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Abstract

In this paper, we study the notion of Fermatean fuzzy (resp. 4, 4S, P and Z) connected respective disconnectedness
in Fermatean fuzzy topological spaces. We also give some properties and theorems of such concepts with Fermatean
fuzzy connected spaces. Also we provide a comprehensive study of Fermatean fuzzy separated sets specifically the §, S,
P and Z-separated sets within the framework of Fermatean fuzzy topological spaces. We establish several fundamental
results concerning these separation concepts. Additionally, we introduce the notion of Fermatean fuzzy compact spaces,
including their §, §S, P and Z-variants, and examine their core properties with respect to the corresponding open sets.
Keywords: Fermatean fuzzy open set, Fermatean fuzzy Z connected, Fermatean fuzzy Z disconnected.
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1 Introduction

Fuzzy sets were introduced by Zadeh in 1965 [25], laying the foundation for the mathematical treatment of imprecise and
vague concepts that naturally occur in the real world. This development led to the emergence of several new branches
in mathematics and found applications in diverse fields such as statistics, data processing, and linguistics. Since then,
extensive research has been carried out in this area.

In 1968, Chang [6] introduced the concept of fuzzy topological spaces and generalized classical topological notions such
as open sets, closed sets, continuity, and compactness to the fuzzy context. Later, Atanassov [1] introduced intuitionistic
fuzzy sets, which further enhanced the capacity to model uncertainty. His work, along with contributions from other
researchers [2, 5], advanced the study of intuitionistic fuzzy topological spaces, a topic first explored by Coker [7].

Subsequently, Yager [23] proposed a non-standard fuzzy set known as the Pythagorean fuzzy set, which was later
extended to topological frameworks by Olgun et al. [12], who introduced the concept of Pythagorean fuzzy topological
spaces.

In 2020, Senapati and Yager [15] introduced Fermatean fuzzy sets, which provide greater flexibility in handling
uncertain information, especially in decision-making processes. They also defined basic operations on Fermatean fuzzy
sets. Building on this, Hariwan Z. Ibrahim defined Fermatean fuzzy topological spaces and studied the continuity of
functions between such spaces.

In our work, we extend these ideas by developing several stronger and weaker forms of Fermatean fuzzy open sets in
Fermatean fuzzy topological spaces. We also investigate some of their fundamental properties, supported by illustrative
examples.

Saha [14] introduced the notion of §-open sets in fuzzy topological spaces. The concept of topological spaces was
further studied by Pankajam et al. [13], and neutrosophic topological spaces were explored by Vadivel et al. [21]. Lellis
Thivagar et al. [11] investigated new developments in neutrosophic topology, intuitionistic topology, and fuzzy topology.
In 2011, El-Maghrabi and Al-Juhani [8] proposed the concept of MM-open sets in classical topological spaces and analyzed
several of their properties. Padma et al. [16] also studied M-open sets in the context of topological spaces. Vadivel et al.
[17, 18, 19] contributed to the study of various types of open sets in fuzzy and neutrosophic topological settings. Further
developments on M-open sets in fuzzy and neutrosophic topological spaces were presented by Kalaiyarsan et al. [10] and
Vadivel et al. [20]. Section 2 of this paper provides a brief review of fundamental definitions related to fuzzy sets fs’s,
intuitionistic fuzzy sets (I F'S’s), Pythagorean fuzzy sets (pfs’s), and Fermatean fuzzy sets (FFs’s).

Research Gap: No investigation on connectedness such as Fermatean fuzzy Z connected, Fermatean fuzzy Z discon-
nectedness in Fermatean fuzzy topological spaces has been reported in the Fermatean fuzzy literature.
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This paper introduces the concept of Fermatean fuzzy Z connected, Fermatean fuzzy Z disconnectedness in Fermatean
fuzzy topological spaces. We also give some properties and theorems of such concepts in Fermatean fuzzy topological
spaces.

2 Preliminaries
We recall some basic notions of fuzzy sets, IF'S’s, pfs’s and §Fs’s.

Definition 2.1 [25] Let X be a nonempty set. A fuzzy set A in X is characterized by a membership function g4 : X —
[0,1]. That is:
1, if reX
wa(z) =140, if xé¢ X
(0,1) if = is partly in X.

Alternatively, a fuzzy set A in X is an object having the form A = {< z,pa(z) > |z € X} or A= {<“A(x)> |z e X}

where the function p4(z) : X — [0,1] defines the degree of membership of the element, z € X.

The closer the membership value pa(z) to 1, the more z belongs to A, where the grades 1 and 0 represent full
membership and full nonmembership. Fuzzy set is a collection of objects with graded membership, that is, having degree
of membership. Fuzzy set is an extension of the classical notion of set. In classical set theory, the membership of elements
in a set is assessed in a binary terms according to a bivalent condition; an element either belongs or does not belong to
the set. Classical bivalent sets are in fuzzy set theory called crisp sets. Fuzzy sets are generalized classical sets, since the
indicator function of classical sets is special cases of the membership functions of fuzzy sets, if the latter only take values
0 or 1. Fuzzy sets theory permits the gradual assessment of the membership of element in a set; this is described with
the aid of a membership function valued in the real unit interval [0, 1].

Let us consider two examples:

(i) all employees of XY Z who are over 1.8m in height; (ii) all employees of XY Z who are tall. The first example is a
classical set with a universe (all XY Z employees) and a membership rule that divides the universe into members (those
over 1.8m) and nonmembers. The second example is a fuzzy set, because some employees are definitely in the set and
some are definitely not in the set, but some are borderline.

This distinction between the ins, the outs, and the borderline is made more exact by the membership function, u. If
we return to our second example and let A represent the fuzzy set of all tall employees and x represent a member of the
universe X (i.e. all employees), then pa(z) would be pa(z) =1 if x is definitely tall or pa(x) = 0 if x is definitely not
tall or 0 < pa(z) < 1 for borderline cases.

Definition 2.2 [1] The intuitionistic fuzzy sets are defined on a non-empty sets X as objects having the form I =
{{z, pr(x), A\r(x)) : « € X}, where pr(z) : X — [0,1] and Af(z) : X — [0, 1] denote the degree of memebership and the
degree of non-memebership of each element 2 € X to the set I, respectively, and 0 < pr(z) + Ar(z) < 1, for all z € X.

