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Abstract:- The content of the article is a single server bulk arrival non-Markovian queue. The arrival process is a
compound Poisson process with arrival size is a random variable follows a discrete distribution. The customers
wait in a queue of infinite capacity if the service is not immediate. In queue the first in first out queue discipline
is applied. At each service completion point the server apply two different vacation policies. Based on these two
models are defined and analysed. The vacation period follows general distribution. The customers are given
service singly; the service time follows general distribution. When the server is busy, the server may breakdown,
the number of breakdowns follows exponential distribution. After breakdown, there is a potential delay before the
repair process starts. The delay period and the repair period are generally distributed. After vacation ends, the
server may continue the vacation, called extended vacation follows general distribution. The server is on vacation
or repair there is a standby server, the server is service time follows exponential distribution. In addition, the
arriving group will be restricted to join the system with state dependent parameter. The model is analysed by
obtaining the probability generating function of the number of customers in the queue at various server’s states.
Numerical illustrations are provided. Control chart analysis is carried out.
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1. Introduction

Queueing systems are mathematical models used to analyse waiting phenomena in service systems such as
communication systems, manufacturing systems, transportations systems and computer systems. In many real
valued situations, customers or jobs do not arrive individually but in group or batches and the stochastic processes
governing arrivals or services do not satisfy the memoryless property. Such a systems are classified as bulk arrival
non-Markovian queues. In a bulk arrival queue, arrivals occur in batches of random size rather than one at a time.
The batch size be a discrete random variable, allowing for variability in the number of customers arriving
simultaneously. Such a models cannot be analysed using simple birth-death process and instead require advanced
techniques such as renewal theory, embedded Markov chain, supplementary variables, probability generating
function and transform methods.

Queue with restricted admissibility is a queueing system where arrivals are selectively allowed or denied
entries based on capacity, state or policy. That is the arriving customers are admitted only if certain conditions are
satisfied. If these conditions are not met, the arriving customers is rejected, blocked or lost without receiving
service. The admission to the system may be restricted based on; system capacity, current number of customers
in the system, priority rules and probabilistic admission policies. In queues with restricted admissibility help in:
Reducing congestion and improving service efficiency.
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In a queueing system while working the server may takes break for a random period of time called
vacation period. Difference vacation policies are defined by the researchers based on vacation starting point. At
each service completion point the server takes two vacation policies. One, the server takes vacation with
probability p(0 < p < 1)(Policy I). The other the server takes vacation compulsorily (Policy II). Instead of
breaking sometimes the server may fails called server breakdown. Once the breakdown occurs the server may
send for repair immediately or the server may send for repair after a random period of time. This random period
is called delay time. In addition, in some cases if the main server is on vacation or breakdown, the server may be
replaced by a stand by server. In this paper the basic model is a non-Markovian bulk arrival queue with vacation,
breakdown, delay time, extended vacation, stand by server and restricted admissibility of customer.

2 Review of literature

Many researchers are working on bulk queues. Some notable works in this area are Armero and Conesa
(2000), Arumuganathan and Ramaswami (2005), Chang et al., (2004), Fakinos (1991), Srinivasan et al., (2002),
Sumita and Masuda (1997), Ushakumari and Krishnamoorthy (1998), Stadje (1989) Ramaswami (1980),
Lucantoni (1991) and many others.

The other topic in queueing theory, which has immediate practical application is queue with breakdown,
also called queue with unreliable server. Many researchers have contributed on queue with unreliable servers and
some noteworthy works are Ke (2005) and Wang (1995,1997).

When a system suddenly stops functioning due to a failure, most of the works available in the literature
assume that the repair process on the system starts immediately. However, Khalaf et al (2012) analysed a batch
arrival breakdown and delay time. The concept of extended vacation and delay in starting the repair process, some
authors introduced the idea of a stand by server in some of the system Madan (1995), Neuts (1984) considered an
M/G/1 queue with restriction on the number of customers to be admitted during a service period or with restriction
on the time period at which the customers are admitted. Madan and Dayyeh (2002) investigated a bulk queue with
restricted admissibility of batches and with Bernoulli schedule server vacation.

3 The Model

A non-Markovian queue has been considered. There is a single server in the queue. At each arrival
epochs X number of customers arrive, where X is a random variable whose probability distribution (; = Pr{X =
Jj}. The arrival process is compound Poisson process with parameter A. The arriving customers stays in a waiting
line of infinite capacity, if the service is not immediate. The customers are served singly and the service time is
generally distributed with distribution function B(x). In the waiting line first in first out queue discipline is
applied. At each service completion epoch, the server takes vacation of random length, follows general distribution
with distribution function G;(x). The vacation policies as defined in the introduction part are applied and two
models are defined and analyzed. At any instant of time the server may breakdown. The number of breakdowns
follows Poisson process with parameter a. After breakdown, there is a potential delay before the repair process
starts. The delay period follows general distribution with distribution function D (x). After completion of delay
period the repair process starts, the repair period is a random variable with distribution function R(x). At each
service completion period, the server takes vacation. There are two policies
Policy I: The server takes vacation with probability p(0 < p < 1)

Policy II: The server takes vacation compulsorily.

Based on these policies two models are defined and analyzed. This vacation period is generally distributed with
distribution function G;(x). After vacation period is completed, the server may continue the vacation with
probability r. This vacation period is called extended vacation follows general distribution with distribution
function G,(x). When the server is on vacation or repair, there is a standby server, this standby server’s service
period follows negative exponential distribution with rate p, . In addition, When the server is idle the arriving
group will be allowed to join the system with probability p, when the server is busy the arriving group will be
allowed to join the system with probability p; . When the server is on vacation the arriving group will be allowed
to join the system with probability p, .When the server is repairing the arriving group will be allowed to join the
system with probability p; . When the server is on extended vacation the arriving group will be allowed to join
the system with probability p, When the server is in delay period the arriving group will be allowed to join the
system with probability ps .

The mathematical model is defined using the notations given in the following table 2.1.
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Table 2.1: Notations

Notations Description
A Arrival rate
X Arrival batch service
G P{X =}
B(x) Service time distribution
G, (%) Vacation time distribution
a Breakdown rate
D(x) Delay time distribution
G, (x) Extended vacation time distribution
R(x) Repair time distribution

Probability of taking extended vacation

‘Zz Stand by server’s serv‘ice rate

HO The server gtate at tlmc? t .
141 (%) Hazard rate func‘Flon of service tlme
0,(x) Hazard rate functlon of vacation tl‘me '
0,(x) Hazard rate function of .extended \{acgtlon time
y(x) Hazard rate funct1.0n of repair time
B(x) Hazard rate function of delay time

Since G;(x),G,(x),B(x),D(x) and R(x) are cumulative distribution functions, we have
G1(0) = G,(0) =B(0) =D(0) =R(0) =0
G1(%0) = Gy(0) = B() = D(0) = R(0) =0

The Hazard rate function of service time, vacation time, extended vacation time, repair time, delay time are
defined as
dB(x) dG,(x) dG,(x) dR(x) dD(x)
=T 5/~ 9 =T QA 9 =T A =T =T~
We define the following generating functions,

