theorem 2.1 Let 7 ==1 be fixed. Alsolet Y ‘¥ —> [ 5 OO) be a mapping satisfies

m m m
y(m Uy, M Usy,..,m um)

lim = =0 2

n—e m
forall U; €yy, (i = 1,2,3,-..,141) and ¢ ¥ —> Y7 be a mapping satisfies the inequality
||8q(ul,u2,...,um)|S}/(u],uz,...,um) 3)
forall U; €Yy, (i=1,2,3,....,m) . Then there exists a unique quadratic mapping O 1 — W5 such that

w s
loG) - q<u>||< X M

T2

4)

23
for —all ey where the mapping QW)and o) are defined by QO(u)= lim P
k—o©

2k
a(u)= 7(0,0,...,11114) forall U €W | respectively.
Proof. Case (i): Assume 7 =1. Replacing (“1:”27---a“m) by (0,0,...,u) in (3), we get

H < 7(00,...u) ()
for all 4 €. Changing U by MU in (5), we obtain

Hq(u)—% < y(0,0,...,u) (6)

for all U €Yy .Taking }/(0,0,...,mu)= a(u)into (6), we arrive
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< a(u) (7

for all 4 € ¥/;. In general

- ®)

for all # €Y, . Setting # by m'u in (8) and dividing m* , we reach

i) el bt o
21 20D ” - 2(k+1)

m k=0 m

g(m"u)
m2n

for all ¥ €. As limit / — oothe right off (9) approaches to 0. Hence the sequence { } is a Cauchy

n
. . . mu )
sequence in ¥/, . Since ¥, is Banach, therefore the sequence {q( 5 )} converges to some point Ow)ey,.
m

So, we define

O(u) = lim M (10)

n—»o m2"

for all ¥ €. To prove that O satisfies (1), replacing (Ml,uz,...,um)by (m"ul,m"uz,...,m"um) and dividing
m*" in (3) and allowing limit 7—>% and using (10), it is easy to see that (O satisfies (1) for all
u; ey, (i=123,...,m). To prove © is unique, we let O'be another mapping satisties (1) and (3).Then we have
1

m2n

|0 -0 w)|=

O(m"u)=Q'(m"w)|

<ot =gt f}+ oty - Q')

a(mk+nu)

—7  —>0a n—>0
E )

<2y
k=
for all # € y¥/|. Therefore O(u)= Q' (x) which proves the uniqueness.

Case (ii): For 7 =—1. Putting U by % in (7) and multiplying m2 , we reach
m

mzq[ﬁ] —q(u)
m

sza(ij (11

for all ¥ €Y. In general

< ”zlm“q(ikj (12)
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for all 4 €Y. The rest of the proof is similar to that of Case (i). This completes the proof of the Theorem.
The following corollary is the immediate consequence of the Theorem II.1 concerning the stability of (1).

Corollary 2.2 Assume & be positive number and @ be real number with w#2.Let 4 1Y/ —>¥/5 bea
mapping satisfying the functional inequality

&
0 <
[0qutt3,e0, ) Sl 002 (13)
i=
for all u; €y,(i =1,2,3,...,m) . Then there exists unique quadratic mapping O : ¥ —>¥>5 such that
an’
m? — l‘ ’
O(u) — g(u)||< (14)
o =atl<) o
———w#2
‘m“’ -m?

for all U € Y.

3.STABILITY RESULT IN BANACH SPACE USING FIXED POINT METHOD

In this section we analyze the Ulam-Hyers stability of functional equation (1) in Banach space using fixed
point method.

Theorem 3.1 Suppose ¢ : ¥ —> W7 be a function satisfies the inequality (3) for which there exists a mapping

oom
7w —>[0,90) with the condition

y(v"u vty v U ) L 20
. i MoV M2V My —,l=
lim =0, where v. =4’
n—w v." ! .
! m,i=1

(15)

forall v, ey,,(i=1,23,...,m). If there exists £ = £(7) such that the function ¥ —> (1) has the properties

a(u)= y(0,0,...,mu); La(u) = Lza(v,-u) (16)
V.