Definition 2.3 [1, 2, 3, 4] Let a nonempty set X be fixed. An IF'S A in X is an object having the form: A = {<
z,pa(x),Aa(z) > |z e X}or A= {<W> |z € X} , where the functions p4(z) : X — [0,1] and Ag(x) : X — [0,1]
define the degree of membership and the degree of nonmembership, respectively, of the element x € X to A, which is
a subset of X, and for every x € X : 0 < pa(z) + Aa(z) < 1. For each A in X: wa(x) = 1 — pa(z) — Aa(x) is the
intuitionistic fuzzy set index or hesitation margin of  in X. The hesitation margin 74 () is the degree of nondeterminacy

of x € X to the set A and ma(z) € [0,1]. The hesitation margin is the function that expresses lack of knowledge of
whether x € X or x ¢ X. Thus: pa(x) + Aa(x) + ma(x) = 1.

Example 2.1 Let X = {x,y, 2} be a fixed universe of discourse and A = {<0'6’0'1> <08 :0: 1> 0 5 0. 3 } be the intu-

itionistic fuzzy set in X. The hesitation margins of the elements x,y, z to A are as follows: 7 (z 0 3, ma(y) = 0.1 and
ma(z) =0.2.

Definition 2.4 [22, 23, 24] Let X be a universal set. Then, a Pythagorean fuzzy set A, which is a set of ordered
pairs over X, is defined by the following: A = {< z,pa(z), \a(z)|z € X} or A = {<M> |z € X}, where the
functions pa(z) : X — [0,1] and Aa(x) : X — [0, 1] define the degree of membership and the degree of nonmembership,
respectively, of the element z € X to A, which is a subset of X, and for every r € X, 0 < (ua(2))? + (Aa(2))? < 1.
Supposing (pa(2))? + (Aa(z))? < 1, then there is a degree of indeterminacy of x € X to A defined by wa(x) =
V1=[(pa()2+ (Aa(z))?] and 7a(z) € [0,1]. In what follows, (ua(z))? + (Aa(z))? + (7ma(x))? = 1. Otherwise,
7a(z) = 0 whenever (ua(z))? + (Aa(z))? = 1. We denote the set of all PF'S’s over X by pfs(X).
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Definition 2.5 [15] Let X be a universe of discourse. A Fermatean fuzzy set (§Fs) F in X is an object having the
form F = {< z,ur(z),\p(z) >: © € X} where pup(z) : X — [0,1] and Ap(z) : X — [0,1], including the condition
0 < (ur(2)® + (Ar(2))® < 1, for all z € X. The numbers pr(x) and Ag(x) denote, respectively, the degree of
memebership and the degree of non-memebership of the element x in the set F. For any §Fs F and z € X, 7mp(x) =
Y1 —[(pr(2))® — (Ar(x))3] is identified as the degree of interminancy of  to F. In the interest of simplicity, we shall
mention the symbol F' = (up, Ap) for the §Fs F = {< z,up(x), A\r(z) 1 x € X}.

Definition 2.6 [15] Let F' = (up, Ar), F1 = (up, Ar, ) and Fy» = (ug,, Ar, ), be three Fermatean fuzzy sets (FFs’s), then
their operations are defined as follows:

(i) FANFy=(min{ur, e}, max{ g, Ar,}).
(ii) F1 U Fy = (max{ur,, pr, b, min{Ar,, Ar, }).
(iti) F°= (Ap, pr).
Remark 2.1 If pp, = pp, and Ay, = Ap,, then F} = F5
Definition 2.7 [9] Let X be a non empty set and 7 be a family of Fermatean fuzzy subsets of X. If
(i) 1p,0p €T
(ii) for any Fy, Fy € 7, we have F1 N Fy € 7,

(iii) for any {F;}ier C 7, we have |J
topology on X.
The pair (X, 7) is said to be a Fermatean fuzzy topological space. Each member of 7 is called an Fermatean fuzzy
open set. The complement of an Fermatean fuzzy open set is called a Fermatean fuzzy closed set.

ser Fi € T where I is an arbitrary index set then 7 is called a Fermatean fuzzy

Remark 2.2 [9] As any Intuitionistic fuzzy subset or Pythagorean fuzzy subset of a set can be considered as Fermatean
fuzzy subset, we observe that any Intuitionstic fuzzy topological space or Pythagorean fuzzy topological space is a
Fermatean fuzzy topological space as well. On the other hand, it is obvious that a Fermatean fuzzy topological space
need not be Intuitionistic fuzzy topological space and Pythagorean fuzzy topological space. Even an Fermatean fuzzy
open set maybe neither an Intuitionistic fuzzy set nor Pythagorean fuzzy set.

Example 2.2 [9] Let X = {c;1,c2}. Consider the following family Fermatean fuzzy subsets 7 = {1z, 0p, F1, F2} where
By = {{c1,pp (1) = 0.4,Ap, (c1) = 0.6),{c2, i, (c2) = 0.1, Ap, (c2) = 0.3)} and F> = {{c1,pum(c1) = 0.9, Ap,(c1) =

0.6), (c2, iy (c2) = 0.2, A, (c2) = 0.3)}. Observe that (X, 7) is a Fermatean fuzzy topological space but (X, 7) is neither
Intuitionistic fuzzy topological space nor Pythagorean fuzzy topological space.

Definition 2.8 [9] Let (X, 7) be an §Fts and A = {< a,pna(a), a(a) > |a € X} be an FFs in X. Then the Fermatean
fuzzy interior and the Fermatean fuzzy closure of A are denoted by FFint(A) and FFcl(A) and are defined as follows:
SFint(A) = U{G|G is a FFos and G C A} and FFcl(A) = N{K|K is a §Fcs and A C K}. Also, it can be established
that FFcl(A) is an FFes and FFint(A) is an FFos, A is an FFcs if and only if FFcl(A) = A and A is an FFos if and
only if §Fint(A) = A. We say that A is FF-dense if FFcl(A) = 15.