P(z;x) = Z B, (x)z" ,V(z;x) =
n=0

s

V,(x)z™,R(z;x) = z R, (x)z"
n=0

0

3
Il

S(z;x) = Z Sp(x)z™U(z;x) = Z U,(x)z™
n=0 n=0

Define M (t) be the number of customers in the queue at time t and the server state &(t), the server state at
time t.
, server is idle at time t
, server is busy at time t

server is on vacation at time t
server is on extended vacation at time ¢t
server is in delay at time ¢

, server is in repair at time t
{(M ®),¢ (t)): t = 0} is a bivariate Markov process, where
E = 0! bl(t)i b2 (t)’ b3 (t)’ b4(t), bS(t)
The following probabilities are defined for the mathematical analysis
Q) =hR{M(@) =0;¢(t) =0}

B,(x;t) = B{M(t) =n;t < by(x) <t +dt}
V,(x;t) = BAM(t) = n;t < by(x) <t + dt}
S,(;t) = B{M(t) = n;t < by(x) <t +dt}
U,(x;t) = BAM(t) = n;t < by(x) < t + dt}
R,(x;t) = B{M(t) = n;t < bg(x) <t +dt}

The steady state probabilities are as t — oo

§0) =

abrwNPR O
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Py (x;8) = By(x); V(s 8) = 1V (x); Sp(x5t) = Sp(x); Un(x; ) = Upn(x); Ry (x5 8) = Ry (x);

Based on the arguments in Cox (1955), the following differential-difference equations are obtained:
—Py(x) = —(pa A + 13 (x) + )Py (x) 2.1)
ZP(2) = (A + 1y (x) + QP (x) + p1A Bl CiPocy ()

forn>1 (2.2)
ZVo(x) = (P A + 0, (0) + p2)Vo () + 1z V(%) 2.3)
V() = —(p2d + 61(6) + Ve () + p2A Bty GV ()

+u,Vpp1(x), forn > 1 (2.4)
—Ro(x) = —(psd + ¥ (x) + 2)Ro(2) + itz Ry(x) (2.5)

2 Ru(x) = =(03A + ¥ (x) + )Ry (%) + P32 Tl CiRyo; ()

+1R 11 (%), forn > 1 (2.6)
= So(x) = —(pal + 0,(x))So(x) 2.7)
= 80(6) = = (pal + 0200))S2(6) + Pad By CiSney (2)

forn > 1 (2.8)
S-Us(x) =0 2.9)

2 Upn(x) = ~(psA + BCO))Un(x) + PsA Ny Gl ()

forn > 1 (2.10)
PoAQ = [,” Ro()y(x)dx + (1 —p) [,” Po()py (x) + (1 —7) [ V()6 (x)dx +
[Y S0 (08, (x)dx @.11)
PoAQ = " Ro()y()dx + (1 — 1) [, Vo(2)8; (x)dx + f(f’ So ()6, (x)dx (2.11a)

The Boundary conditions are
P(0) = (1 =) [, Posr s ) dx + (1 = 1) [ Vs ()05 (x)dlx +
fooo Sp+1 ()0, (x)dx + fooo Rpi1(X)y(x)dx + pgACpy1Q, forn >0  (2.12)
P(0) = (1 = 1) [, Vo1 ()0, ) + [7° Spi1 ()0, (x)dx +
fooo Ry1()y(x)dx + pgACnitQ, forn =0 (2.12a)

V,(0)=p fooo B, (), (x)dx, forn = 0 (2.13)
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Vo(0) = [J7 By (0)py (x)dx, forn > 0 (2.132)
$p(0) =7 [7V, ()61 (x)dx, forn > 0 (2.14)
Upn(0) = [, Pooy(x)adx = aPy_y, forn > 1 (2.15)
Ry (0) = [," U, (x)B(x)dx, forn > 1 (2.16)
R,(0) =U,(0) =0 (2.17)

Normalization condition is

> o fooo[ B, (x)dx + V, (x)dx + R,(x)dx + S, (x)dx + U, (x)dx] =1  (2.18)
The equations (2.1)- (2.11), (2.12), (2.13)- (2.18) represents the model with vacation
policy L.
The equations (2.1)- (2.10), (2.11a), (2.12a), (2.13a), (2.14)- (2.18) represents the model
with vacation policy II.
Multiplying equation (2.2) by z" and applying ).;—,, we have
T Py (07" = =i A+ () + @) By Pa(X)2" +

P1A Ln=1Xi=1 CiPni (x)2"

Adding the above equation with equation (2.1), we have
T o Py (07" = (A + () + @) T Pa(X)2" +

P1A Y= Xi=1 CiPni (X)2"
—~P(z:x) = [~(pd + (%) + @) + p1AC(D)]P (2 %)
Where Yoy Xt CiPy_i (x)z™ = C(2)P(z; x)

Integrating of above equation with respect to x with the limits from ‘0" to ‘x’, we have
P(zx) = P(20) o[- P12+ @) +p1AC(@)]x— [y p1 (Wdu (2.19)

Multiplying equation (2.4) by z" and applying );;—,, we have
a (00} ©o
52n=1 Vo (02" = —(pd + 0:(x) + u2) Xp=q Vu (2™ +
P2A Xn=1 2= GV (0)2™ +pp Xpoq Vi ()27
Adding the above equation with equation (2.3), we have
0 woo )
75 2n=0 Vo (02" = =(p24 + 01(x) + p12) Xz Va (x)2™ +
P2A Xp=1 2=t GV (0)2™ o Xpoo Vi1 ()27
]
aV(z; x) = [—(pzl + ,u2+01(x)) + p,AC(2) + %] V(z;x)
Where Yo Xty GV (0)2™ = C(2)V (25 x)
Integrating of above equation with respect to x with the limits from ‘0’ to 'x’, we have
V(Z; .X') — V(Z; 0)e[—(p2/1+ﬂ2)+p2/1C(Z)+%]X—f:91(u)du (220)
Multiplying equation (2.6) by z™ and applying Y.;—,, we have
0 woo )
aanl Ry (x)z" = _(p3l +y(x) + uy) anl Rn(x)zn +
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P3A X1 i1 CiRp—i (X)Z™ 41y Y=g Rpyq () 2"
Adding the above equation with equation (2.5), we have

350 Ry (02" = —(psd + ¥ () + 11z) Bt Rn (2" +

P3A X=1 Xiz1 CiRp—i (X)z™ +pp Yoo Rp1 () 2"
ZR(z:%) = [~ (psd + 12 + ¥ () + paAC(2) + 2| R(z; %)
Where Y771 ¥ty CiRy—; (X)2" = C(2)R(z; x)

Integrating of above equation with respect to x with the limits from ‘0’ to 'x’, we have

R(z;x) = R(z; O)e[—(p3/1+u2)+p3)LC(Z)+%]X—f;C)/(u)du

Multiplying equation (2.8) by z" and applying ).;—,, we have
? woo o
aZn=1 Sp(x)z™ = _(134/1 + 0, (x)) Y=t Sp(x)z™ +
Pat Xp=1 Ni=1 CiSn—i (X)Z"