1

for all ¥ € Y| . Then there exists unique quadratic function Q W —> YW satisfies the functional equation (1)
and the inequality

low - gwl< = atw (17
for all U €Y.
Proof. Assume a set
v=4{q|q:yy > y3.9(0)=0; (18)

and define the generalized metric on @ as
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d(g.q')=inflo > 0:[l¢(u) - ¢’ ()] < ow ()} (19)
for all U € Y/, itis easy to see that ((I),d ) is complete.

Define a mapping &, : @ — P by

£,y = 40 20)

i

for all u € ¥/|. Now to claim &, is contraction on @ , if for any ¢,q'e @ such that
d( ,q')SG
=) - ¢' W) < ow (u)

||q(uv) q(uv )|| o 2t

o O (u)H <oLa(u)

= d(‘fq’gq')S
= d(gqagq')g Ld(q,q') (21)

This shows that the mapping ffq : D —> D is contractive mapping on ® with Lipschitz constant L . It’s trail

around with (7) , we have

L < afu) (22)

for all ¥ € ;. With help of (19), (20) and (22) it is easy to see that
d(.fq,q)ﬁl ,for i=1

=dlg,,.q)< 17 (23)

Similarly,from (11) for the case i =0, it is easy to see that

mzq(ﬁ] — q(u)
m

for all U € Y, ,where La(u)=m’a 21 With help of (19) ,(20) and (24), we arrive
: m

< La(u) (24)

d(gq,q)ﬁL ,for =0
=dl,.q)< 23)
Combining (23) and (25), we have

dlg,,q)< 17 <o (26)
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Therefore (AF1) of Theorem I.1 holds.
By (AF2) of Theorem 1.1, there exists a fixed point © of &, in @ such that

. qlv;"u
O(u) = lim dl—) forall u €y,
Vl

n—»0 n o

To show that O : ¥/ —> W5 satisfies the functional equation (1), idea of this just similar lines to that of
Theorem II.1.

Again by (AF3) of Theorem 1.1, O(u) is the unique fixed point of &, in the set

N=1{0() € :d(0(u), g(w)<oc}
Finally by (AF4) of the Theorem 1.1, we arrive
1-i 1-i

a(Q.q)< =i, q)= dl.q)<

a(u)

[
= |0 - g < ——a(w)
1-L
for all 4 € /. Hence the proof is complete.

Corollary 3.2 Assume & be positive number and @ be real number with w=2. Let 4 ¥ —> W5 bea

mapping satisfying the functional inequality

&
Ogluty, syt | <9 m 27
i=l
for all u; € y,(i =1,2,3,...,m) . Then there exists unique quadratic mapping O :%71 —>¥> such that
_an®
m? —1‘ ’
Ou) —qu)]| < ” (28)
R P
———0*2
e =)
for all U ey
Proof. Let us take
&
Pyt ) =1 m (29)
" Egll u; ||
i

forall u; €y,(i=12,3,...,m) in Theorem II1.1. Replacing (u1 JUy el ) by (m"ul,m"uz,...,m"um) and dividing

by m* in the equation (29), we reach
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g .
n b
1 n n Vi
_n}/ Vl ul,Vi uz,... Vl um = e m
Vv n o,
; Nl P
V; i=1

{—)O
= as n—>0.
—0

Therefore (15) holds for allu; €y, (i =1,2,3,...,m) . Now it follows from (16), we have

&
@
e[

a(u)= }/(0,0,...,mu) :{

and

v om
1 v Ca(u);
= _20‘(‘/1“) = 5
i Viw7 a(u)3
1 La(u);
=—a(vu)=
; La(u);

for all U e yy.

-2
Case (i): For i =0, wehave L=y, % = (ij =m?. From (17), we obtain

L L am?
_ < = = 30
o6 - g < 7 @ = = a0 == (30)
for all yey, .
.. ) ) 21 .
Case (ii): For i =1, wehave L=v; ~ = (m) =— . From (17), we obtain
m
o) - g £ at = —— =22 (31)
1-L 1-L 1—m?

for all U ey,

-2 2
Case (iii): For i =0, we have L =v,”% = (ij = m_w . From (17), we obtain
m
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1-i w+2 «
1060 - gt < ) = =" (32)

-L 1- m® —m

for all u €y,

Case (iv): For i =1, we have L =v,“* = (m)”* = m—2 . From (17), we obtain
m

1-i w+2]|. ||@
J06) - gt < ) = —— ) - ol

(33)

for all # € ;. This competes the proof of the corollary.