Lemma 2.1 [9] For any Fermatean fuzzy set A in (X, 7), we have 15 — FFint(A) = FFcl(lz — A) and 1z — FFcl(A) =
3‘/—"Z'Tlt(1g — A)

3 Fermatean fuzzy (resp. J, 0S, pre and Z)-connected spaces

Definition 3.1 A function hg : (X1,71) = (X2, 72) is said to be Fermatean fuzzy

(i) continuous (briefly, FFCts), if for each FFo set M of X5, the set hgl(M) is §Fo set of X;.

(ii) & continuous (briefly, FICts), if for each FFo set M of X5, the set hgl(M) is §Fdo set of X;.
(iii) & semi continuous (briefly, FFOSCts), if for each FFo set M of X5, the set hgl(M) is §F6So set of X;.
(iv) pre continuous (briefly, §FPCts), if for each FFo set M of X, the set hgl(M) is §FPo set of X.

(v) Z continuous (briefly, §FZCts), if for each FFo set M of X, the set hgl(M) is §F Zo set of X;.
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Definition 3.2 A function hz : (X1,71) — (X2, 72) is called Fermatean fuzzy
(i) irresolute (briefly, §FZIrr) function, if for each FFo subset M of X, the set hgl(M) is §FSo subset of X;.
(ii) pre irresolute (briefly, FFPIrr) function, if for each FFPo subset M of X, the set hgl(M) is §FPo subset of Xj.

(iii) ¢ semi irresolute (briefly, §FdSIrr) function, if for each FFJISo subset M of X5, the set hgl(M) is §FdSo subset
of X1 .

(iv) Z irresolute (briefly, §FZIrr) function, if for each FFZo subset M of X5, the set hgl(M) is §F Zo subset of X;.

Definition 3.3 Let (X, 7) be a FFts. Then (X,7) is Fermatean fuzzy (resp. ¢, S, pre and Z) disconnected (briefly,
FFDCon (resp. FFODCon, FF6SDCon, FFpreDCon and FFZDCon)) if there exists FFo (resp. §Fdo, FFISo, FFPo
and §FZo) sets A, Bin X, A# 0z, B# 05 > AUB =15 and ANB = 0z. That is, ua V up =1 and Ag A Ag = 0;
paApup=0and Ay Vg =1.

If X is not FFDCon (resp. FFIDCon, FFISDCon, FFPDCon and §FZDCon) then it is said to be Fermatean
fuzzy (resp. 0, 6S, P and Z) connected (briefly, FFCon (resp. FFoCon, FFISCon, FFPCon and FFZCon)).

Example 3.1 Let X = {a,b} and the §Fs’s Ay, Az, A3 and Ay are defined as

HA, (a) = O2a >\A1 (CL) = 087
HAy (b) - 047 >\A1 (b) - 067
HA, (a) - 017 )\AQ (a‘) =0.9,
HA,y (b) = 0.3, )\A2 (b) = 0.7;
tag(a) =0.9, Ag,(a) =0.1,
HAs (b) = 0.7, >\A2 (b) = 0.3;
HAy (a) = 023 )\A4 (a) =0 87
Ay, (b) = 0.3, )\A4 (b) =0.7;

Let 7 = {0z, 1z, A1, As, A3, Ay} be a FFts on X.
Let A; and As are §Fo (resp. §Fdo, FF0So, FFPo and FF Zo) sets. Then X is FFCon (resp. FF0Con, FFISCon,
FFPCon and §FZCon).

Example 3.2 In Example 3.1, Let A3 and A4 are §F Zo sets. Then X is FFZDCon.
Definition 3.4 Let (X,7) be a §Fts. Let S be a Fermatean fuzzy subset of X.

(a) If there exists FFo (resp. FFdo, FFSo, FFPo and FFZo) sets L and M in X satisfying the following properties,
then S is called Fermatean fuzzy (resp. d, 0S, P and Z) C;-disconnected (briefly, FFC; DCon (resp. FFOC; DCon,
FF6SC;DCon, FFPC;DCon and FFZC;DCon)) (i =1,2,3,4) :

Ciy: SCLUM,LNM C S, SNL#0z,SNM#03.
Co: SCLUM,SNLNM =0, SNL#0z,SNM # 0;.
Cs: SCLUM,LNM CS¢LZS°,MZSe.

Cy: SCLUM,SNLNM =0z LZSMZS°.

(b) S is said to be Fermatean fuzzy (resp. 4, 6S, P and Z) C;-connected (briefly, FFC;Con (resp. FFIC;Con,
FFOSC;Con, FFPC;Con and FFZC;Con)), (i = 1,2,3,4) if N isnot FFC; DCon (resp. FFIC;DCon, FFISC; DCon,

SFPC;DCon and FFZC;DCon), (i = 1,2,3,4). Obviously, we can obtain the following implications between several
types of FFC;Con (resp. FF0C;Con, FFISC;Con, FFPC;Con and FFZC;Con), (i =1,2,3,4).

(1) FC1Con (resp. FF6C1Con, FFISC1Con, FFPC1Con and FFZC1Con) = FFC2Con (resp. FFoC2Con,
FFISCyCon, FFPC2Con and FFZC2Con).

(2) FFC1Con (resp. §F6C1Con, FFISC1Con, FFPC1Con and FFZC1Con) = FFC3Con (resp. FFoC5Con,
FFISC3Con, FFPC5Con and FFZC3Con).

(3) §FCsCon (resp. §F6C3Con, FFISC3Con, FFPC3Con and FFZC3Con) = FFCyCon (resp. FFoC,Con,
FF6SCyCon, FFPCyCon and FFZCyCon).

(4) FFCyCon (resp. FF6C2Con, FFISC2Con, FFPC2Con and FFZC2Con) = FFCyCon (resp. FF0C,Con,
FF6SCyCon, FFPCyCon and FFZCyCon).

Example 3.3 In Example 3.1, Let S = Ay. If L = A; and M = A3 are §F Zo sets, then S is
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(i) §FZC2Con but not FFZC1Con.
(ii) §FZC5Con but not FFZC1Con.
(iii) FFZC,Con but not FFZC1Con.