Adding the above equation with equation (2.7), we have
30 Sn (02" = —(pad + 6,()) Tiio Sp (22" +
) Pat Xp=1 Xi=1 CiSn—i (X)Z"
55(22 x) = [~ (pad + 0,(x)) + psAC(2)]S(z; x)
Where Yo X CiSp_i (0)z™ = C(2)S(z; x)

(2.21)

Integrating of above equation with respect to x with the limits from ‘0’ to 'x’, we have

S(Z; x) — S(Z; O)e[—p4/1+p4lc(z)]x—f: 6, (w)du

Multiplying equation (2.10) by z™ and applying }:,—;, we have
a (00} ©o
EZn=1 Uy (x)zn = _(Ps/l + ﬁ(x)) 2n=1 Un(x)Zn +
PsA Y=y Xi=1 CiUn—; (x)2"

Adding the above equation with equation (2.9), we have
X o Un (02" = =(psA + B()) Bito Un (1)2" +
5 PsA Xp=1 Xi=1 CiUn—; (X)2"
5 Uz x) = [=(psA + B(x)) + psAC(2)]U (z; x)
Where Yo Xt CiUy_; (x)z™ = C(2)U(z; x)

(2.22)

Integrating of above equation with respect to x with the limits from ‘0’ to 'x’, we have

U(z;x) = U(z; 0)e[—p5/1+p5/1€(z)]x—f:[>’(u)du

Multiplying equation (2.12) by z" and applying Y:n—,, we have
1—-p (° 1—r (%
P(z;0) = Tpf P(z )y (x)dx + 7f V(2 x)0; (x)dx
0 0

+ljw5(z; x)6,(x)dx + lfooR(z; x)y(x)dx + MC(Z)Q
zJ, zJ, z

1—-p (® 1—7r (%
_Tp i Po () (x)dx —7rfo Vo(x)0; (x)dx

(2.23)
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— =1y S0()02(x)dx = - [ Ro(X)y (x)dx (2.24)
Multiplying equation (2.12a) by z™ and applying Y..—, we have

[ee]

P(z:0) = % f V(200 () dx + % f S 08, () dx + % ] R(z x)y(x)dx
0 0 0

ol 1—71 (® 1%
+22 e - [ vwowdx - | 5,006,(dx
z z J, z ),
- i fooo Ro(x)y(x)dx (2.24a)
Substituting the value of equation (2.11) in (2.24), we have
1- *© 1—r(® 1r°®
P(z;0) = Tp P(z; x)u, (x)dx + T,f V(z;x)0,(x)dx + Ef 0,(x)S(z; x)dx
0 0 0

+ 27 Rz 0y () dx + 22 (c(2) - 1) (2.25)

Substituting the value of equation (2.11a) in (2.24a), we have
1

P(z0) === [,"V(zx)6; (x)dx + l [, 8,(x)S (z; x)dx

+ 2 R@ 0y (x)dx + 22 (c(2) - 1) (2.25a)
Multiplying equation (2.13) by z" and applying Y-, we have
V(z0) =p [, m(x)P(zx)dx (2.26)
Multiplying equation (2.13a) by z™ and applying ., —,, we have
V(z;0) = fooo w1 (X)P(z; x)dx (2.26a)
Multiplying equation (2.14) by z" and applying Y:n—,, we have
S(z:0) =71 [ 6,(x)v(z x)dx (2.27)

Multiplying equation (2.15) by z" and applying Y-, we have
U(z;0) = a(2)P(2) (2.28)

Multiplying equation (2.16) by z™ and applying Y-, we have
R(z0) = [°y()U(z x)dx (2.29)

Integrating equations (2.19) partially with respect to ‘x’, with the limits from ‘0’ to ‘x’, we
have

P(z; x)dx = P(z; 0)e 1o m@du (2.30)
where, L = [-(PjA + a) + P;AC(2)]

Multiplying equation (2.30) by p4 (x) and integrating partially with respect to ‘x’, with the
limits from ‘0’to ‘o0’, we have

[ Pz 0)m (x)dx = P(z; 0)B*(L) 2.31)

Integrating equation (2.30) partially with respect to ‘x’, with the limits from ‘0’ to ‘0’, we
have

P(z) = [, P(z;x)dx = P(z;0) “ =2 (2.32)
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Integrating equation (2.20) partially with respect to ‘x’, with the limits from ‘0’ to ‘x’, we
have

V(z x)dx = V(z; 0)e~4*~Jo 01(wdu (2.33)

where, A = [~ (22 + 112) + p2AC(2) + ]
Multiplying equation (2.33) by 6; (x) and integrating partially with respect to ‘x’, with the
limits from ‘0’to ‘o0’, we have
Jy V(z;x)6,(x)dx = V(z;0)G; (A) (2.34)

Integrating equation (2.33) partially with respect to ‘x’, with the limits from ‘0’ to ‘c0’, we
have
« 1-G{(A
V(z) = f V(z; x)dx = V(z; 0) %
0
Integrating equation (2.21) partially with respect to ‘x’, with the limits from ‘0’ to ‘x’, we
have

R(z; x)dx = R(z; 0)e~C*~Jo y(Wadu (2.36)
where, C = [—(p3A + uy) + p3AC(2) + %]

(2.35)

Multiplying equation (2.36) by y(x) and integrating partially with respect to ‘x’, with the
limits from ‘0’to ‘o0’, we have
Jy R(z x)y(x)dx = R(z; 0)R"(C) (2.37)

Integrating equation (2.36) partially with respect to ‘x’, with the limits from ‘0’ to ‘0’, we
have
R() = [ R(zx)dx = R(z; 0) L2

- (2.38)

Integrating equation (2.22) partially with respect to ‘x’, with the limits from ‘0’ to ‘x’, we

have

S(z; x)dx = S(z; 0)e " Hx~Jo f2(wau (2.39)
where, H = [—p4Ad + pyAC(2)]

Multiplying equation (2.39) by 8, (x) and integrating partially with respect to ‘x’, with the
limits from ‘0’to ‘c0’, we have
J," S(z;x)8,(x)dx = S(z;0)G3 (H) (2.40)

Integrating equation (2.39) partially with respect to ‘x’, with the limits from ‘0’ to ‘c0’, we

have
S = [ Sz x)dx = S(z; 0) L=2E) (2.41)

H

Integrating equation (2.23) partially with respect to ‘x’, with the limits from ‘0’ to ‘x’, we
have
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U(z; x)dx = U(z; 0)e~Ex~Jo Fdu (2.42)
where, E = [-psd + psAC(2)]

Multiplying equation (2.42) by (x) and integrating partially with respect to ‘x’, with the
limits from ‘0’to ‘o0’, we have

I, Uz 0)B(x)dx = U(z; 0)D*(E) (2.43)

Integrating equation (2.42) partially with respect to ‘x’, with the limits from ‘0’ to ‘w’, we
have

[y Uz ) dx = Uz 0) 2221

(2.44)