4. Some real life application problems

In this section we provide some real life application problems based on the quadratic functional equation (1) for
m=2 and m=3. For m=2and m=3, the functional equation (1), becomes

ul +u2
q(u1)+q(Tj

(155 Jawr e at+ %Kl%j(q(ul +u)=q (1 —uz))}

(34

and

q(u1)+q(u1 —;uzj—kq(ul +u32 +u3j

11
(353 o) =g -us) )
:(l+i+qu(u )+(i+qu(u )+(ijq(u )+l
2 )T )T 1 (e v ) =g (n —u)
3 +q (u, +uy)—q(u, —uy)

Example-4.1: [Application problem in flood management]

A river basin is prone to flooding, and the water level is modeled by the quadratic function q(u) = u? , where u
is the rainfall intensity and g(u) is the water level. The rainfall intensity is expected to be 18mm/ h for the first

hour, 26 mm/ h for the second hour. Using the quadratic functional equation (34), find the maximum water level

expected during the flood.

Solution: Let #; =18 and #; =26 Then , we have

q(u) = (18)° =324; q(u,) =(26) =676; q(uy +uy)=(44)’ =1936, q(u, —uy)=(-8)’ =64

q(’“—”zj —(22)? = 484.

2

Using the quadratic function (30), we can verify that,

LHS of (30)
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qluy) + q(’“T”Zj =(18)* +(22)> =324+ 484 =808.

RHS of (30)
1 1 111
(1+27)‘1(”1)4‘2_2‘](“2)5{(2_2}‘](”1 +”2)_Q(”1 —U, ))j|

1 1 111
=|1+— [(324)+—(676)+—| —[1936 — 64
(145 )29+ 4 (@6)+3] {1936-64)
:(324)+i(324+676+936)
=324 +484 =808.

Therefore, the maximum water level expected during the flood is approximately 808 meters.
Example-4.2: [Application problem in mount sliding impact]
A mountainous region is prone to landslides, and the impact of a landslide on the surrounding terrain is modeled

by the quadratic function ¢q(u) =u? , where U is the volume of the landslide g(u) is the impact. The region is
expected to experience three landslides with volumes of 10,000 cubic meters, 20,000 cubic meters and 30,000

cubic meters. Using the quadratic functional equation (35), find the total impact of the three landslides.

Solution: Take U =10,000 Uy = 20,000 and U =30,000

Using the quadratic function (30), the total impact of the three landslides is approximately 1225,000,000 units.
Example-4.3: [Application problem in pregnancy process]|

A healthcare provider is monitoring the growth of a fetus during pregnancy. The growth of the fetus is modeled
by the quadratic function g(u) = u’ ,where U is the number of weeks of pregnancy and ¢(u) is the fetal growth.

The provider wants to estimate the total growth of the fetus over three consecutive trimester, with 10 weeks in
the first trimester, 20 weeks in the second trimester, and 30 weeks in the third trimester. Using the quadratic
functional equation (35), find the total growth of the fetus.

Solution: Let Y =10, Uy = 20 and Us =30.

Using the quadratic function (30), the total growth of the fetus is approximately 1,225 units.
Example-4.4: [Application problem in satellite launch]
A satellite launch vehicle has three stages, each with a different fuel capacity. The fuel ca pacity of each stage

is modeled by the quadratic function q(u)= u? , where ¢ is the number of fuel tanks and ¢(u) is the fuel capacity.
The first stage has 10 fuel tanks, the second stage has 20 fuel tanks, the third stage has 30 fuel tank, and fourth
stage has 40 fuel tanks. Using the quadratic functional equation (1) for m=4. Then the total fuel capacity of the
launch vehicle is approximately 1,350 units.

Solution: (Hint: Using example-1,2)

Similar way to we can extend many application problems based on the quadratic functional equation (1) in various
scenarios on M -variables.
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