Example 3.4 9722 Let X = {a,b} and the §Fs’s Ay, As, A3, Ay, A5 and Ag are defined as
#Al( ) = 0.2, >‘A1 (a) = 0.8,

HA; (b) = 0.4, )\Al (b) = 0.6;
ta,(a) =0.1, Ag,(a) =0.9,
HAy (b) 0. 3 >\A2 (b) = 0.7;
fra,(a) =1, >\A3( ) =0,
1A, (b) = 0, A, (b) = 1;
HA, (a) 0, Aa, (a) =1,
MA4(b) 1, )‘A4(b) 0;
MAS(G) 0.1, )\As(a) =1
pas(b) =0.3, A, (b) =0.4;
HAg (a) =0.2, )\As (a) =0.8,
(

Let 7 = {0z, 1z, A;, Ao} be a FFts on X.
Let S=As. If L = A3 and M = Ag are F Mo sets, then S is §FMC4Con but not FFMC3Con.

Definition 3.5 Let (X, 7) be a §Fts is Fermatean fuzzy (resp. §, S, P and Z) Cs-disconnected (briefly, §FC5DCon
(resp. FFIC5DCon, FFOSCsDCon, FFPCsDCon and FFZCsDCon)) if there exists Fermatean fuzzy subset S in X
which is both FFo (resp. FFdo, FFISo, FFPo and FFZo) and FFc (resp. FFoc, FF6Se, FFPc and FFZc) in X, such
that S # 0z, S # 1z. If X is not FFC5DCon (resp. §F6C5DCon, FFISC5DCon, FFPCsDCon and FFZCs5DCon)
then it is said to be Fermatean fuzzy (resp. ¢, 6S, P and Z) Cs-connected (briefly, FFCsCon (resp. FFIC5Con,
FFISC5Con, FFPCs5Con and FFZC5Con)).

Example 3.5 In Example 3.1, Let S = Aj is §FCsDCon (resp. FFICsDCon, FF6SCsDCon, FFPCsDCon and
FFZC5DCon).

Theorem 3.1 FFC5Con (resp. FFIC5Con, FFISC5Con, FFPCsCon and FFZCs5Con)-ness implies FFCon (resp.
§FoCon, FF6SCon, FFPCon and §FFZCon)-ness.

Proof. Suppose that there exists non-empty §FZo sets A & B 3 AUB = 1z and AN B = 0. In this case we have

uaVug=1LdaAdg=0and ua Aup =0, aVIig=1 Let L={z €U :pua(z) >0}, M={z€U: pa(x)=0}. If

x € L, then pa(xz) >0 = pp(x) =0= pa(z) =1= Aa(z) =0= Ap(z) =1. f z € M, then up(z) =1= Ap(z) =0.

Hence pa = Ap and Ag = pp, that is B = A°. Therefore A is both §FZo and §F Zc set, and since B # 0z = A # 13,

0z # A # 15. Thus (X, 7) is §FZC5DCon. Similar situations exist in other scenarios. [ ]
However, as the following example demonstrates, the opposite may not be true.

Example 3.6 In Example 3.1, Let A; and A3 are §F Zo sets. Then X is §FZCon but not FFZC5Con.

Theorem 3.2 Let hg : (X1,71) = (X2,72) be a FFCts (resp. §F0Cts, FFISCts, FFPCts and FFZCts) surjection.
If X; is §FCon (resp. FFOCon, FFISCon, FFPCon and FFZCon), then so is X.

Proof. Assume that X, is not §FZCon, then there exists nonempty §Fo sets L & Z in Xo > LUM = 1z and
LN M = 0z. Since hg is §FZCts mapping, A = hgl(L) # 0z, B = hgl(M) # Oz, which are §FZo sets in X; and
hgl(L) U hgl(M) = hgl(lg) = 1z, which implies AU B = 1z. Also hgl(L) N hgl(M) = hgl(Og) = 0z, which implies
AN B =0z. Thus X; is §FZDCon, which is a contradiction to our hypothesis. Hence X5 is §FZCon. |

Corollary 3.1 Let hg : (X1,71) — (X2,72) be a FFCts (resp. §FICts, FF0SCts, FFPCts and FFZC'ts) surjection.
If X is §FC5Con (resp. FFOC5Con, FFOSC5Con, FFPC5Con and FFZC5Con), then so is Xs.

Theorem 3.3 Let hg : (X1,71) = (X2,72) be a §FIrr (resp. §FéIrr, FFoSIrr, FFPIrr and FFZIrr) surjection. If
X1 is §FCon (resp. FFoCon, FFOSCon, FFPCon and FFZCon), then so is Xo.

Proof. Assume that X5 is not §FZCon, then there exists nonempty S]-'Zo sets L & Z in X9 5 LUM = 1z and
LNM= 03 Since hgz is §FZIrr mapping, A ~ ( ) # 0z, B h_ (M) # Og, which are §FZo sets in X; and

h? (L)Uhg Y(M) = hs '(13) = 15, which 1mphes A U B =15. Also hy ( )N hy YM) = hy 1(03) = 03, which implies
ANB= Og Thus X, 1s §FZDCon, which is a contradiction to our hypothems Hence X5 1s S}"ZC’on
Similar situations exist in other scenarios. |
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Corollary 3.2 Let hg : (X1,71) — (X2,72) be a FFIrr (resp. §Folrr, FF6SIrr, FFPIrr and FFZIrr) surjection. If
X, is FFCsCon (resp. FF0C5Con, FFOSC5Con, FFPC5Con and FFZCs5Con), then so is Xs.

Theorem 3.4 Let (X, 7) be a FFts is FFC5Con ((resp. FFIC5Con, FFISCsCon, FFPCsCon and FFZCsCon) if and
only if there exists no nonempty FFo (resp. FFdo, FFISo, FFPo and FFZo) sets L and Z in X such that L = M.

Proof. Suppose that L and Z are §FZo sets in X such that L # 0z, M # Oz and L = M°. Since L = M, M€ is a
§FZo sets and Z is §F Zc set and L # Oz implies M # 1. But this is a contradiction to the fact that X is §FZC5Con.
Conversely, let L be a both §FZo set and Z is §FZc set in X such that L # 0z, L # 1. Now take L = M is a
FFZo set and L # 13 which implies LY = M # 0z which is a contradiction. Hence X is §FZC5Con.
Similar situations exist in other scenarios. |

Theorem 3.5 Let (X, 1) be a §Fts is FFCon (resp. FFICon, FF6SCon, FFPCon and FFZCon) space iff there exists
no non-zero §Fo (resp. FFdo, FFISo, FFPo and FFZo) set L & Z in X,> L= M°.