Substituting the values of equations (2.31), (2.34), (2.37), (2.40) in (2.25), we have
1-—- 1—-r 1
P(z;0) = —LP(z,0)B" (L) + ——V(z 0)6i(4) +> 5(z; 0)G3 (H)

+2R(z; R (C) + 22 (c(2) - 1) (2.45)
Substituting the values of equations (2.34), (2.37), (2.40) in (2.252), we have

1—r 1
P(2;0) = —V(z 0)G; (4) +~ (2 0)G; (H)

+2R(z; )R (C) + 22 (c(2) - 1) (2.452)
Substituting the value of equation (2.31) in (2.13), we have
V(z;0) = pP(z;0)B*(L) (2.46)
Substituting the value of equation (2.31) in (2.13a), we have
V(z;0) = P(z;0)B*(L) (2.46a)
Substituting the value of equation (2.34) in (2.14), we have
S(z;0) =1V (z;0)G;(A) (2.47)
Substituting the value of equation (2.46) in (2.47), we have
S(z;0) = rpP(z;0)B*(L)G;{(A) (2.48)
Substituting the value of equation (2.46a) in (2.47), we have
S(z;0) =rP(z;0)B*(L)G{(A) (2.48a)

Substituting the value of equation (2.32) in (2.15), we have
[1-B*(L)]

U(z;0) = azP(z; O) (2.49)
Substituting the value of equation (2.43) in (2.16), we have

R(z;0) =U(z;0)D*(E) (2.50)
Substituting the value of equation (2.49) in (2.50), we have

R(z;0) = azP(z; 0) B2 p+ (g 2.51)
Substituting the value of equation (2.46) , (2.48), (2.51) in (2.45), we have

P(z;0) = LPo2Qc@ 1) (2.52)

J1
where,

J1=1[zL —L(1 —p)B*(L) — L(1 = r)pB*(L)G;(A) — LrpB*(L)G;(A)G;(H) —
az[1— B*(L)]|D*(E)R*(C)
Substituting the value of equation (2.46a) , (2.48a), (2.51) in (2.45a), we have

207



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 47 No. 02 (2026)

P(z;0) = 2D (2.52a)

where,

J2 =[zL = L(1 = 1)pB*(L)G{(A) — LrB*(L)G{(A)G;(H) — az[1 — B*(L)]D*(E)R*(C)
Now we have to find H; (z) by adding equations (2.32), (2.35), (2.38), (2.41), (2.44), we
have

Hi(z) =P2)+V(Zz)+R(2z)+S(2)+U(2)

Hi(z) = P(20) (2.53)
where, K; = ACHE[1 — B*(L)] + LCHEpB*(L)[1 — G:(A)] + AHEaZ[1 —

B*(L)ID*(E)[1 — R*(C)] + rpLACEB*(L)G;(A)[1 — G,(H)] +

aZACH[1 — B*(L)][1 — D*(E)]
Now we have to find H,(z) by adding equations (2.32), (2.35), (2.38), (2.41), (2.44), we have

H,(z) =P(2)+V(z)+R(2)+S(2) +U(2)

K.
Hy(2) = P(z;0)—2— (2.53a)

where, K, = ACHE[1 — B*(L)] + LCHEB*(L)[1 — G{(A)] + AHEaZ[1 —
B*(L)ID*(E)[1 — R*(C)] + rLACEB*(L)G;(A)[1 - G,(H)] +
aZACH[1 — B*(L)][1 — D*(E)]

Substituting the value of equation (2.52) in (2.53) ,we have

Hy(2) = %ﬁ}‘”’“ (Vacation policy I) (2.54)
1

where, n; = poAQ(C(2) — Din, = Ky
dl :A,dz = C,d3 :H;d4 :E;dS :]1

Substituting the value of equation (2.52a) in (2.53a) ,we have

H,(z) = % (Vacation policy II) (2.54a)
2

where, n; = ppAQ(C(2) — )in, = K,
d1 =A,d2 =C,d3 =H,d4=E,d5 =]2

4. Some performance measures
The following performance measures are derived for the model discussed in section 2

1. Idle probability for vacation policy I
Q== (3.1)

l2
Where il = 720q2{d1,d21d3,d4ld5,}2

i, =iy +5poA(2 — 2q)n,'Vd,'d,'ds'd, ds' + 2poAqn,Vd,'d, ' ds'd, ' ds’ —
5poAn,'Vd,""d;'ds'd,'ds" — SpoAn,'Vd,'dy " ds'd, ' ds" —
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5poAny'Vd,'dy'ds" dy'ds' — 5poAny’Vd,'dy'ds'd," ds" —
SPOAnZIVd1’d2,d3Id4,dSII

2. Idle probability for vacation policy 1I
Q== (3.1a)

L2

Where il = 720q2{d1,d2’d3,d4ld5,}2

i =i + 5peA(2 — Zq)nzlvd1’d2’d3’d4ld5’ + Zpo/lqnzvdfdz’ds’dz;’ds’ -
5poAn,’Vd,"'d,'ds'd,'ds’ — 5poAn,'Vd,'d," " d;y'd, ds’ —
5poAn,’Vd,'d,'ds" d,'ds’ — S5poAn,'Vd,'d,'ds'd, " ds' —
SpoAn,'Vd,'d;'ds'd, ' ds"

3. Mean number of customers in the queue for vacation policy I

v _ DVNVI-NYDV!
M=H()=HQ) =g

Where, DV = 120d1’d2,d3ld4,dsl

(3.2)

D! = [360d,"d,'ds'd,'ds’ +360d,'d," ds'd,'ds' +360d,'d,'ds"d, ds’ +
360d,'d,'ds'd," ds’' +360d,'d,'ds'd, ds""]

NV = 5n,'n,V
NI = [15n,"n,"" +6n,'n,"]
Where, ny' = poQAE[X].
n" = poQ[AE[X?] - 2E[X]],
dy = p2AE[X] + up
dy = psAE[X] + s,
d; = p4AE[X],
dy = psAE[X],
d," = p,A|[E[X?] - E[X]],
d," = psA[E[X?] - E[X]],
ds" = p,A[E[X?] - E[X]],
d," = psA[E[X?] - E[X]],

dc = ;1 AE[X][1 — B*(a)] + apB*(a)E[V]d] + arpB*(a)E[S]d; + aE[U]d,
[1 — B*(a)] + aE[R] d}[1 — B*(a)] + aB* (),
ds” = 2pi AE[X] + quA[E[X?] - E[X]] - p1A[E[X?] - E[X]]B" (@) —
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2p,AE[X]1B"" (a)p, AE[X] + 2p,AE[X] pB*(@)E[V]d} + 2ap
B" (a)p;AE[X]E[V]d] — apB*(a)E[V?][d;']* + apB*(a)
E[V]dY + 2p,AE[X]rpB*(@)E[S]d} + arpB’" (a)E[S]d}
P1AE[X] = 2arpB*(a)E[V]E[S]d3d; — arpB*(a)E[S?][d5]
+arpB*(a)E[S]dY + 2aE[Uld} + 2aE[R] dj — aE[U?][d,']?
+aE[U)dy — 2aE[U)d4E[R] dj — a E[R?][d,']? + 2aB"" ()
p1AE[X] — 2ad,B*(a)E[U] — 2aB*(@)E[R] d}, — 2aB"" ()

p1AE[XIE[X]E[U]d) — 2aB" (0)[q1AE[X] + v1]E[R] d3 + aB*(a)
E[U%][d,']? — aB*(a)E[U] d} + 2aB*(a)E[U] d,LE[R] d} + a