Proof. Necessity: Let L & M be two §F Zo sets in X such that L # 0z, M # 0z and L = M¢. Therefore M* is a §FZc
set. Since L # 0z, M # 1z. This implies M is a proper Fermatean fuzzy subset which is both §FZo set and §F Zc set in
X. Hence X is not a §FZCon space. But this is a contradiction to our hypothesis. Thus, there exist no non-zero FF Zo
sets L & M in X, such that L = M¢.
Sufficiency: Let L be both §FZo and §FZc in U such that L # Oz, L # 1z. Now let M = L°. Then M is a §FZo
set and M # 1z. This implies L¢ = M # Oz, which is a contradiction to our hypothesis. Therefore X is §FM Con space.
Similar situations exist in other scenarios. |

Theorem 3.6 Let (X,7) be a §Fts is FFCon (resp. FF6Con, FFISCon, FFPCon and FFZCon) space iff there
exists no non-zero Fermatean fuzzy subsets L & M in X, 5 L = M°, M = (FFcl(L))° (resp. M = (FFocl(L))e,
M = (§FéSd(L))¢, M = (FFPcl(L)) and M = (FFZcl(L))®) and L = (FFcl(M))¢ (vesp. L = (FFocl(M))e,
L = (§FoScl(M))°, L = (FFPcl(M))¢ and L = (FFZcl(M))°).

Proof. Necessity: Let L & Z be two Fermatean fuzzy subsets in X such that L # 0z, M # 0Oz and L = M€,
M = (FFZcl(L))® and L = (FF Zcl(M))¢. Since (FFZcl(L))¢ and (FF Zcl(M))© are FF Zo sets in X, L and Z are FFZo
set in X. This implies X is not a §FZCon space, which is a contradiction. Therefore, there exists no non-zero §FZo
set Land M in X, > L=M¢ M = (FFZc(L))¢ and L = (FFZcl(M))°.

Sufficiency: Let L be both §FZo and §FZc set in X such that L # 0z, L # 15. Now by taking M = L¢, we obtain
a contradiction to our hypothesis. Hence X is §FZCon space.

Similar situations exist in other scenarios. |

Definition 3.6 Let (X, 7) be a §Fts is Fermatean fuzzy (resp. ¢, dS, P and Z) strongly connected (briefly, FFStCon
(resp. §F6StCon, FFISStCon, FFPStCon and FFZStCon)), if there exists a nonempty FFc (resp. §Fdc, FFSc,
§FPcand §FZc) sets A& Bin X 3 pua+ pup < lz and Ay + Ap > 15.

In other words, a §Fts X is §FStCon (resp. FF6StCon, FFISStCon, FFPStCon and FFZStCon), if there exists
no nonempty §Fc (resp. FFoc, FFoSc, FFPc and FFZc) sets A and B in X such that AN B = 03.

Example 3.7 In Example 3.4, Let A§ and A§ are §F Zc sets. Then X is FFZStCon.

Theorem 3.7 Let (X, 7) be a FFts is FFStCon (resp. FFOStCon, FFOSStCon, FFPStCon and FFZStCon), if there
exists no nonempty FFo (resp. FFoo, FFSo, FFPo and FF Zo) sets A and B in X, A # 1z # B such that pa+up > 1z.

Proof. Let A & Bbe §FZosetsin X 2 A# 15 # B and pa + pup > 1. If we take C = A° and D = B¢, then C and D
become FFZc sets in X and C # 0z # D, puc + pup < 1, a contradiction.

Conversely, use a similar technique as above.

Similar situations exist in other scenarios. |

Theorem 3.8 Let hz : (X1,71) = (X2,72) be a FFCts (resp. FF0Cts, FFISCts, FFPCts and FFZCts) surjection.
If X; is §FStCon (resp. FF6StCon, FFISStCon, FFPStCon and FFZStCon), then so is Xs.

Proof. Assume that X5 is not §FStCon, then there exists nonempty §Fc sets L and M in X5 such that L # 0z, M # Og
and LN M = 0z. Since hg is §FCts mapping, A = hgl(L) # 0z, B = hgl(M) # 0z, which are FFc sets in X; and
hgl(L) N hgl(M) = hgl(Og) = 0z, which implies AN B = 0z. Thus X; is not a §FStCon, which is a contradiction to
our hypothesis. Hence X5 is FFStCon.

|
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Theorem 3.9 Let hg : (X1,71) — (X2, 72) be a FFIrr (vesp. FFoIrr, FFOSIrr, FFPIrr and FFZIrr) surjection. If
X, is FFStCon (resp. FFIStCon, FFISStCon, FFPStCon and FFZStCon), then so is Xs.

Proof. Assume that X, is not FFZStCon, then there exists nonempty §FZc sets L and M in X, such that L # Og,
M # 0z and LN M = 0z. Since hg is §FZIrr mapping, A = hgl(L) # 0z, B = hgl(M) # Oz, which are §F Zc sets
in X; and h3'(L) N h3' (M) = h3'(05) = O, which implies AN B = 05. Thus X; is not a FFZStCon, which is a
contradiction to our hypothesis. Hence X5 is §FZStCon.

Similar situations exist in other scenarios. [ ]

Remark 3.1 FFStCon (resp. FFIStCon, FFISStCon, FFPStCon and FF ZStCon) and FFCsCon (resp. FFIC5Con,
FFOSC5Con, FFPCsCon and FFZC5Con) are independent.

Example 3.8 In Example 3.4, Let A§ and A§ are §FZo sets. Then X is §FZStCon but not FFZC5Con.

Example 3.9 In Example 3.1, Let As and A3 are §F Zo sets. Then X is §FZCsCon but not FFZStCon.

4 Fermatean fuzzy (resp. J, 0S, P and Z)- separated sets

This section provides an overview of the concept of Fermatean fuzzy (resp. ¢, 6S, P and Z)- separated sets in Fermatean
fuzzy topological spaces. Also, we study some of the main results depending on Fermatean fuzzy (resp. §, dS, P and Z)-
separated sets.

Definition 4.1 Let (X,7) be a §Fts. If A & B are non-zero Fermatean fuzzy subsets in X. Then A & B are said to be
Fermatean

(i) fuzzy nano (resp. 0, 6S, P and Z) weakly separated (briefly, FFW Sep (resp. FFOW Sep, FFISW Sep, FFPW Sep
and FFZW Sep)) if FFcl(A) C B¢ (resp. FFocl(A) C Be, FF0Scl(A) C B¢, FFPcl(A) C B¢ and FFZcl(A) C B°)
and §Fcl(B) C A° (resp. FFdcl(B) C A, FFéScl(B) C A¢, FFPcl(B) C A° and FFZcl(B) C A°).

(ii) fuzzy nano (resp. d, 6S, P and Z)-separated (briefly, §FSep (resp. FFISep, FFOSSep, FFPSep and FFZSep)) if
SFcl(A)NB = ANFFcl(B) = 05 (resp. FFocl(A)NB = ANFFocl(B) = 0z, FFIScl(A)NB = ANFFIScl(B) = 03,
FFPc(A)NB =ANFFPcl(B) =0z and FFZcl(A)NB = ANFFZcl(B) = 03).

Remark 4.1 Any two disjoint non-empty FFc (resp. FFdc, FF0Sc, FFPc and FF Zc) sets are FFSep (resp. FFSep,
FFOSSep, FFPSep and FFZSep).

Proof. Suppose A and B are disjoint non-empty §F Zc sets. Then FFZcl(A)NB = ANFFZcl(B) = AN B = 0z. This
shows that A and B are §FZSep.
Similar situations exist in other scenarios. [ ]

Theorem 4.1 Let (X,7) be a §Fts. If A & B are non-zero Fermatean fuzzy subsets in X.

(i) If A & B are §FSep (resp. §FdSep, §F6SSep, FFPSep and FFZSep) and C C A, D C B, then C and D are
also §FSep (resp. FF0Sep, FFISSep, FFPSep and FFZSep).

(ii) If A and B are both §Fo (resp. §Fdo, §F6So, FFPo and FFZo) sets and if H = AN B¢ and G = BN A€, then
H and G are §FSep (resp. FFSep, FFOSSep, FFPSep and FFZSep).

Proof. (i) Let A & B be FFZSep sets in FFts X. Then FFZcl(A)NB =05 = ANFFZcl(B). Since C C Aand D C B,
then §FZcl(C) C FFZcl(A) and FFZcl(D) C FFZcl(B). This implies that, FFZcl(C)N D C FFZcl(A) N B = 0z and
hence §FZcl(C) N D = 0z. Similarly §FZcl(D)NC C FFZcl(B)N A = 0z and hence FFZcl(D) N C = 0z. Therefore
C and D are §FZSep.

(ii) Let A and B both FFZo subsets in X. Then A€ and B¢ are FFZc sets. Since H C B¢, then §FZcl(H) C
SFZcl(B®) = B¢ and so §FMcl(H) N B = 0z. Since G C B, then §FZcl(H) NG C §FZcl(H) N B = 0z. Thus,
SFZcl(H) NG = 0z. Similarly, §FZcl(G) N H = 05. Hence H and G are FFZSep.

Similar situations exist in other scenarios. [ ]

Theorem 4.2 Let (X, 7) be a §Fts. If A & B are non-zero Fermatean fuzzy subsets in X are §FSep (resp. FFISep,
§F6SSep, FFPSep and FFZSep) if and only if there exist L and M in FFo (resp. FFdo, FFISo, FFPo and FF Zo)
setin X 3 ACL, BCMand ANM =0z and BN L = 03.
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Proof. Let A and B be §FZSep. Then ANFFZcl(B) = 05 = §FZcl(A) N B. Take M = (§FZcl(A))® and L =
(§FZcl(B))¢. Then L and M are §FZosets > AC L, BC M and ANM =0z and BN L = 03.

Conversely let L and M be §FZo sets such that A C L, BC M and ANM =0z, BNL =0z. Then A C M¢
and B C L¢ and M°¢ and L° are §FZc sets. This implies, §FZcl(A) C FFZcl(M®) = M C B¢ and FFZcl(B) C
SFZcl(L°) = L° C A°. That is, §F Zcl(A) C B® and §FZcl(B) C A°. Therefore ANFFZcl(B) = 0z = FF Zcl(A) N B.
Hence A and B are §F ZSep.

Similar situations exist in other scenarios. |

Proposition 4.1 Each two §FSep (resp. §FSep, FFISSep, FFPSep and FFZSep) sets are always disjoint.

Proof. Let A and B be §FZSep. Then ANFFZcl(B) = 05 = §FZcl(A) N B. Now, ANB C ANFFZcl(B) = 03.
Therefore AN B = 0z and hence A and B are disjoint.
Similar situations exist in other scenarios. [ ]

Theorem 4.3 Let (X,7) be a FFts. Then X is FFCon (resp. FFICon, FFOSCon, FFPCon and FFZCon) iff
1z # AU B, where A and B are §F Sep (resp. §FdSep, FFoSSep, FFPSep and FFZSep) sets.

Proof. Assume that, X is a §FZCon space. Suppose 1z = AUB, where A & B are §F ZSep sets. Then FFZcl(A)NB =
ANFFZc(B) = 0z. Since A C FFZcl(A), we have AN B C FFZcl(A) N B = 0. Therefore §FZcl(A) C B¢ = A and
SFZcl(B) C A° = B. Hence A = §FZcl(A) and B = §FZcl(B). Therefore A and B are §F Zc sets and hence A = B¢
and B = A¢ are disjoint §F Zo sets. Thus A # 0z, B # 03 > AUB =1z and AN B =03, A and B are §F Zo sets. That
is X is not §FZCon, which is a contradiction to X is a §FZCon space. Hence 15 is not the union of any two FFZSep
sets.

Conversely, assume that 1z is not the union of any two §FZSep sets. Suppose X is not FFZCon. Then 15 = AU B,
where A # 0z, B # 05 > and AN B =0z, A and B are §F Zo sets in X. Since A C B and B C A%, FFZcl(A)NB C
B°NB =0z and ANFFZcl(B) C AN A° = 0z. That is A and B are §FZSep sets. This is a contradiction. Therefore
X is §FZCon.