B*(a)E[R?][d,']* — aB*(a)E[R] d;"

V' =24d,'d,'d;'d,'[1 — B*(a)] + apB*(a)E[V]+a[l — B*(a)]E[R] + arp

B*(a)E[S] + a[1 — B*(a)]E[U]

Where,

4.
M=H(z)=H()=

[1 — B*(a)]+42d,'d,'d5'd,"'[1 — B*(a)] — 96d,'d,'d5'd,'B"" (a)p, AE[X] +

96p,AE[X]d,'d5'd,'pB* (@)E[V]d] + 42ad,"'d;'d,'pB* (@)E[V]d] +
42ad,'d;" d,/'pB*(@)E[V]d] + 42ad;d;'d,' ' pB* (@)E[V]d] +
96ad,d;'d,'pB"" (a) p1AE[X]E[V]d} — 42ad,'d;'d,'pB* (a)E[V?][d,']? +
42ad,'d;'d,' pB* (@)E[V]d] + 42ad,"d5'd,'[1 — B*(a)]E[R] d} +
42ad,'dy"d,’ [1 — B*(«)]E[R] d}y + 42ad,'d5'd,"'[1 — B*(a)]E[R] d
96ad,’'d;'d,'[1 — B*(a)]E[R] d} + 96ad,'d;'d,'B"" (a)p, AE[X]E [R]
96ad,'d;’ dy[1 — B*(a)|E[RIE[U][d,']? — 42ad,'d5'd,'[1 —

B*(a)] E[R?1[d,']? + 42ad,'d;'d,'E[R] [1 — B*(a)]d,"” +
96rpp,AE[X]d,'d,'d,'B*(@)E[S]d; + 42arpd,’'d,'d,'B*(a)E[S]d} +
42arpd,'d,"d,'B*(a)E[S]d; + 96arpd,'d,'d,’ B”" (a)p, AE[X]E[S]d} —
96arp[d,'1?d,'d,'B*(a)E[V]E[S]d} + 42arpd,'d,'d,”" B*(@)E[S]d} —
42arpd,'d,'d,'B*(a)E[S?][d5')? + 42arpd,'d,'d,/B*(«)E[S]dY +
96ad,'d,'d;'[1 — B*(a)]E[U]d} + 42ad," d,'d;'E[U][1 — B*(a)]d,’ +
42ad,'d,"d;'E[U][1 — B*(a)]d,' + 42ad,'d,'d;""E[U][1 — B*(a)]d," +
96ad,'d,'ds'B"" (a)p, AE[X] E[U]d} — 42ad,'d,'d5'[1 —

B*(a)] E[Uz][d4']2 +42ad,'d,'d;'[1 — B*(a)] E[U]d,"

Mean number of customers in the queue for vacation policy II
DYNVI_NV VI

6(DV)2
DV = 120d1,d2,d3’d4’dsl

DV! = [360d,"d,'ds'd,'ds’ + 360d,'d," ds'd,'ds’ +360d,'d,'ds"d,'ds’ +

360d,'d,'ds'd," ds’' +360d,'d,'ds'd, ds""]

NV = 5n1'n21V

NI = [15n,"n,"" +6n,'n,"]

Where, ny' = p,QAE[X].

(3.2a)
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n," =poQ[AE[X?] — AE[X]],
di = p2AE[X] + u;
dy = p3AE[X] + p,

d; = psAE[X],
dy = psAE[X],

d," = p,A[E[X?] - E[X]],
d;" = psA[E[X?] — E[X]],
ds" = p,A[E[X?] - E[X]],
d," = psA[E[X?] - E[X]],

dc = p1AE[X][1 — B*(a)] + aB*(a)E[V]d; + arB*(a)E[S]d;
+ aE[U]dy[1 — B*(a)] + aE[R] d3[1 — B*(a)] + aB*(a),

ds" = 2p,AE[X] + p1A[E[X?] — E[X]] - p1A[E[X?] — E[X]]B*(a) — 2p,AE[X]

B (a)p,AE[X] + 2p,AE[X] B*(«)E[V]d}] + 2aB’ (a)p,AE[X]1E[V]d] —
aB*(a)E[V?][d,'1? + aB*(a)E[V]d] + 2p,AE[X]rB*(«)E[S]d} + arB’" ()
E[S]d3p,AE[X] — 2arB*(a)E[V]E[S]d3d; — arB*(a)E[S?][d;5']?
+arB*(a)E[S]dy + 2aE[U]d} + 2aE[R] d; — a E[U?][d,']? + aE[U]d} —
2aE[U]d4E[R] d) — a E[R?][d,']? + 2aB" (a)p,AE[X] — 2ad}B*(a)E[U]
—2aB*(a)E[R] d} — 2aB" (a)p,AE[X]E[X]E[U]d} — 2aB"* (a)p,AE[X]
E[R]d, + aB*(a)E[U?][d,']? — aB*(@)E[U] d} + 2aB*(a)E[U] d,E[R]

d, + aB*(a)E[R?][d,']? — aB*(a)E[R] d,"

n,!V = 24d,'d,'d;'d,'[1 — B*(a)] + aB*(a)E[V]+a[1 — B*(a)]E[R] + arB*(a)
E[S] + a[1 — B*(a)]E[U]

n,’ = 42d,"d,'d;'d,' [1 — B*(a)] + 42d,'d,"d5'd,' [1 — B*(a)]+42d,'d,'d;"d,’
[1— B*(a)]+42d,'d,'d5'd,"'[1 — B*(a)] — 96d,'d,'d5'd,'B"" (a)p, AE[X] +
96p,AE[X]d,'d5'd,/B*(@)E[V]d} + 42ad,"d;'d,'B* (@) E[V]d] +
42ad,'d;" d,/B*(a)E[V]d] + 42ad,yd;'d,'' B* (a)E[V]d] +
96ad,d;'d,'B"" (a) pyAE[X]E[V]d} — 42ad,'d;'d,'B* (a)E[V?][d,']? +
42ad,'d;'d,'B*(a)E[V]d, + 42ad,"d5'd,'[1 — B*(a)]E[R] d} +
42ad,'dy"d,’ [1 — B*(a)]E[R] dy + 42ad,'d5'd,"[1 — B*(a)]E[R] d}, +