Similar situations exist in other scenarios. [ |

Definition 4.2 Let (X, 7) be a §Fts. Let S be a Fermatean fuzzy subset of X. Then Fermatean fuzzy

(i) 0 (resp. S, P and Z) regular open (briefly, §Fdro (resp. FFoSro, FFProand FF Zro)

) ) set if § = FFSint(FFocl(S))
(resp. S = FFOSint(FF0Scl(S)), S = FFPint(FFPcl(S)) & S = FFZint (FFZcl(S))).
)

(ii) 6 (resp. 0S, P and Z) regular closed (briefly, §Fdrc (resp. §F0Src, FFPrcand §F Zrc)) set if S = FFécl(FFdint(S))
(resp. S = FFéScl (FFOSint(S)), S = FFP(FFPint(S)) & S = FFZ(FF Zint(S))).

(iii) The complement of FFdro (resp. FFoSro, FFPro and FFZro) set is FFrc (resp. FFISre, FFPrc and FF Zrc)
set.

Proposition 4.2 Let (X, 1) be a §Fts.
(i) Every §Fdro (resp. FFISro, §FPro and FFZro) set is FFdo (resp. FFISo, FFPo and FFZo).
(ii) Every §Fdrc (resp. FFISrc, FFPrc and FFZrc) set is FFoc (resp. FFISc, FFPc and FFZc).

Proof. Let A be a §FZro in X. Then A = FFZint(FF Zcl(A)). Clearly, §FZint(§FZcl(A)) is §F Zo. Therefore, A is
§FZo set. Other cases are similar. (ii) Similar proof of (i). ]

Definition 4.3 Let (X, 7) be a §Fts. Then X is Fermatean fuzzy (resp. ¢, dS, P and Z) super disconnected (briefly,
§Fsuper DCon (resp. §FdsuperDCon, FFISsuper DCon, FFPsuperDCon and §FZsuperDCon)) if there exists a
§Fro (resp. §Foro, FFoSro, §FPro and FFZro) set A in X such that A # 0z and A # 15.

A FFts X is called Fermatean fuzzy (resp. d, S, P and Z) super connected (briefly, §F superCon (resp. FFdsuperCon,
FFISsuperCon, FFPsuperCon and §F ZsuperCon)) if X is not FFsuper DCon (resp. FFdsuper DCon, FFISsuper DCon,
FFPsuper DCon and §F Zsuper DCon).

Example 4.1 In Example 3.1, Let
(i) S = A is FFsuperDCon (resp. FFIsuper DCon, FFISsuper DCon and FFPsuper DCon).
(ii) S = AS is FF ZsuperDCon.

Example 4.2 In Example 3.1, Let
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(i) S = {<Séj‘;4> A5 %>} is §FZsuper DCon (resp. §FFPsuper DCon).
(i) §={{%2) (%)

Theorem 4.4 Let (X, 7) be a FFts, the equivalents are as follows:

o~~~

%>} is §F6Ssuper DCon.

(i) X is §FsuperCon (resp. FFdsuperCon, FFISsuperCon, FFPsuperCon and FF ZsuperCon).

(ii) For each §Fo (resp. §Fdo, FFoSo, FFPo and FF Zo) set L # 0z in X, we have FFcl(L) = 15 (resp. FFocl(L) = 15,
FFOScl(L) = 15, FFPcl(L) = 15 and FFZcl(L) = 13).

(iii) For each §Fc (resp. §Fdc, §F6Sc, §FPc and FFZc) set L # 1z in X, we have FFint(L) = 0z (resp. FFdint(L) =
0z, §F0Sint(L) = 0z, §FPint(L) = 05 and §F Zint(L) = 0z).

(iv) There exists no §Fo (resp. FFoo, FF6So, FFPo and §FZo) subsets L and Z in X, such that L # Oz, M # 0z
and L C M*©.

(v) There exists no §Fo (resp. §Fdo, FFdSo, FFPo and FFZo) subsets L and Z in X, such that L # 05, M # Og,
M = (§Fcl(L))° (resp. M = (FFdcl(L))?, M = (§FScl(L))®, M = (FFPcl(L))® and M = (FFZcl(L))®) and
L = (FFc(M))¢ (resp. L = (§Fdcl(M))°, L = (FFéScl(M))¢, L = (FFPcl(M))¢ and L = (FFZcl(M))°).

(vi) There exists no §Fc (resp. §Fdc, §F6Sc, FFPc and FFZc) subsets L and M in X such that L # 1z, M # 15,
M = (FFc(L))¢ (resp. M = (FFocl(L))¢, M = (FFoScl(L))¢, M = (FFPcl(L))¢ and M = (FFZcl(L))¢) and
L = (FFcl(M))¢ (resp. L = (FFdcl(M))¢, L = (FFéScl(M))¢, L = (FFPcl(M))¢ and L = (FFZcl(M))*).

Proof. (i) = (ii) Assume that there exists a §FZo set A # 05 > FFZcl(A) # 1z. Now take B = FF Zint(FF Zcl(A)).
Then B is proper §F Zro set in X which contradicts that X is §FZsuperCon-ness.

(i) = (iii) Let A # 15 be a §F Zc set in X. If B = A°, then B is §F Zo set in X and B # 0z. Hence FFZcl(A) = 15,
(§FZcl(B))® =05 = FF Zint(B°) = 05 = FF Zint(A) = 03.

(iii) = (iv) Let A and B be §FZo sets in X 5 A # 05 # B and A C B°. Since B° is §FZc set in X and B # 03
implies B® # 15, we obtain FF Zint(B°) = 0z. But, from A C B¢, 05 # A = §FZint(A) C FF Zint(B°) = 0z, which is
a contradiction.

(iv) = (i) Let 05 # A # 15 be FF Zro set in X. If we take B = (FFZcl(A))¢, we get B # 0z. Otherwise, we have B #
0g implies (§FZcl(A))¢ = 0z. That implies FFZcl(A) = 15. That shows A = FFZint(FFZcl(A)) = §F Zint(15) = 15.
But this is to a contradiction to A # 13.

Further, A C B¢, this is also a contradiction.