96ad,'d;'d,'[1 — B*(a)]E[R] d} + 96ad,'d;'d,'B"* (a)p, AE[X]E[R]d} —

96ad,'d;’ dy[1 — B*(«)]E[R]IE[U][ds'1? — 42ad,'d;'d,'[1 —

B*(a)] E[R?1[d,']? + 42ad,'d;'d,’E[R] [1 — B*(a)]d,"” +

96rp, AE[X]d,'d,'d,'B* (@)E[S]d} + 42ard,"d,'d,'B*(«)E[S]d} +
42ard,'d,"d,'B*(a)E[S]d} + 96ard,'d,'d,’ B (a)p,AE[X]E[S]d} —
96ar(d,'1?d,'d,/'B*(«)E[V]E[S]d} + 42ard,'d,'d,"' B*(a)E[S]d; —
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42ard,'d,'d,'B*(«)E[S?][d5')? + 42ard,'d,'d,'B*(«)E[S]d} +
96ad,'d,'d;'[1 — B*(a)|E[U]d, + 42ad,"'d,'d;'E[U][1 — B*(a)]d,’ +
42ad,'d,"d;'E[U][1 — B*(a)]d,’ + 42ad,'d,'d;""E[U][1 — B*(a)]d,’ +
96ad,'d,'ds'B"" (a)p,AE[X] E[U]d}, — 42ad,'d,'d;'[1 — B*(a)] E[U?][d,']? +
42ad,'d,'d;'[1 — B*(a)] E[U]d,"”

5. Variance number of customers in the queue
V=H"(1)+H'(1) - [H'(1)]? 3.3)
ey — g1y — 2V
H'(z) =H"(1) = (34
6. Variance number of customers in the queue
V=H"(1)+H'(1) - [H'(1)]? (3.32)
ey — ey — 2V
H'"'(z) =H"(1) = 260 (3.4a)
7. Numerical Illustrations:

The model analysed in this article is numerically analysed by assuming the
general distribution has negative exponential distribution with following suitable parameters.

E[X] = 2, E[V] = —E[S] = —E[R] = ~E[U] = =, E[x?] = 21
q’ 0, 0, 14 B’ q% '
26, 20, 2y 2-B
E[V?] = JE[$?] = JE[R?] = ==L B[R} = =,
V2] = S 15 = S el = L e =
o) = B B =
B (@) _a+u1'B (@) (a+puq)?

The following performance measures in section 3 are calculated

1. Idle probability for vacation policy I
Q=32 4.1
Where il = 720q2{d1,d2,d3,d4’dsl}2
iz = a1 + 5p01(2 - zq)nzlvd1,d21d3,d4ld5, + Zpolqnzvd1,d21d3,d4,d5’ -
SpoAn,Vd,""d;'ds'd,'ds’ — SpoAny'V dy'dy"d5'd,'ds" —
SpoAn,'Vd,'d;'ds"d,'ds’ — 5poAny'Vd;'d,y'ds'd, " ds" —
5poAn,’Vd,'d,'d;s'd,'ds"
2. Idle probability for vacation policy IT
2
Where il = 720q2{d1,d21d3,d4ld5,}2
i, = a; + 5pgA(2 — 2q)n,'Vd,'d,'ds'd, ' ds’ + 2poAqn,Pd,'d,'ds'd,'ds’ —
SpoAn,'Vd,"'dy'ds'd,'ds" — SpoAny'Vd,'d, " ds'd, ' ds" —
SpoAn,'Vd,'dy'ds"d,'ds’ — 5poAny'Vd,'d,y'ds'd," ds' —
5poAn,’Vd,'d,'ds'd,'ds"”
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3. Mean number of customers in the queue
M=H(z)=H()= DVN"'-N"DV' 4.2)
- - - 6(DV)?2 )
A
Where, n,’ = poq ¢
1 _ PoAQ[2—-2q]
ng = T
A
n 474 — 1
2 q*(a+p1ye,6,BY

A+
d:,l — | qq#Z

d. = pP3d+qu;
=202

q
Dal
dy ===
37 ¢
psA
d, =25t
T ¢
dll p24[2-24q]
1 = qz
" p3i[2—2q]
ay ==

= 4(@+i):6,8y
Ly = ap;A0,0,By + apuy[p,A + qu,] 0,By+arpu,p,A0, By + a’psA6, 0,y +
afz[Ps/1 + QH2]9192,3 + au,q6,0,Py

d 144 — LZ—L3
5 T q2(at+ps)?0,26,2B2y?

L, = 2p1Aq(a + 111)?6:60,° %y? + p1 A2 — 2q](a + p1y)?6,%6,° B?y? +
2[p1 212 116:2022 B2y % + 2puspr Alpa2 + qus] (@ + 111)0,0,° B2y % +
apuip2A[2 — 2q] (a + .‘11)9192232}’2 + 2rppy p1ApsA(a + H1)91292,32V2 +
arpppsA[2 — 251]9129232}’2(0-’ + 11) + 2apiAq(a + .“1)29129223)/2 +
2a[psd + qualq(a + 11)?6,°6,° B2y + apsA[2 — 2q](a + 11)?6,°6,° By* +

2ap, D1 Aps A0, %0, By? + 2ap 01 Alps A + qu,10:°6,% B2y + au [psA)?[2 — Bl(a +

M1)912922)’2 + apy[2 —y]lpsA + Q.Uz]z(a + /,t1)912922[>’2

Ly = wypi A2 — 2q1(a + uy)6,%60,° B2y % + 2appyp1 A[q2 A + qui21610,°B%y? +
apus[2 — 04][p2A + qua)? (@ + 1) 60,2 B%y? + arpuspiApaA0,°6, 22 +
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2arppipadlp2A + qupl(a + 1) 6,0, 8%y? + arpuy [2 — 6,][pad]* (a +
ﬂ1)912ﬁ2)’2 + alpsAl?[2 - Bl(a + ﬂ1)2912922V2 + 2apsA[psd + quz](a +
1)260:%0,° By + al2 — y1[psA + qua]?(a + 11)%6,%6,°B% +
2“#11’1/151912922,32)’2 + 2appsAq(a + lll)elzezzﬁ)’z + 2ap,q(a + py)[psd +
1210176, B%y + appsA2 — 2q](a + p1)6:°6,° By * + 2apipsA(a + ) [psA +
qu216:%6,°By + aupsAl2 — 2q](a + 1y)6,%6,° By

Where,
Ay = 24[pA + quzlpaApsAlpsd + qua](a + ) 6,6,8y[aq*6,0,By + apu,q*6,
+ a?q*6,0,B + arpu,q*6, By + a*q*6,6,y

vV _ Ayx—A3
a5 (a+p1)261%6,° f2y?

n;

Ay = 42ap,A[2 — 2q1[psA + qualpadpsA(a + p1)0,%6,° B?y? + 42ap;A[2 —
2q]1[p2A + qualpadpsA(a + 11)0,°6,° B2y + 42a[p,A + qua[psd +
u21pad[2 — 2qlpsA(a + p1)0:%6,°B%y? + 42a[p,d + qual[psd + qualpsAl2 —
2q]psA(a + ﬂ1)912922.32)’2 + 9611 p1AP4ADsA[P2A + qual[psA +
q1210:1%6;°B?y? + 96pusp1 ApaApsAlpaA + quallpsd + qual(a + 1) 0410, %y? +
42appuipsAl2 — 2q1padpsAlpz2 + qual(a + 111)010,° B2y % + 42apu paA[2 —
2q]lpsA + quz] psAlp2A + qua](a + ﬂ1)9192232]’2 + 42apu,[psA +
u21padpsA2 — 2q1[p2A + qua)(a + p1)0:6,%B2y? + 42app, [psA +
QU2 1PadpsAp2A[2 — 2q] (o + 111)616,° B2y % + 42a%p,A[2 — 2q]paApsAlpsd +
quz)(a + p1)60:%6,° By + 42a?[p, A + quylpail2 — 2q1[psd + qualpsA(a +
#1)912922,32}’ +42a?[p,A + qualpsA[2 — 2q][psd + quz]psA(a +
11)601%6,°B%y + 96a2qlp,A + qualpadpsAlpsd + qual(a + p1)60,%6,° By +
420—’219411751193/1[2 —2q][p2A + quz](a + ll1)912922,32)/ +
961 7PP1APsAPsA[D2A + qual[psd + quol(a + 11)6,°0,5%y? + 42arpu,p,A[2 —
2q1paApsAlpsd + qual(a + 111)6:°6,8%y? + 42arpuy paApsApsAl2 — 2q][p,2 +
qauz)(a + p1)0:%60,8%y? + 42arpuspaAps A2 — 2q1[psA + quzllp,2 + qu,](a +
#1)9129232)’2 + 42arpu psApaAl2 — 2q][p3 A + quallpA + qua](a +
11)0:1%60,8%y? + 96a2 qpsApsAlpsA + quyllpaA + qu,10:26,%py? +
42a?p,A[2 — 2q)psApadlpsA + quol(a + 1101260, By ? + 42a?pyApsApsA[2 —
2q1[poA + qual(a + p11)60:%6,% By? + 42a?paA[2 — 2q][psA + qu,][p,A +
Qu21psd (@ + 11)0:%6,% By? + 42a?pyA [psd + quallp22 + quzlpsAl2 — 2q](a +
#1)912922 ,3)’2

4. Mean number of customers in the queue

VNV _nV Vit
M=H(z)=H@1) =222

V) (4.2a)

2
Where, n,’ = poq ¢
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n' = PoAQ[2-2q]
1 q2
A
o 1
n, =
q*(a+p1ye,6,BY

1 __ D2Atqu;
d! = P2Atak:
1 a

A+
dé — pP3 qq#Z

d; =2
d, =2
dy = pz/l[qZZ—Zq]
dy = Psl[;Z—ZQ]

dll _ pai[2—2q]
3 = q2

" psA[2—-24]

d4_ = 2 q2
r_ L,
ds = Carinoi6.57
Ly = ap1160,6,Ly + au[pA + quz] 6,8y +aru,p, A6, By + a2P5/19192V +
afz[Ps/1 + qu;10,6,6 + au,q6,0,By
Ly—Ls

q2(a+p1)2601°6,° B2y?

"
d5 =

L, = 2p1Aq(a + 111)?6:%60,° B%y? + p1 A2 — 2q](a + p1,)?60,%6,° B?y? +
2[p1 421101260, B2y % + 211p1Alp22 + qup] (@ + 11)0,0,°B%y? +
apu1p2 A2 = 2q] (@ + (11)616,° By? + 2rpuypi ApaAa + 1) 0, %6, 8%y* +
arpy a2 — 2916, 20,82y (a + 1) + 2ap,Aq(a + p11)?6,°0,° By? +
2a[psd + qualqa + 11)?6,60,° By + apsA[2 — 2q](a + 11)?6,°6,° By * +
20—’#1191/1195/19129223)’2 + 2auip1Alpsd + Qﬂz]elzezzﬁzy + apy [p5/1]2[2 — Bl(a +
1)60:%6,%y? + ap [2 — y1lpsA + quz)*(a + 1) 60,26, B2

Ly = upi A[2 — 2q](a + 111)60: %6, B2y ? + 2apu p1 AlqxA + qu,1010,%B%y? +
ap[2 — 01][pA + CI.UZ]2 (a + /«‘1)92232)/2 + arulpl/lp4191292ﬁ2y2 +
2arpupaAlp2A + qup](a + H1)9192,32V2 + arpq[2 - 92][1941]2(0’ +
11)0:°B%y? + alpsA]?[2 — Bl(a + 11)260:°0,°y? + 2apsA[psA + quzl(a +
11)260:26,7By + al2 — y1[psd + qua]* (@ + p1)6,6, B +
2a1,p11961°60,° B2y ? + 2appsAq(a + 11)60:%6,° By + 2apy q(a + py)[psd +
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qu2101°0;° B2y + apipsA[2 — 2q)(a + 11)0,°0;,°By? + 2appsA(a + py)[psh +
QH2]912922ﬁY + appsA[2 — 2q](a + ﬂ1)912922,32]’

Where, A1 = 24[p,A + qu;]padpsAlpsd + qua](a +
11)616,By[aq*0,6,By + apu1q* 0,8y + a*q*6,6,8 + arp,q*6, By +
a2q49192V
vV Ay—Aj
a5 (a+11)26,1%6,% B2y?
Ay = 42ap,A12 — 2q1[psA + qualpadpsA(a + p1)0,%6,° B2y? + 42ap;A[2 —
2q][p2A + qualpadpsA(a + 11)0:°6,° B2y? + 42a[p,A + qual[psd +
u21pad[2 — 2qlpsA(a + p1)0:%6,°B%y? + 42a[p,d + qual[psd + qualpsAl2 —
2q]psA(a + ﬂ1)912922.32)’2 + 9611 p1AP4ADsA[P2A + qual[psA +
QH2]91292232)’2 + 9611 p1AP4ADsA[p2A + qullpsA + quz](a + H1)9192232V2 +
42ap,p3A[2 — 2q1paApsAlpad + qual(a + 111)010,% B2y ? + 42au,psA[2 —
2qllpsA + quz] psAlp2A + quz](a + ﬂ1)9192232]’2 + 42ap,[p3A +
Qu21padpsAl2 — 2q1[p2d + qual(a + 11)6:60,°B%y? + 42ap, [psd +
QU2 1PadpsAp2A[2 — 2q] (o + 111)616,° B2y % + 42a%p,A[2 — 2q]paApsAlpsd +
quz)(a + p1)60:%6,° By + 42a?[p, A + qua1pail2 — 2q1[psd + qualpsA(a +
ﬂ1)912922,32]/ + 426{2[172/1 + quzlpsAl2 — 2q][psA + qualpaAla +
11)601%6,°B%y + 96a2qlp,A + qualpadpsAlpsd + qual(a + p1)60,%6,° By +
42a%pyApsApsA[2 — 2q][paA + qua)(a + 1) 6,260, By +
96u1TP1 APaADsA[D2A + qual[psd + qual(a + p1) 60,20, 8%y? + 42arup,A[2 —
2q1paApsAlpsd + qual(a + 111)6:°6,8%y? + 42arp, paApsApsAl2 — 2q][poA +
quz)(a + p1)0:%0,8%y? + 42ar padpsAl2 — 2q1[psd + qupl[p22A + quol (a +
#1)9129232)’2 + 42arp psApsAl2 — 2q][psA + quzllp2A + quzl(a +
11)0:1%60,8%y? + 96a2 qpsApsAlpsA + quyllpaA + qu,10:26,%py? +
42a%p,A[2 — 2q1psApaAlpsd + qual(a + p1)60:%6,° By? + 42a?p,ApsApsA[2 —
2q]lp2A + quz](a + #1)912922 ,BVZ + 42512174/1[2 —2q]lp3A + quz][p22A +
qu21psd (@ + 111)0:%6,% By? + 42a?pyA [psd + quallp2A + qualpsAl2 — 2q](a +
#1)912922 ,3)’2