(i) = (v) Let A and B be §FZo sets in X 3 A # 05 # B and B = (§FZcl(A))®, A = (§FZint(B))°. Now
SFZint(§FZcl(A)) = FFZint(B¢) = (§FZcl(B))* = A and A # 0z, A # 15. Suppose not, if A = 1z, then 15 =
(§FZcl(B))© implies 0 = §F Zcl(B) = B = 0. This is a contradiction.

(v) = (i) Let A be §FZo set in X > A = FFZint(FFZcl(A)), 05 # A # 1z. Now B = (FFZcl(A))® and
(FFZcl(B))® = (FFZc(FFZcl(A))°) = FF Zint(FF Zcl(A)) = A. This is a contradiction.

(v) = (vi) Let A and B be §FZc set in X such that A # 15 # B. B = (§FZint(A))°, A = (FFZint(B))".
Taking C = A° and D = B¢, C and D become FFZo set in X and C # 0z # D, (FFZcl(C))® = (FFZcl(A%))¢ =
((FFZint(A))°)¢ = FF Zint(A) = B® = D and similarly (FFZcl(D))¢ = C. But this is a contradiction.

(vi) = (v) Similar as in above. [ |

5 Fermatean fuzzy (resp. J, 0S, P and Z)-compact spaces

In this section, we present Fermatean fuzzy (resp. d, dS, P and Z)- compact spaces and examine some of their fundamental
properties using Fermatean fuzzy (resp. 4, 0S, P and Z)-open sets.

Definition 5.1 Let (X,7) be a §Fts. A collection B of FFo (resp. FFdo, §FdSo, FFPo and FFZo) sets in X is called
a Fermatean fuzzy (resp. 8, S, P and Z)-open cover (briefly, FFOCov (resp. FFOOCov, FFOSOCov, FFPOCov and
SFZOCov)) of a subset B of X if B C |J{Lq : Lo € B}.

Definition 5.2 Let (X, 7) be a §Fts, then X is said to be fuzzy nano (resp. 4, §S, P and Z)- compact (briefly, §FComp
(resp. FFoComp, FFOSComp, FFPComp and FFZComp)) if every FFOCov (resp. FFOOCov, FFSSOCov, FFPOCov
and FFZOCov) of X has a finite subcover.

Definition 5.3 Let (X, 7) be a FFts. A subset A of X is said to be FFComp (resp. FFComp, FFISComp, FFPComp
and §FZComp) relative to X if every FFOCov (resp. FFOOCov, FFOSOCov, FFPOCov and FFZOCov) of X has a
finite subcover.
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Theorem 5.1 Let (X, 7) be a §Fts.
(i) Every §FoComp is a FFISComp.
(ii) Every §FIComp is a FFComp.

(iii) Every §FComp is a FFPComp.

)
)
(iv) Every §F6SComp is a FFZComp.
(v) Every §FPComp is a §F ZComp.

Proof. (iv) Let X be FFZComp. Suppose X is not FFISComp. Then there exists a FFOSOCov B of X has no finite
subcover. Since every §F0So set is FF Zo set, then we have FFZOCov B of X, which has no finite subcover. This is a
contradiction to X is FFZComp. Hence X is FFISComp.

Other cases are true. |

Theorem 5.2 A §Fc (resp. §Fdc, FFISc, FFPc and FFZc) subset of a FFComp (resp. FFIComp, FFISComp,
SFPComp and §FZComp) space X is §FComp (resp. FF6Comp, FFISComp, FFPComp and FFZComp) relative to
X.

Proof. Let A be a §F Zc subset of a FFZComp space X. Then A€ is §FZoin X. Let B={A; :i € I} bea FFZOCov
of A. Then BU{A} is a §FZOCov of X. Since X is §FZComp, it has a finite subcover say {Py, Ps,- - - Pp, A°}. Then
{P1, Ps,...,Pp} is a finite FFZOCov. Thus A is FFZComp relative to X.

Similar situations exist in other scenarios. [ ]

Theorem 5.3 Let hz : (X1,71) = (X2,72) be a FFCts (resp. FF0Cts, FFOSCts, FFPCts and FFZCts) surjection
and X; be FFComp (resp. FFoComp, FFISComp, FFPComp and FFZComp). Then X, is FFComp.

Proof. Let hz : (X1,71) = (X3, 72) be a FFZC'ts surjection and X; be FFZComp. Let {M,} be a FFZOCov for X.
Since hg is §FZClts, {hgl(Ma)} is a §FZOCov of X;. Since X, is FFZComp, {hgl(Ma)} contains a finite subcover,
namely {hgl(Mal), hgl(MQQ), cey hgl(MaP)}. Since hg is surjection, {My,, Moy, ..., Ms,} is a finite subcover for Xo.
Thus X5 is §FComp.

Similar situations exist in other scenarios. [ |

Theorem 5.4 Let hz : (X1,71) — (X2,72) be a FFO (resp. FF00, FFISO, FFPO and FFZo) function and X» be
FFComp (resp. FF6Comp, FFISComp, FFPComp and FFZComp). Then X; is FFComp.

Proof. Let hz : X1 — X3 be a FFZO function and X5 be FFZComp. Let {My} be a FFZOCouv for X;. Since hg
is §FZo, {hz(My) is a FFZOCov of X3. Since X5 is FFZComp, {hz(M,)} contains a finite sub FFZOCov, namely
{hz(Ma,),hg(May), ..., hz(Ma,)}. Then {M,,, My,, ..., My, } is a finite subcover for X;. Thus X; is §FComp. R

6 Conclusion

In this paper we have introduced the concept of Fermatean fuzzy (resp. d, S, P and Z) connected & respective
disconnectedness and Fermatean fuzzy (resp. §, dS, P and Z)-strongly connected and respective strongly disconnectedness
in Fermatean fuzzy topological spaces. Also we studied some of their properties in FFts. Further, we have introduced the
concepts of Fermatean fuzzy (resp. d, S, P and Z) separated sets and their corresponding super connectedness, as well
as Fermatean fuzzy (resp. d, 6S, P and Z) compactness in Fermatean fuzzy topological spaces. We have also explored
several fundamental properties of these concepts within FFts (Fermatean fuzzy topological spaces).
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