As = 96au,p1 ApaAPsAIP3A + quallpad + qus16,602°B%y? + 42au [psA +
qU21psApaAl2 — 011[p22 + quz]? (@ + 1) 05 B2y % + 96au, psAlp,A +
Q2 1psAp1 AlpsA + quz16,%6,% B2y + 96a[psA12[p2A + qualpsdlpsA +
quz)(a + p1)0:%6,° By + 42a?[2 — ypaAlpsA + quz*psAlp2A + quol (a +
11)6,%6,% B2 + 96ar iy p1 ApaApsA[psd + quallpar + qua6: 26,82y +
96ar ;1 psApsAlpsd + qualpA + qual?(a + )0 6,8%y? + 42arp;[2 —
0,1psA[psA? (P2 + quallpsA + qua](a + 1y)0,° B2y ? +
96au;p1ApsApsAlpsA + quollp22 + quz16,26,% By? + 42a[2 —
BIpaAlpsAl2[psA + quallpad + qua](a + py)6,%6,% y?

5. Variance number of customers in the queue for vacation policy I

n;
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V=H"'(1)+H (1) — [H'(1)?] (3.3)
i i 91N

H"(z)=H"(1) = o

6. Variance number of customers in the queue for vacation policy 1T

V=H"'(1)+H (1) — [H'(1)?] (3.3a)
124 124 91NV

H"(z) =H"(1) = T~

1260
The calculated values are tabulated in the table 4.1 and 4.2

Table 4.1: Idle Probabilities
(=499, 5=3.16,y=0.5,0, =0.86,=0.7, g = 0.07, p=0.09, u1 = 3.09, u> = 3.08, r =
0.09, po = 0.99, p; = 0.89,p, = 0.79,p; = 0.69,p, = 0.59, ps = 0.49)

A Q

Model 1 Model II
1.5 0.03379 0.02626
1.6 0.03461 0.02681
1.7 0.03557 0.02746
1.8 0.03667 0.02820
1.9 0.03791 0.02904
2.0 0.03932 0.02999
2.1 0.04090 0.03105
2.2 0.04269 0.03223
2.3 0.04471 0.03356
2.4 0.04699 0.03504

In table 4.1, for various arrival rates, the idle probabilities are calculated. As the
arrival rate increases, the frequency of server becomes idle also increases.
Table 4.2: Performance measures
(a=4.99,8=3.16,7 =0.5,0, = 0.8,6,=0.7, g = 0.07, p= 0.09, 1 = 3.09, ui» = 3.08, r =
0.09, p, = 0.99, p; = 0.89,p, = 0.79,p; = 0.69,p, = 0.59, ps = 0.49)

Model I Model 11

A M \% A M \%

1.5 0.96197 | 404.52151 1.5 0.96987 | 408.96355
1.6 0.96120 560.56989 1.6 0.96946 564.26074
1.7 0.96031 765.91132 1.7 0.96896 768.33545
1.8 0.95927 1033.61475 1.8 0.96837 1033.06274
1.9 0.95810 1379.88562 1.9 0.96771 1373.61023
2.0 0.95677 1824.84790 2.0 0.96695 1808.58057
2.1 0.95527 | 2393.56250 2.1 0.96609 | 2360.81982
2.2 0.95358 3117.35913 2.2 0.96513 3058.45361
2.3 0.95167 | 4035.62402 2.3 0.96405 3936.22241
2.4 0.94950 5198.19922 2.4 0.96283 5037.24707

6. Control Chart Analysis

Statistical process control is very much useful in studying quality control of a system.
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Many methods are proposed and analyzed by researchers; one is using control chart
analysis. A few common characteristics of control chart analysis, whatever may be the
type, contains upper and lower control limits. The quality of the data is measured using
the limit values. In this analysis there is a control line, which is usually considered to
be the target value. Statistically controlled system, the observations lie nearer to the
control limit (CL) and within the Upper control limit (UCL) and Lower control limit
(LCL). The upper control limit and the lower control limit are measured by the
following formulas:
CL=M
UCL=M +3VV
LCL=M -3V
For our model the control limits are calculated for mean number of customers in
the system by assuming the batch size follows decapitated geometric distribution
ag=a(l-a)*Lk=012..0<a<1

2(1-a)
CZZ

The first moment is é and the second moment is
The calculated values are tabulated in the table 5.1
Table 5.1: Control limits

(a=4.99,=3.16,y=0.5,0, = 0.8,0,=0.7,g = 0.07, p = 0.09, u1 = 3.09, ui» = 3.08, r =
0.09, p, = 0.99, p; = 0.89,p, = 0.79,p5 = 0.69,p, = 0.59,ps = 0.49)

Model I Model 11
A CL UCL LCL A CL UCL LCL
1.5 10.96197 | 61.30013 0 1.5 0.96987 | 61.60140 0
1.6 | 0.96120 | 71.99026 0 1.6 | 0.96946 | 72.23198 0
1.7 1 0.96031 | 83.98561 0 1.7 ] 0.96896 | 84.12555 0
1.8 10.95927 | 97.40891 0 1.8 0.96837 | 97.39225 0
1.9 10.95810 | 112.39854 0 1.9 10.96771 | 112.15445 0
20 ]0.95677 | 129.11150 0 20 |0.96695 | 128.54918 0
2.1 1095527 | 147.72743 0 2.1 0.96609 | 146.73090 0
2.2 10.95358 | 168.45354 0 22 10.96513 | 166.87500 0
23 10095167 | 191.53134 0 2.3 0.96405 | 189.18202 0
2.4 10.94950 | 217.24512 0 24 10.96283 | 213.88351 0

The table 5.1, shows the control limit for various values of arrival rate. For
lower limit, the calculated values are negative, in terms the values are taken as zero.

7. Conclusion

In this paper a single server batch arrival queue has been considered. In addition the server
takes compulsory vacation during service, the server may breakdown. Except inter arrival
time and inter breakdown period random variable all other random variables in this
model are generally distributed. That is the inter arrival time and inter breakdown
period are negative exponential distributions. The model is analyzed in steady state by
applying probability generation function method. In addition statistical quality control
process is carried out by the way of control chart analysis for mean number of customers
in the system. Some numerical illustrated are obtained. The model can be extended by
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assuming general inter arrival time and/are generally distributed inter breakdown
period.
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